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Edit Distance

• Minimum number of insertions, deletions, or 
substitutions of symbols to transform one string 
into another

TRAIN

PAIL
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Edit Distance

• Minimum number of insertions, deletions, or 
substitutions of symbols to transform one string 
into another
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Edit Distance

• Minimum number of insertions, deletions, or 
substitutions of symbols to transform one string 
into another

TRAIN

TRAIL

RAIL

PAIL (R->P)

EDIT(TRAIN,PAIL)=3
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Computation of Edit Distance

• Dynamic programming technique yields 𝑂 𝑛2

algorithm

T R A I N

0 1 2 3 4 5

P 1 

A 2

I 3

L 4
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𝐸𝐷𝐼𝑇("TR","PAI")



Computation of Edit Distance

T R A I N

0 1 2 3 4 5

P 1 _

A 2

I 3

L 4
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Computation of Edit Distance

T R A I N

0 1 2 3 4 5

P 1 1 _

A 2

I 3

L 4
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Computation of Edit Distance

T R A I N

0 1 2 3 4 5

P 1 1 2 3 4 5

A 2 2 2 2 3 4

I 3 3 3 3 2 3

L 4 4 4 4 3 3
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𝐸𝐷𝐼𝑇("TRAIN", "PAIL")=3



Computation of Edit Distance

• Best algorithm runs at 𝑂
𝑛2

log2 𝑛

• Can we achieve 𝑂 𝑛2−𝛿 ?
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Applications of Edit Distance

• Computational biology
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Applications of Edit Distance

• Spell checking

• Natural language processing
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Orthogonal Vectors Problem

• Two sets 𝐴, 𝐵 ⊆ 0,1 𝑑 such that 𝐴 = 𝐵 = 𝑁

• Is there a pair of orthogonal vectors?

𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵:

𝑥 ⋅ 𝑦 =

𝑗=1

𝑑

𝑥𝑗𝑦𝑗 = 0
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Orthogonal Vectors Problem

• Is there a pair of orthogonal vectors?
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{0,0,1}
{0,1,1}

{1,1,1}
{0,1,1}

{0,1,1}
{0,0,1}

{1,1,1}
{0,1,0}



Orthogonal Vectors Problem

• Is there a pair of orthogonal vectors?
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{0,0,1}
{0,1,1}

{1,1,1}
{0,1,1}

{0,1,1}
{0,0,1}

{1,1,1}
{0,1,0}

0,0,1 ⋅ 0,1,0 = 0 ∗ 0 + 0 ∗ 1 + 1 ∗ 0 = 0



PATTERN

𝑃𝐴𝑇𝑇𝐸𝑅𝑁 𝑃1, 𝑃2 = min
𝑥 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑖𝑔𝑢𝑜𝑢𝑠
𝑠𝑢𝑏𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑃2

𝐸𝐷𝐼𝑇(𝑃1, 𝑥)
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𝑃1

𝑃2



PATTERN Example

𝑃𝐴𝑇𝑇𝐸𝑅𝑁 𝐼𝑅𝐸𝐿𝐴𝑁𝐷, 𝑆𝑊𝐼𝑇𝑍𝐸𝑅𝐿𝐴𝑁𝐷 = 3

SWITZERLAND

ERLAND

ELAND

IRELAND

17



PATTERN Example

𝑃𝐴𝑇𝑇𝐸𝑅𝑁 𝑆𝑇𝐴𝑅𝑆𝐻𝐼𝑃, 𝐶𝑂𝑀𝑃𝑈𝑇𝐸𝑅𝑆𝐶𝐼𝐸𝑁𝐶𝐸 = 4

COMPUTERSCIENCE

TERSCI

TARSHI

STARSHIP
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Strong Exponential Time 
Hypothesis (SETH)

SAT cannot be solved in subexponential time in the 
worst case

• Stronger than P != NP
• If proven, SETH would imply P != NP
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Proof Process
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OVP

SETH

PATTERN EDITREDUCE TO REDUCE TO

• 𝑂 𝑑𝑂 1 ⋅ 𝑁2−𝛿 solution to OVP violates 

SETH
• Reduce OVP to EDIT



Intuition

• Convert each set of vectors into a string

• If there are orthogonal vectors, EDIT is “small”

• If there are no orthogonal vectors, EDIT is “large”
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Intuition

22

{0, 0, 1} {0, 1, 1} {1,0,1}

Set sequence

Vector gadgets

Coordinate gadgets



Coordinate Gadgets

𝐶𝐺1 𝑥 ≔ ൝
2𝑙0 0 1 1 1 2𝑙0 𝑖𝑓 𝑥 = 0

2𝑙0 0 0 0 1 2𝑙0 𝑖𝑓 𝑥 = 1

𝐶𝐺2 𝑥 ≔ ൝
2𝑙0 0 0 1 1 2𝑙0 𝑖𝑓 𝑥 = 0

2𝑙0 1 1 1 1 2𝑙0 𝑖𝑓 𝑥 = 1

Thus, 𝐸𝐷𝐼𝑇 𝐶𝐺1 𝑥1 , 𝐶𝐺2 𝑥2 = ቊ
1 𝑖𝑓 𝑥1 ⋅ 𝑥2 = 0
3 𝑖𝑓 𝑥1 ⋅ 𝑥2 = 1
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Visualization of the Coordinate 
Gadgets
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2 2 2 … 2 2 2 0 1 1 1 2 2 2 … 2 2 2

2 2 2 … 2 2 2 0 0 0 1 2 2 2 … 2 2 2

2 2 2 … 2 2 2 0 0 1 1 2 2 2 … 2 2 2

2 2 2 … 2 2 2 1 1 1 1 2 2 2 … 2 2 2

𝐶𝐺1(0)

𝐶𝐺1(1)

𝐶𝐺2(0)

𝐶𝐺2(1)

𝑙0



Visualization of the Vector 
Gadgets

25

4 4 4 … 4 4 4 4 4 4 … 4 4 43 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖 ⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖
′

𝑙1 𝑙

3 3 3 … 3 3 3 3 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺2 𝑏𝑖

𝑙1 𝑙

𝑉𝐺1(𝑎, 𝑎
′)

𝑉𝐺2(𝑏)

Let 𝑙 = ⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖 = 𝑑(4 + 2𝑙0)



Vector Gadget Alignment – Case 1
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3 3 3 … 3 3 3 3 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺2 𝑏𝑖

𝑉𝐺1(𝑎, 𝑎
′)

𝑉𝐺2(𝑏)

1. Delete and substitute: 𝐶′ ≔ 𝑙1 + 𝑙 + 𝑙1 = 2𝑙1 + 𝑑 2𝑙0 + 4
2. Transform concatenations of coordinate gadgets: 𝑑 + 2 𝑎 ⋅ 𝑏
3. Total cost: 𝐶′ + 𝑑 + 2 𝑎 ⋅ 𝑏 = 𝐶 + 2(𝑎 ⋅ 𝑏)

4 4 4 … 4 4 4 4 4 4 … 4 4 43 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖 ⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖
′

𝑙1 𝑙



Transforming the Concatenations 
– Case 1.1
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2 2 2 … 2 2 2 0 1 1 1 2 2 2 … 2 2 2

0 0 1 1 2 2 2 … 2 2 2

In this example we have 𝑑 = 2:
𝑎 = 0,1 , 𝑏 = {0,1}

… 3 3 3

… 3 3 3

4 4 4 …

3 3 3 …

𝐶𝐺1(0)

𝐶𝐺2(1)

𝐶𝐺1(1)

𝐶𝐺2(0)

2 2 2 … 2 2 2

2 2 2 … 2 2 2 0 0 0 1 2 2 2 … 2 2 2

1 1 1 1 2 2 2 … 2 2 22 2 2 … 2 2 2

𝐸𝐷𝐼𝑇 = 1 𝐸𝐷𝐼𝑇 = 3



Transforming the Concatenations 
– Case 1.2
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2 2 2 … 2 2 2 0 1 1 1 2 2 2 … 2 2 2

1 1 1 1 2 2 2 … 2 2 2

In this example we have 𝑑 = 2:
𝑎 = 0,1 , 𝑏 = {1,0}

… 4 4 4

… 3 3 3

3 3 3 …

3 3 3 …

𝐶𝐺1(0)

𝐶𝐺2(0)

𝐶𝐺1(1)

𝐶𝐺2(1)

2 2 2 … 2 2 2

2 2 2 … 2 2 2 0 0 0 1 2 2 2 … 2 2 2

0 0 1 1 2 2 2 … 2 2 22 2 2 … 2 2 2

𝐸𝐷𝐼𝑇 = 1 𝐸𝐷𝐼𝑇 = 1



Vector Gadget Alignment – Case 2
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3 3 3 … 3 3 3 3 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺2 𝑏𝑖

𝑉𝐺1(𝑎, 𝑎
′)

𝑉𝐺2(𝑏)

1. Delete and substitute: 𝐶′ ≔ 𝑙1 + 𝑙 + 𝑙1 = 2𝑙1 + 𝑑 2𝑙0 + 4
2. Transform concatenations of coordinate gadgets: 𝑑 + 2 𝑎′ ⋅ 𝑏
3. Total cost: 𝐶′ + 𝑑 + 2 𝑎′ ⋅ 𝑏 = 𝐶 + 2(𝑎′ ⋅ 𝑏)

4 4 4 … 4 4 4 4 4 4 … 4 4 43 3 3 … 3 3 3⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖 ⊙𝑖∈ 𝑑 𝐶𝐺1 𝑎𝑖
′

𝑙1 𝑙



Edit distance of Vector Gadgets

𝐸𝐷𝐼𝑇 𝑉𝐺1 𝑎, 𝑎′ , 𝑉𝐺2 𝑏 = 𝐾 + 2 ⋅ min 𝑎 ⋅ 𝑏, 𝑎′ ⋅ 𝑏 ≔ 𝑋

We want to get rid of the “min” part
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Edit distance of Vector Gadgets

• Let 𝑎′ = 1 0𝑑−1

• Let 𝑏 begin with 1 (i.e. 𝑏1 = 1)

• Then, 𝑎′ ⋅ 𝑏 = 1

• This removes the “min” part of our formula
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1 0 0 0 0 …

1 X X X X …

𝑎′

𝑏



Edit distance of Vector Gadgets

𝐸𝐷𝐼𝑇 𝑉𝐺1 𝑎 , 𝑉𝐺2 𝑏 = ቊ
𝐸𝑠 𝑖𝑓 𝑎 ⋅ 𝑏 = 0

𝐸𝑢 ≔ 𝐸𝑠 + 2 𝑖𝑓 𝑎 ⋅ 𝑏 ≥ 1

Now there is a threshold between orthogonal vectors 
and non-orthogonal vectors
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New Vector Gadgets

• Let 𝑡 be the maximum of the lengths of 𝑉𝐺1, 𝑉𝐺2
• Let 𝑇 = 1000𝑑 ⋅ 𝑡 = Θ(𝑑3)

𝑉𝐺𝑘
′ (𝑎)
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5 5 5 … 5 5 5 5 5 5 … 5 5 5𝑉𝐺𝑘(𝑎)

𝑇



Set Sequences

𝑃1 =⊙𝑎∈𝐴 𝑉𝐺1
′ 𝑎
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𝑃2 = ⊙𝑖=1
𝐴 −1 𝑉𝐺2

′ 1𝑑 ⊙𝑏∈𝐵 𝑉𝐺2
′ 𝑏 ⊙𝑖=1

𝐴 −1 𝑉𝐺2
′ 1𝑑

𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)



PATTERN distance with orthogonal 
vectors
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𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)

𝑠

𝑃2

𝑃1

Sequence 𝑠 made of 𝐴 vector gadgets in 𝑃2
We have at least one alignment

𝑃𝐴𝑇𝑇𝐸𝑅𝑁 𝑃1, 𝑃2 ≤ 𝐸𝑢 ⋅ 𝐴 − 2 = 𝑋 − 2



PATTERN distance with no 
orthogonal vectors

36

𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)

𝑠

𝑃2

𝑃1

Sequence 𝑠 made of 𝐴 vector gadgets in 𝑃2
We have no alignments; each VG transformation costs 𝐸𝑢

𝑃𝐴𝑇𝑇𝐸𝑅𝑁 𝑃1, 𝑃2 = 𝐸𝑢 ⋅ 𝐴 ≔ 𝑋



Reducing PATTERN to EDIT

𝑃2
′ ≔ 𝑃2

𝑃1
′ ≔ 6 𝑃2

′
𝑃1 6

𝑃2
′

37

𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)

6 6 6 … 6 6 6 6 6 6 … 6 6 6



Case 1: Orthogonal vectors

𝑃2
′ ≔ 𝑃2

𝑃1
′ ≔ 6 𝑃2

′
𝑃1 6

𝑃2
′

Green: ≤ 𝑋 − 2 transformations

Blue: ≤ 2 ⋅ |𝑃2
′| transformations

𝐸𝐷𝐼𝑇 𝑃1
′, 𝑃2

′ = 2 ⋅ 𝑃2
′ + 𝑋 − 2 = Y − 2
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𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)

6 6 6 … 6 6 6 6 6 6 … 6 6 6



Case 2: No orthogonal vectors

𝑃2
′ ≔ 𝑃2

𝑃1
′ ≔ 6 𝑃2

′
𝑃1 6

𝑃2
′

Green: 𝑋 transformations

Blue: 2 ⋅ |𝑃2
′| transformations

EDIT P1
′, 𝑃2

′ = 2 ⋅ 𝑃2
′ + 𝑋 = 𝑌
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𝑉𝐺1
′(𝑎1) 𝑉𝐺1

′(𝑎2) 𝑉𝐺1
′(𝑎3)

𝑉𝐺2
′(𝑏1) 𝑉𝐺2

′(𝑏2) 𝑉𝐺2
′(𝑏3)𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑) 𝑉𝐺2

′(1𝑑) 𝑉𝐺2
′(1𝑑)

6 6 6 … 6 6 6 6 6 6 … 6 6 6



Reducing PATTERN to EDIT

• Therefore:
• If there is a pair of orthogonal vectors:

𝐸𝐷𝐼𝑇 𝑃1
′, 𝑃2

′ ≤ 𝑌 − 2
• If there is no pair of orthogonal vectors:

𝐸𝐷𝐼𝑇 𝑃1
′, 𝑃2

′ = 𝑌

We now have a threshold for solving OVP.
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Conclusion

• If EDIT can be computed in 𝑂 𝑛2−𝛿 then OVP can 
be solved in 𝑑𝑂(1) ⋅ 𝑁2−𝛿

• If this is true, SETH must be false
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