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• Atoms as nodes

• Bonds as edges

• Features:
• Atom type

• Charge

• Bond type



Motivation
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https://doi.org/10.1016/j.cell.2020.01.021

https://doi.org/10.1016/j.cell.2020.01.021


Learning problems
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Node classification Relation prediction



Learning problems
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Graph classification



GNN architecture – node classification
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Input Node embeddings

GNN layers Multi layer NN

Node classification

Loss: cross-entropyA GNN is an optimizable transformation on all attributes of the graph (nodes, edges)



GNN architecture – graph classification
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Input Node embeddings

GNN layers Pooling

Graph classification

Multi 
layer NN

Loss: cross-entropyA GNN is an optimizable transformation on all attributes of the graph (nodes, edges)



GNN architecture – link prediction
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Input Node embeddings

GNN layers Multi layer NN

Link prediction 

Loss form: ℒ(ℎ𝑢, ℎ𝑣, 𝑒𝑢𝑣)A GNN is an optimizable transformation on all attributes of the graph (nodes, edges)



GNN architecture – link prediction
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Input Node embeddings

GNN layers

Link prediction 

Loss form: ℒ(ℎ𝑢, ℎ𝑣, 𝑒𝑢𝑣)A GNN is an optimizable transformation on all attributes of the graph (nodes, edges)

Pooling
Multi 

layer NN



GNN layers
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Input Node embeddings

layer 1

Graph network layer

layer 2 layer K

… ……



GNN layers
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Graph G=(V,E)
Feature vector 𝑥𝑢 ∈ ℝ𝑑 for all 𝑢 ∈ 𝑉

Input

Vector embedding ℎ𝑢 ∈ ℝ𝑑

Node embeddings

ℎ𝑢 = 𝑓(𝑥𝑢)



Key ideas
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Special class of graphs: image grids



Key ideas

14

5 7 4

3 1 9

1 2 4

5 7 4

3 8 9

1 2 4

Convolution on grid

Convolution on adjacent matrix ?

Images Graphs

Sensitive to node reordering
& graph size



Key ideas
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ℎ𝑢

ℎ𝑑

ℎ𝑏

ℎ𝑐

ℎ𝑎
ℎ𝑢′

ℎ𝑢
′ = 𝑔(ℎ𝑢, ℎ𝑎 , ℎ𝑏, ℎ𝑐 , ℎ𝑑 ; 𝜃)



Key ideas

Desirable properties of g:
• Fixed number of parameters

• Leverage local information

• Permutation invariant
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Message Passing Neural Network 
(MPNN)
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Message Passing Neural Network (MPNN)
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ℎ𝑢

ℎ𝑑

ℎ𝑏

ℎ𝑐

ℎ𝑎

ℎ𝑢
(𝑘)

= 𝑒𝑚𝑏𝑒𝑑𝑑𝑖𝑛𝑔 𝑜𝑓 𝑢 𝑎𝑡 𝑘𝑡ℎ − 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛

𝑚𝑁 𝑢
𝑘

= 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 𝑘 ℎ𝑣
𝑘
, ∀ 𝑣 ∈ 𝑁 𝑢



Message Passing Neural Network (MPNN)
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ℎ𝑢

ℎ𝑑

ℎ𝑏

ℎ𝑐

ℎ𝑎

ℎ𝑢
(𝑘)

= 𝑒𝑚𝑏𝑒𝑑𝑑𝑖𝑛𝑔 𝑜𝑓 𝑢 𝑎𝑡 𝑘𝑡ℎ − 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛

ℎ𝑢
(𝑘+1)

← 𝑈𝑃𝐷𝐴𝑇𝐸 𝑘 ℎ𝑢
𝑘
, 𝑚𝑁 𝑢

𝑘

𝑚𝑁 𝑢
𝑘

= 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 𝑘 ℎ𝑣
𝑘
, ∀ 𝑣 ∈ 𝑁 𝑢



Basic GNN
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ℎ𝑢

ℎ𝑑

ℎ𝑏

ℎ𝑐

ℎ𝑎

ℎ𝑢 ← 𝜎 𝑊𝑠𝑒𝑙𝑓 ℎ𝑢 +𝑊𝑛𝑒𝑖𝑔ℎ ℎ𝑎 + ℎ𝑏 + ℎ𝑐 + ℎ𝑑

ℎ𝑢 ← 𝑈𝑃𝐷𝐴𝑇𝐸 ℎ𝑢 , 𝑚𝑁 𝑢 = 𝜎 𝑊𝑠𝑒𝑙𝑓ℎ𝑢 +𝑊𝑛𝑒𝑖𝑔ℎ𝑚𝑁 𝑢

𝑚𝑁 𝑢 = 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 ℎ𝑣 , ∀ 𝑣 ∈ 𝑁 𝑢 = 

𝑣 ∈𝑁(𝑢)

ℎ𝑣

𝜃 = 𝑊𝑠𝑒𝑙𝑓 ,𝑊𝑛𝑒𝑖𝑔ℎ



Neighborhood normalization
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ℎ𝑏ℎ𝑎 

𝑣∈𝑁(𝑏)

ℎ𝑣 ≫ 

𝑣∈𝑁(𝑎)

ℎ𝑣

Assume

Numerical instabilities & difficulties for optimization



Neighborhood normalization

22

ℎ𝑏ℎ𝑎

𝑚𝑁 𝑢 =
1

𝑁(𝑢)


𝑣 ∈𝑁 𝑢

ℎ𝑣

Downsides:
loss of information about structural info



Graph Convolution Network (GCN)
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ℎ𝑢

ℎ𝑑

ℎ𝑏

ℎ𝑐

ℎ𝑎

ℎ𝑢 ← 𝑈𝑃𝐷𝐴𝑇𝐸 ℎ𝑢 , 𝑚𝑁 𝑢 = 𝜎 𝑊𝑚𝑁 𝑢

𝑚𝑁 𝑢 = 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 ℎ𝑣 , ∀ 𝑣 ∈ 𝑁 𝑢 ∪ 𝑢

= 

𝑣 ∈𝑁 𝑢 ∪ 𝑢

ℎ𝑣

𝑁(𝑢) 𝑁(𝑣)

[T. N. Kipf et al, 2017]

https://arxiv.org/abs/1609.02907


MPNN – limitations
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Sum aggregate can distinguish,
mean cannot



Graph Isomorphism Network (GIN)
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ℎ𝑢

ℎ𝑏

ℎ𝑐

ℎ𝑑

ℎ𝑎

ℎ𝑢 ← 𝑈𝑃𝐷𝐴𝑇𝐸 ℎ𝑢 , 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 ℎ𝑣 , ∀ 𝑣 ∈ 𝑁 𝑢

How to learn any set function?

𝑔 𝑋 = 𝜑 
𝑥 ∈𝑋

𝑓 𝑥 , 𝑠. 𝑡.
𝑥 ∈𝑋

𝑓 𝑥 𝑢𝑛𝑖𝑞𝑢𝑒

[K. Xu et al, 2019]

https://arxiv.org/abs/1810.00826


Graph Isomorphism Network (GIN)
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ℎ𝑢

ℎ𝑏

ℎ𝑐

ℎ𝑑

ℎ𝑎 ℎ𝑢
(𝑘)

= 𝑀𝐿𝑃(𝑘) 1 + 𝜖 ℎ𝑢
𝑘−1

+ 

𝑣∈𝑁 𝑢

ℎ𝑣
𝑘−1

MLP=multi-layer perceptron NN

[K. Xu et al, 2019]

https://arxiv.org/abs/1810.00826


Graph Attention Network (GAT)
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𝑚𝑁 𝑢 = 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 ℎ𝑣 , ∀ 𝑣 ∈ 𝑁 𝑢 = 

𝑣 ∈𝑁(𝑢)

𝛼𝑢,𝑣ℎ𝑣

𝛼𝑢,𝑣 =
exp(𝑎𝑇 𝑊ℎ𝑢 ⊕𝑊ℎ𝑣 )

σ𝑣′∈𝑁(𝑢) exp(𝑎
𝑇 𝑊ℎ𝑢 ⊕𝑊ℎ𝑣′ )

Bilinear attention model

𝛼𝑢,𝑣 =
exp(𝑀𝐿𝑃(ℎ𝑢, ℎ𝑣 ; 𝜃))

σ𝑣′∈𝑁(𝑢) exp(𝑀𝐿𝑃(ℎ𝑢, ℎ𝑣′; 𝜃))

Attention via MLP

ℎ𝑢ℎ𝑣 How relevant a neighboring node is in relation 
to the center node?

[P. Veličković, 2018]

https://arxiv.org/abs/1710.10903


Graph Attention Network (GAT)
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𝑚𝑁 𝑢 = 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 ℎ𝑣 , ∀ 𝑣 ∈ 𝑁 𝑢 =

[𝑎1⨁𝑎2⨁⋯⨁𝑎𝐾]

Multiple attention “heads”

𝑎𝑘 = 𝑊𝑖 

𝑣∈𝑁(𝑢)

𝛼𝑢,𝑣,𝑘ℎ𝑣

ℎ𝑢ℎ𝑣 How relevant a neighboring node is in relation 
to the center node?



GAT - results

Transductive setting Inductive setting
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1 graph, some labels are masked Multiple graphs, some for training, some for test



GAT - results
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old old



Graph pooling
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Input Node embeddings

Graph Network Pooling

Graph classification

NN



Graph pooling

Set pooling approaches

• 𝑧𝐺 =
σ𝑣∈𝑉 𝑧𝑣

𝑉

• 𝑧𝐺 = σ𝑣∈𝑉 𝑧𝑣

Graph coarsening approaches
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Graph coarsening
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𝐴′ = 𝑆𝑇𝐴𝑆 ∈ ℝ𝑐×𝑐

𝑋′ = 𝑆𝑇𝑋 ∈ ℝ𝑐×𝑑

𝐺: 𝐴, 𝑋

𝐺′: 𝐴′, 𝑋′𝑆𝑢𝑖 = prob. of node u 
to belong to cluster i



Graph coarsening
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𝑆𝑇

𝑋′ =

𝑋

𝑇

∙

cluster i

=
cluster i embedding



Graph pooling
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Input Node embeddings

Graph Network Pooling

Graph classification

NN



Outlook: problems
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Problems – Graph isomorphism (WL-test)
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Problems – Underreaching

38

1-hop nodes 

2-hop nodes 

3-hop nodes 



Problems – Underreaching

Issue Possible solution

• Aggregate further away

• Add edges 
• Changes topology

• May lead to oversmoothing
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Problems – Oversmoothing

Issue Possible solution

• Skip connections
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Averaging same embedding for all nodes

ℎ𝑢
(𝑘+1)

← ℎ𝑢
𝑘
⨁𝑈𝑃𝐷𝐴𝑇𝐸 𝑘 ℎ𝑢

𝑘
, 𝑚𝑁 𝑢

𝑘

𝑚𝑁 𝑢
𝑘

= 𝐴𝐺𝐺𝑅𝐸𝐺𝐴𝑇𝐸 𝑘 ℎ𝑣
𝑘
, ∀ 𝑣 ∈ 𝑁 𝑢



Problems – Oversquashing

Issue Possible solution

• Add edges 
• Changes topology

• May lead to oversmoothing

41

bottleneck



Summary
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Input Node embeddings

GNN layers Pooling

Graph classification

Multi 
layer NN

Loss: cross-entropyA GNN is an optimizable transformation on all attributes of the graph (nodes, edges)



Summary
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Input Node embeddings

layer 1

Graph network layer

layer 2 layer K

… ……



Summary
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Input Node embeddings

GNN layers Pooling

Graph classification

Multi 
layer NN

Loss: cross-entropyA GNN is an optimizable transformation on all attributes of the graph (nodes, edges)


