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Last week was all about

Context-Free Languages



Context-Free Languages

a superset of Regular Languages

Example  {0n1n  | n ≥ 0} is a CFL but not a RL



We saw the concept of 
Context-Free Grammars

(V,⌃,R,S)
<latexit sha1_base64="GiR7Sho7A3V4Hhq93pbeX4sdH7I=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYILMVQY9DLx6ncx+wlpFm6RaWtCVJhVH6M7z4V7x4UMTrbv4b063C3Hwg5MnzvC9538eLGJXKsr6Nwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y1uM7/9RISkYfCoxhFxORoE1KcYKS31zPOKw5EaYsSSVnoGnQYdcKTvX/EhnXs00tOeWbaq1hRwmdg5KYMc9Z45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCupgHiRLrJdLEUnmilD/1Q6BMoOFXnOxLEpRxzT1dmM8pFLxP/87qx8q/dhAZRrEiAZx/5MYMqhFlKsE8FwYqNNUFYUD0rxEMkEFY6y5IOwV5ceZm0Lqq25veX5dpNHkcRHIFjUAE2uAI1cAfqoAkweAav4B18GC/Gm/FpfM1KC0becwj+wJj8AKmDn4g=</latexit><latexit sha1_base64="GiR7Sho7A3V4Hhq93pbeX4sdH7I=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYILMVQY9DLx6ncx+wlpFm6RaWtCVJhVH6M7z4V7x4UMTrbv4b063C3Hwg5MnzvC9538eLGJXKsr6Nwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y1uM7/9RISkYfCoxhFxORoE1KcYKS31zPOKw5EaYsSSVnoGnQYdcKTvX/EhnXs00tOeWbaq1hRwmdg5KYMc9Z45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCupgHiRLrJdLEUnmilD/1Q6BMoOFXnOxLEpRxzT1dmM8pFLxP/87qx8q/dhAZRrEiAZx/5MYMqhFlKsE8FwYqNNUFYUD0rxEMkEFY6y5IOwV5ceZm0Lqq25veX5dpNHkcRHIFjUAE2uAI1cAfqoAkweAav4B18GC/Gm/FpfM1KC0becwj+wJj8AKmDn4g=</latexit><latexit sha1_base64="GiR7Sho7A3V4Hhq93pbeX4sdH7I=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYILMVQY9DLx6ncx+wlpFm6RaWtCVJhVH6M7z4V7x4UMTrbv4b063C3Hwg5MnzvC9538eLGJXKsr6Nwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y1uM7/9RISkYfCoxhFxORoE1KcYKS31zPOKw5EaYsSSVnoGnQYdcKTvX/EhnXs00tOeWbaq1hRwmdg5KYMc9Z45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCupgHiRLrJdLEUnmilD/1Q6BMoOFXnOxLEpRxzT1dmM8pFLxP/87qx8q/dhAZRrEiAZx/5MYMqhFlKsE8FwYqNNUFYUD0rxEMkEFY6y5IOwV5ceZm0Lqq25veX5dpNHkcRHIFjUAE2uAI1cAfqoAkweAav4B18GC/Gm/FpfM1KC0becwj+wJj8AKmDn4g=</latexit><latexit sha1_base64="GiR7Sho7A3V4Hhq93pbeX4sdH7I=">AAACGHicbVBNS8MwGE7n15xfVY9egkOYILMVQY9DLx6ncx+wlpFm6RaWtCVJhVH6M7z4V7x4UMTrbv4b063C3Hwg5MnzvC9538eLGJXKsr6Nwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGA9JUVDHSiQRB3GOk7Y1uM7/9RISkYfCoxhFxORoE1KcYKS31zPOKw5EaYsSSVnoGnQYdcKTvX/EhnXs00tOeWbaq1hRwmdg5KYMc9Z45cfohjjkJFGZIyq5tRcpNkFAUM5KWnFiSCOERGpCupgHiRLrJdLEUnmilD/1Q6BMoOFXnOxLEpRxzT1dmM8pFLxP/87qx8q/dhAZRrEiAZx/5MYMqhFlKsE8FwYqNNUFYUD0rxEMkEFY6y5IOwV5ceZm0Lqq25veX5dpNHkcRHIFjUAE2uAI1cAfqoAkweAav4B18GC/Gm/FpfM1KC0becwj+wJj8AKmDn4g=</latexit>

variables

alphabet
start

symbol

fine set of rules v ! w
<latexit sha1_base64="4ftGxo+dMZvReVQBIBfBupilca4=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2ANpTNdtsu3WTD7qSlhP4TLx4U8eo/8ea/cdvmoK0vLDy8M8PMvmEihUHP+3YKG5tb2zvF3dLe/sHhkXt80jAq1YzXmZJKt0JquBQxr6NAyVuJ5jQKJW+Go/t5vTnm2ggVP+E04UFEB7HoC0bRWl3XHZOOFoMhUq3VhExI1y17FW8hsg5+DmXIVeu6X52eYmnEY2SSGtP2vQSDjGoUTPJZqZManlA2ogPethjTiJsgW1w+IxfW6ZG+0vbFSBbu74mMRsZMo9B2RhSHZrU2N/+rtVPs3waZiJMUecyWi/qpJKjIPAbSE5ozlFMLlGlhbyVsSDVlaMMq2RD81S+vQ+Oq4lt+vC5X7/I4inAG53AJPtxAFR6gBnVgMIZneIU3J3NenHfnY9lacPKZU/gj5/MHA72TPQ==</latexit><latexit sha1_base64="4ftGxo+dMZvReVQBIBfBupilca4=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2ANpTNdtsu3WTD7qSlhP4TLx4U8eo/8ea/cdvmoK0vLDy8M8PMvmEihUHP+3YKG5tb2zvF3dLe/sHhkXt80jAq1YzXmZJKt0JquBQxr6NAyVuJ5jQKJW+Go/t5vTnm2ggVP+E04UFEB7HoC0bRWl3XHZOOFoMhUq3VhExI1y17FW8hsg5+DmXIVeu6X52eYmnEY2SSGtP2vQSDjGoUTPJZqZManlA2ogPethjTiJsgW1w+IxfW6ZG+0vbFSBbu74mMRsZMo9B2RhSHZrU2N/+rtVPs3waZiJMUecyWi/qpJKjIPAbSE5ozlFMLlGlhbyVsSDVlaMMq2RD81S+vQ+Oq4lt+vC5X7/I4inAG53AJPtxAFR6gBnVgMIZneIU3J3NenHfnY9lacPKZU/gj5/MHA72TPQ==</latexit><latexit sha1_base64="4ftGxo+dMZvReVQBIBfBupilca4=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2ANpTNdtsu3WTD7qSlhP4TLx4U8eo/8ea/cdvmoK0vLDy8M8PMvmEihUHP+3YKG5tb2zvF3dLe/sHhkXt80jAq1YzXmZJKt0JquBQxr6NAyVuJ5jQKJW+Go/t5vTnm2ggVP+E04UFEB7HoC0bRWl3XHZOOFoMhUq3VhExI1y17FW8hsg5+DmXIVeu6X52eYmnEY2SSGtP2vQSDjGoUTPJZqZManlA2ogPethjTiJsgW1w+IxfW6ZG+0vbFSBbu74mMRsZMo9B2RhSHZrU2N/+rtVPs3waZiJMUecyWi/qpJKjIPAbSE5ozlFMLlGlhbyVsSDVlaMMq2RD81S+vQ+Oq4lt+vC5X7/I4inAG53AJPtxAFR6gBnVgMIZneIU3J3NenHfnY9lacPKZU/gj5/MHA72TPQ==</latexit><latexit sha1_base64="4ftGxo+dMZvReVQBIBfBupilca4=">AAAB+XicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxgv2ANpTNdtsu3WTD7qSlhP4TLx4U8eo/8ea/cdvmoK0vLDy8M8PMvmEihUHP+3YKG5tb2zvF3dLe/sHhkXt80jAq1YzXmZJKt0JquBQxr6NAyVuJ5jQKJW+Go/t5vTnm2ggVP+E04UFEB7HoC0bRWl3XHZOOFoMhUq3VhExI1y17FW8hsg5+DmXIVeu6X52eYmnEY2SSGtP2vQSDjGoUTPJZqZManlA2ogPethjTiJsgW1w+IxfW6ZG+0vbFSBbu74mMRsZMo9B2RhSHZrU2N/+rtVPs3waZiJMUecyWi/qpJKjIPAbSE5ozlFMLlGlhbyVsSDVlaMMq2RD81S+vQ+Oq4lt+vC5X7/I4inAG53AJPtxAFR6gBnVgMIZneIU3J3NenHfnY9lacPKZU/gj5/MHA72TPQ==</latexit>

v 2 V
<latexit sha1_base64="Yp9mcCAR6oKoSRASXALiJDd8zl8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqMuiG5cV7AOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+d0qlYrF40LOE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZ535wK45dWcBtE7cgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidV7xU0QSTCR7RvqECR1T52SL6HJ0bZYjCWJonNFqovzcyHCk1iwIzmUdUq14u/uf1Ux1e+xkTSaqpIMtDYcqRjlHeAxoySYnmM0MwkcxkRWSMJSbatFUxJbirX14nncu6a/j9Va15U9RRhlM4gwtwoQFNuIMWtIHAIzzDK7xZT9aL9W59LEdLVrFzAn9gff4A5Z+Twg==</latexit><latexit sha1_base64="Yp9mcCAR6oKoSRASXALiJDd8zl8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqMuiG5cV7AOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+d0qlYrF40LOE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZ535wK45dWcBtE7cgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidV7xU0QSTCR7RvqECR1T52SL6HJ0bZYjCWJonNFqovzcyHCk1iwIzmUdUq14u/uf1Ux1e+xkTSaqpIMtDYcqRjlHeAxoySYnmM0MwkcxkRWSMJSbatFUxJbirX14nncu6a/j9Va15U9RRhlM4gwtwoQFNuIMWtIHAIzzDK7xZT9aL9W59LEdLVrFzAn9gff4A5Z+Twg==</latexit><latexit sha1_base64="Yp9mcCAR6oKoSRASXALiJDd8zl8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqMuiG5cV7AOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+d0qlYrF40LOE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZ535wK45dWcBtE7cgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidV7xU0QSTCR7RvqECR1T52SL6HJ0bZYjCWJonNFqovzcyHCk1iwIzmUdUq14u/uf1Ux1e+xkTSaqpIMtDYcqRjlHeAxoySYnmM0MwkcxkRWSMJSbatFUxJbirX14nncu6a/j9Va15U9RRhlM4gwtwoQFNuIMWtIHAIzzDK7xZT9aL9W59LEdLVrFzAn9gff4A5Z+Twg==</latexit><latexit sha1_base64="Yp9mcCAR6oKoSRASXALiJDd8zl8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqMuiG5cV7AOaUCbTSTt0Mgkzk0qJ/RQ3LhRx65e482+ctFlo64GBwzn3cs+cIOFMacf5tkobm1vbO+Xdyt7+weGRXT3uqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3OZ+d0qlYrF40LOE+hEeCRYygrWRBnZ1ijwmkBdhPSaYZ535wK45dWcBtE7cgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidV7xU0QSTCR7RvqECR1T52SL6HJ0bZYjCWJonNFqovzcyHCk1iwIzmUdUq14u/uf1Ux1e+xkTSaqpIMtDYcqRjlHeAxoySYnmM0MwkcxkRWSMJSbatFUxJbirX14nncu6a/j9Va15U9RRhlM4gwtwoQFNuIMWtIHAIzzDK7xZT9aL9W59LEdLVrFzAn9gff4A5Z+Twg==</latexit>

w 2 (⌃✏ [ V)⇤
<latexit sha1_base64="Cf8VqZA4dOD9BP1xC/XP06rDZZA=">AAACE3icbZC7TsMwFIadcivlFmBksaiQSocqQUgwVrAwFkEvUhMix3Vbq7YT2Q6oivoOLLwKCwMIsbKw8TY4bQZo+SVLn/5zjnzOH8aMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdkKkCKOCNDXVjHRiSRAPGWmHo8us3r4nUtFI3OpxTHyOBoL2KUbaWIFdfYAeFbDi3dABR4FHYkVZJKCHkxh6HOkhRixtTY7vqoFddmrOVHAR3BzKIFcjsL+8XoQTToTGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGtQIE6Un05vmsAj4/RgP5LmCQ2n7u+JFHGlxjw0ndmWar6Wmf/Vuonun/spFXGiicCzj/oJgzqCWUCwRyXBmo0NICyp2RXiIZIIaxNjyYTgzp+8CK2Tmmv4+rRcv8jjKIIDcAgqwAVnoA6uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Znz/P3J18</latexit><latexit sha1_base64="Cf8VqZA4dOD9BP1xC/XP06rDZZA=">AAACE3icbZC7TsMwFIadcivlFmBksaiQSocqQUgwVrAwFkEvUhMix3Vbq7YT2Q6oivoOLLwKCwMIsbKw8TY4bQZo+SVLn/5zjnzOH8aMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdkKkCKOCNDXVjHRiSRAPGWmHo8us3r4nUtFI3OpxTHyOBoL2KUbaWIFdfYAeFbDi3dABR4FHYkVZJKCHkxh6HOkhRixtTY7vqoFddmrOVHAR3BzKIFcjsL+8XoQTToTGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGtQIE6Un05vmsAj4/RgP5LmCQ2n7u+JFHGlxjw0ndmWar6Wmf/Vuonun/spFXGiicCzj/oJgzqCWUCwRyXBmo0NICyp2RXiIZIIaxNjyYTgzp+8CK2Tmmv4+rRcv8jjKIIDcAgqwAVnoA6uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Znz/P3J18</latexit><latexit sha1_base64="Cf8VqZA4dOD9BP1xC/XP06rDZZA=">AAACE3icbZC7TsMwFIadcivlFmBksaiQSocqQUgwVrAwFkEvUhMix3Vbq7YT2Q6oivoOLLwKCwMIsbKw8TY4bQZo+SVLn/5zjnzOH8aMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdkKkCKOCNDXVjHRiSRAPGWmHo8us3r4nUtFI3OpxTHyOBoL2KUbaWIFdfYAeFbDi3dABR4FHYkVZJKCHkxh6HOkhRixtTY7vqoFddmrOVHAR3BzKIFcjsL+8XoQTToTGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGtQIE6Un05vmsAj4/RgP5LmCQ2n7u+JFHGlxjw0ndmWar6Wmf/Vuonun/spFXGiicCzj/oJgzqCWUCwRyXBmo0NICyp2RXiIZIIaxNjyYTgzp+8CK2Tmmv4+rRcv8jjKIIDcAgqwAVnoA6uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Znz/P3J18</latexit><latexit sha1_base64="Cf8VqZA4dOD9BP1xC/XP06rDZZA=">AAACE3icbZC7TsMwFIadcivlFmBksaiQSocqQUgwVrAwFkEvUhMix3Vbq7YT2Q6oivoOLLwKCwMIsbKw8TY4bQZo+SVLn/5zjnzOH8aMKu0431ZhaXllda24XtrY3NresXf3WipKJCZNHLFIdkKkCKOCNDXVjHRiSRAPGWmHo8us3r4nUtFI3OpxTHyOBoL2KUbaWIFdfYAeFbDi3dABR4FHYkVZJKCHkxh6HOkhRixtTY7vqoFddmrOVHAR3BzKIFcjsL+8XoQTToTGDCnVdZ1Y+ymSmmJGJiUvUSRGeIQGpGtQIE6Un05vmsAj4/RgP5LmCQ2n7u+JFHGlxjw0ndmWar6Wmf/Vuonun/spFXGiicCzj/oJgzqCWUCwRyXBmo0NICyp2RXiIZIIaxNjyYTgzp+8CK2Tmmv4+rRcv8jjKIIDcAgqwAVnoA6uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Znz/P3J18</latexit>



Context-FreeRegular

DFA/NFA Push Down Automata

Language

Machine

As for Regular Languages,
Context-Free Languages are recognized by “machines”



M = (Q,⌃,�, �, q0, F )

states

alphabet
start
state

accepting
states

Push-Down Automatas are pretty similar to DFAs
except for…



M = (Q,⌃,�, �, q0, F )

transition
function

Q⇥ ⌃✏ ⇥ �✏ ! P (Q⇥ �✏)

Push-Down Automatas are pretty similar to DFAs
except for… the stack and transition function

stack
alphabet



L = {aibjck  | i,j,k ≥ 0 and i=j or i=k}Language

Machine 
(PDA)



Pumping lemma for CFL

Today’s plan PDA ≍ CFG1

2

But before that, we’ll prove 
some extra properties about Context-Free Languages


