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Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes nodes haveinique IDs

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes




Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes, nodes havenique I1Ds

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes

\17




Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes, nodes havenique I1Ds

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes




Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes, nodes havenique I1Ds

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes




Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes, nodes havenique I1Ds

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes




Example Maximal Independent Set (MIS)

w Given anetworkwith n nodes, nodes havenique I1Ds

w Find aMaximal Independent Set (MIS)
¢ a nonextendable set of paiwise nonradjacent nodes

w Traditional §equentia) computation
The simplagyreedyalgorithmfindsMIS (in linear time)



What about a Distributed Algorithm?
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by sending messagen eachsynchronous roungdevery node can send a
(different) message to each neighbor.
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A Simple Distributed Algorithm

w Wait until all neighbors with higher ID decided
w If no higherD neighbor is in MI§ join MIS
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w 2 K I th@gioblemwith this distributed algorithn?
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Example

w Waituntil all neighbors with higher ID decided
w If no higher ID neighbor is in MAS join MIS

00 )0

w Whatif we haveminor change®

oo 00 ¢

w Proofbyanimation Inthe worst case the algorithmis slow(linear inthe
numberof nodeg. Inaddition, we havea terrible cbutterfly effecta




What about a~astDistributed Algorithm?

w Can you find a distributed algorithm thatgslylogarithmicin the number
of nodesn, for any graph?




What about a~astDistributed Algorithm?

w Surprisingly, fodeterministicdistributed algorithms, this is an
problerh

w However,randomizationhelps! In each synchronous round, nodes should
choose a random value. If your value is larger than the value of your
neighbors, join MIS!
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w How many synchronous rounds does this take in expectatiowl(p)?



Analysis

w Event 6 © 0 :noded got largest random value
in combined neighborhood ° 0 .

w We only count edges af as deleted.

w Similarly eventv © 0 deletes edges ab.
w We only doublecounted edges.

w Using linearity of expectation, in expectation
at least half of the edgemsre removedn each round

w In other wordswhpit takesO | |£Crounds to compute an MIS



Results MIS

_ DecompositionPeterm
General Graphs, Randomized  [awerbuchet al., 1989]

[Alon, Babaj andltai, 1986] [Panconesét al., 1996]
[IsraeliandItai, 1986]
[Luby 1984

[Métivier et al., 2009] NaiveAlgo




LocalAlgorithms

w Eachnode can exchange a message with all neighborg, for
communication roundsand must then decide.

w Or:Given a graph, each node must determine its decisionfasd@ion of
the information available within radiusof the node.

w Or: Change can ongffect nodes up to distance
w h NlY X




Locality




Locality is Everywhere!




Locality is Everywhere!

Self . Applications

Assembling  €-9-Multicore
Robots
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What about arEvenFasteDistributed Algorithm?

w Since the 1980s, nobody was able to improve this simple algorithm.
w What aboutlower bound®

w There is an interesting lower bound, essentially using a Ramsey theory
argument, that proves that an MIS needs at leasibg*n) time.

¢ log* is the secalled iterated logarithng how often you need to take the
logarithm until you end up with a value smaller than 1.

¢ This lower bound already works on simple networks such as the linked list

O—O0-0-0-0-0-00O



Coloring Lower Bound on Oriented Ring

w Build graphO, where nodes are possible views of nodes for distributed
algorithms of timed. Connect views that could be neighbors in ring.

w Here iIs for instance 00:
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O 0 00 00

w Chromatic number o0 is exactly minimum possible colors in tihe
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e.g.,coloring CDS, e.g.,covernng/ packing

matching maxmin LPswith onlylocal

L Psfacility location constraints constant
approximationin time
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Results MIS

e.g.,coloring CDS, e.g.,covernng/ packing
matching maxmin LPswith onlylocal
L Psfacility location constraints constant
approximationin time
B . 01 1eCor0 1 1T &€
O¥ )sN U
ISILPE P Other problems
e.g., [Kuhn eal.,2006]
Growth-BoundedGraphs D "
[Schneider et al., 2008] ecompositionpeterm

General Graphs, Randomized [Awerbuchet al., 1989]
[Alon, Babaj andltai, 1986]
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Linked List General Graphs
[Linial 1992] [Kuhn et al., 2004, 2006]
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Differences between MIS and MVC

w Central (noAocal) algorithms: MIS is trivial, whereas MVQ#shard
WwLYyaidSIFIRY CAYR |y azx/ apfokiniatiofd aOf 2
w Tradeoff between time complexity and approximation ratio

w MVC: Various simple (neatistributed) 2approximations exist!
w What aboutdistributed algorithm®!?



Finding the MVC (by Distributed Algorithm)

w Given the following bipartite graph witfiyY| | [7Y]
w The MVC is just all the nodes ™
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Lower Bound: The Argument

w The examplgraph isfort = 3
w All edges are in fact special bipartite graphs

with large enough girth
JOUUUL

e

_\

w If youusethe graphof recursionlevelt, then adistributed algorithm
cannotfind agoodMVCapproximationin time t.



Lower Bound: The Math

w Choose degreés suchthal | C . N
w Wehave|Y| 9 X¢ |0 |, with |0 | nodes on level 1
)
J

a

U

8, 8)\89| 85/ 8,/0

JOOOUL Juud
AV

0
o O 53\52 By,
d3 1 By

|
o

LY ;“
E 1[



Lower Bound: The Math
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w By induction we have @ g6 mkfbactionof the nodes is ifiY.
w Now s are depending on the recursion level



Lower Bound: The Math

Graph useful for proving lower

opew

bounds insublinearalgo®

w Choose degreés such that | C .
w Wehave|Y| 9 X¢ |0 |, with |0 | nodes on level 1

w By induction we have @ g6 mkfbactionof the nodes is ifiY.
w Now s are depending on the recursion level



Lower Bound: Results

w Wecanshowthat forT 11, inotime, the approximationratio is at least

1/4—e

Q(n & ) and Q(Aoﬁ)

w Constantapproximation needs at leasty | [3Candm /I [£Ctime.
w Polylogapproximationm | 13Zl 11 daCandm /I 1€l 11JEC




Lower Bound: Results

w Wecanshowthat forT 11, inotime, the approximationratio is at least

tight for MVC

1/4—e

Q(n & ) and Q(Aoﬁ)

w Constantapproximation needs at leasty | [3Candm /I [£Ctime.
w Polylogapproximationm | 13Zl 11 daCandm /I 1€l 11JEC




Lower Bound: Reductions

walyed &f20Ff f 22171 Ayidadtindka addS, ha y S ¢
boundsm | [3Candm ./l [£Chold for a variety of classic problems.

Minimum Vertex | (Fractional) Maximum
Cover (MVC) Matching (MaxM)
Minimum Dominating Maximal Matching
Set (MDS) (MM)

l

Maximal
Independent Set (MIS)




Lower Bound: Reductions

walyed &f20Ff f 22171 Ayidadtindka addS, ha y S ¢
boundsm | [3Candm ./l [£Chold for a variety of classic problems.

cloning

Minimum Vertex | (Fractional) Maximum
line graph Cover (MVC) Matching (MaxM)

/ \ MVC through MM

[ Minimum Dominating J [ Maximal Matching ]

Set (MDS) (MM)

l line graph

Maximal
Independent Set (MIS)




Results MIS
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Growth-BoundedGraphs
[Schneider et al., 2008]

Linked List, Deterministic
[Cole and Vishkin, 1986]

e.g.,coloring CDS, e.g.,covernng/ packing

matching maxmin LPswith onlylocal

L Psfacility location constraints constant
approximationin time
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Other problems
e.g., [Kuhn eal.,2006]

_ DecompositionPeterm
General Graphs, Randomized  [awerbuchet al., 1989]

[Alon, I_3abaj qndltai, 1986] [Panconesét al., 1996]
[IsraeliandItai, 1986]
[Luby 1984

[Métivier et al., 2009] NaiveAlgo

Linked List
[Linial 1992]

General Graphs
[Kuhn et al., 2004, 2006]
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: MST, Sum,
Growth-Bounded Graphs M'?}:T‘a)('m’:ﬂ efc.
(various problems) matching, etc.

Covering and

E.g., dominating Approximations of packing LPs

set approximation dominating set,
in planar graphs vertex cover, etc.




Ad Hoc & Sensor Networks?



Ad hoc Network Connectivity Models

w Formal models help usnderstandinga problem

w Formal proofs of correctness and efficiency
w Common basis to compare results

w Unfortunately, for ad hoc and sensor networks, a myriad of models exist,
most of them make sense in some way or another. On the next few slides
we look at a few selected models

Communication Model
(Sections 2+3) 4 Special Case of

Extensible with

— / ‘x .
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/" Jl_ ______________
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Unit DiskGraph (UDG)

A Classic computational geometry model, special case of disk graphs

A All nodes are points in the plane, LA~
two nodes are connected iff (if and / ;’ [a : 11
only if) their distance is at most 1, e VI G B
thatis {uv}2 E, |uyv|-1 VN S
N e
~ P -

+ Very simple, allows for strong analysis

i Not r e &YVyou gaveime $100ifor each paper written with the
unit di sk assumpti on, | sti || cou

I Particularly bad in obstructed environments (walls, hills, etc.)
A Natural extension: 3D UDG



QuasiUnit DiskGraph (QUDG)

A Two radii, 1 and ©with ©.1
A luvl% {uvi2E
A l<|uvlé {uvi2E
A °<|uyv|-1é itdepends!
A é on an adversary
A é on probabilistic model
A

Simple, analyzable
More realistic than UDG

i Still bad in obstructed
environments (walls, hills, etc.)

A Natural extension: 3D QUDG
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Boundedindependence Graph (BIG)

w How realistic i QUDG \

¢ uand v can be close but not adjacent

¢ model requires very smdll u
in obstructed environments (walls) BV —

w However: in practice, neighbors are often also neighboring

w Solution: BIG Model
¢ Bounded independence graph

¢ Size of any independent set grows
polynomiallywith hop distance °

c¢ e.g., f(r) = O or O(F)
¢ A set S of nodes is an independent set, if
there is no edge between any two nodes in S.

¢ BIG model also known @sundedgrowth
I Unfortunately, the term boundedjrowth is ambiguous




Unit Ball Graph (UBG)

A 9 metric (V,d) with constantdoubling dimension

w Metric: Each edge has a distance d, with
1. d@u,v), O (non-negativity)
2. du,v)=0iffu=v (identity ofindiscernible¥
3. d(u,v) =dy,u (symmetry)
4. d(u,w) -d(u,v) + d¢,w) (triangle inequality)

w Doubling dimensionlog(#balls of radius r/2 to cover ball of radius r)
¢  Constani you only need a constant number of balls of half the radius

w Connectivity graph is same as UDG:

suchthat: du,v)-1:u,v2E
diuv>1 :gv2F



ConnectivityModels: Overview

General
Graph

too pessimistic

Bounded
Independence

Unit Ball
Graph

Quasi
UDG

UDG

too optimistic



