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e
last
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d
ecad

es,
w
e
h
ave

ex
p
erien

ced
an

u
n
p
reced

en
ted

grow
th

in
th
e

area
of

d
istrib

u
ted

sy
stem

s
an

d
n
etw

ork
s.

D
istrib

u
ted
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p
u
tin

g
n
ow

en
com

-
p
asses

m
an

y
of

th
e
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ities
o
ccu

rrin
g
in

to
d
ay
’s
co
m
p
u
ter

an
d
com

m
u
n
ication

s
w
orld

.
In
d
eed

,
d
istrib

u
ted

com
p
u
tin

g
ap

p
ears

in
q
u
ite

d
iverse

ap
p
licatio

n
areas:

T
y
p
ical

“old
sch

o
ol”

ex
am

p
les

a
re

p
arallel

com
p
u
ters,

or
th
e
In
tern

et.
M
ore

re-
cen

t
ap

p
lica

tion
ex
am

p
les

of
d
istrib

u
ted

sy
stem

s
in
clu

d
e
p
eer-to-p

eer
sy
stem

s,
sen

sor
n
etw

ork
s,

an
d
m
u
lti-core

arch
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res.
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h
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s
h
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com

m
on

th
at

m
an

y
p
ro
cessors

or
en
tities
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n
o
d
es)

are
active

in
th
e
sy
stem

at
an

y
m
om

en
t.

T
h
e
n
o
d
es

h
ave

certain
d
egrees

of
freed

om
:
th
ey

m
ay

h
ave

th
eir

ow
n
h
ard

w
are,

th
eir

ow
n
co
d
e,

an
d

som
etim

es
th
eir

ow
n
in
d
ep

en
d
en
t
task

.
N
everth

eless,
th
e
n
o
d
es

m
ay

sh
are

com
-

m
on

resou
rces

an
d
in
form

ation
,
an

d
,
in

o
rd
er

to
so
lve

a
p
rob

lem
th
at

con
cern

s
several—

or
m
ay
b
e
even

all—
n
o
d
es,

co
ord

in
ation

is
n
ecessary.

D
esp

ite
th
ese

com
m
on

alities,
a
p
eer-to-p

eer
sy
stem

,
for

ex
am

p
le,

is
q
u
ite

d
iff
eren

t
fro

m
a
m
u
lti-core

arch
itectu

re.
D
u
e
to

su
ch

d
iff
eren

ces,
m
an

y
d
iff
er-

en
t
m
o
d
els

an
d
p
aram

eters
are

stu
d
ied

in
th
e
area

of
d
istrib

u
ted

com
p
u
tin

g.
In

som
e
sy
stem

s
th
e
n
o
d
es

op
erate

sy
n
ch
ron

ou
sly,

in
oth

er
sy
stem

s
th
ey

op
er-

ate
asy

n
ch
ro
n
ou

sly.
T
h
ere

are
sim

p
le

h
om

ogen
eou

s
sy
stem

s,
an

d
h
etero

gen
eou

s
sy
stem

s
w
h
ere

d
iff
eren

t
ty
p
es

o
f
n
o
d
es,

p
oten

tially
w
ith

d
iff
eren

t
cap

ab
ilities,

ob
jectives

etc.,
n
eed

to
in
teract.

T
h
ere

are
d
iff
eren

t
com

m
u
n
ication

tech
n
iq
u
es:

n
o
d
es

m
ay

com
m
u
n
icate

b
y
ex
ch
an

gin
g
m
essages,

o
r
b
y
m
ea
n
s
of

sh
ared

m
em

-
ory.

S
om

etim
es

th
e
co
m
m
u
n
ica

tion
in
frastru

ctu
re

is
tailor-m

a
d
e
for

an
ap

p
lica-

tion
,
som

etim
es

on
e
h
as

to
w
ork

w
ith

an
y
given

in
frastru

ctu
re.

T
h
e
n
o
d
es

in
a

sy
stem

som
etim

es
w
o
rk

togeth
er

to
solve

a
glob

al
task

,
o
cca

sion
ally

th
e
n
o
d
es

are
au

ton
om

ou
s
agen

ts
th
at

h
ave

th
eir

ow
n
agen

d
a
an

d
com

p
ete

for
com

m
on

resou
rces.

S
om

etim
es

th
e
n
o
d
es

can
b
e
assu

m
ed

to
w
ork
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at

tim
es

th
ey

m
ay

ex
h
ib
it

failu
res.

In
con

tra
st

to
a
sin

gle-n
o
d
e
sy
stem

,
d
istrib

u
ted

sy
stem

s
m
ay

still
fu
n
ction

correctly
d
esp

ite
failu

res
as

oth
er

n
o
d
es

can
take

over
th
e
w
ork

of
th
e
failed

n
o
d
es.

T
h
ere

are
d
iff
eren

t
k
in
d
s
of

failu
res

th
at

can
b
e
con

sid
ered

:
n
o
d
es

m
ay

ju
st

crash
,
or

th
ey

m
igh

t
ex
h
ib
it

an
arb

itrary,
erron

eou
s
b
eh

av
ior,

m
ay
b
e
even

to
a
d
egree

w
h
ere

it
can

n
ot

b
e
d
istin

g
u
ish

ed
fro

m
m
alicio

u
s
(also

k
n
ow

n
as

B
y
zan

tin
e)

b
eh

av
ior.

It
is
also

p
ossib

le
th
at

th
e
n
o
d
es

follow
th
e
ru
les

in
d
eed

,
h
ow

ever
th
ey

tw
eak

th
e
p
aram

eters
to

get
th
e
m
ost

ou
t
of

th
e
sy
stem

;
in

oth
er

w
ord

s,
th
e
n
o
d
es

act
selfi

sh
ly.

A
p
p
aren

tly,
th
ere

are
m
an

y
m
o
d
els

(a
n
d
ev
en

m
ore

com
b
in
ation

s
of

m
o
d
els)

th
at

can
b
e
stu

d
ied

.
W
e
w
ill

n
o
t
d
iscu

ss
th
em

in
greater

d
eta

il
n
ow
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b
u
t
sim

p
ly
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th
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en

d
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th
e
cou

rse
a
gen
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p
ictu
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sh
o
u
ld

em
erg

e.
H
o
p
efu

lly
!

T
h
is

co
u
rse

in
tro

d
u
ces

th
e
b
a
sic

p
rin

cip
les

o
f
d
istrib

u
ted

com
p
u
tin

g,
h
igh

-
lig

h
tin

g
com

m
o
n
th
em

es
a
n
d
tech

n
iq
u
es.

In
p
a
rticu

lar,
w
e
stu

d
y
som

e
of

th
e

fu
n
d
am

en
ta
l
issu

es
u
n
d
erly

in
g
th
e
d
esign

o
f
d
istrib

u
ted

sy
stem

s:

•
C
o
m
m
u
n
ica

tio
n
:
C
o
m
m
u
n
ica

tio
n
d
o
es

n
o
t
com

e
for

free;
often

com
m
u
n
i-

cation
co
st

d
o
m
in
a
tes

th
e
cost

o
f
lo
cal

p
ro
cessin

g
or

storage.
S
om

etim
es

w
e
even

a
ssu

m
e
th
a
t
every

th
in
g
b
u
t
com

m
u
n
ication

is
free.

•
C
o
ord

in
ation

:
H
ow

ca
n

yo
u

co
o
rd
in
ate

a
d
istrib

u
ted

sy
stem

so
th
at

it
p
erfo

rm
s
so
m
e
ta
sk

effi
cien

tly
?

•
F
a
u
lt-to

lera
n
ce:

A
s
m
en
tio

n
ed

a
b
ove,

o
n
e
m
a
jor

ad
van

tage
of

a
d
istrib

-
u
ted

sy
stem

is
th
a
t
ev
en

in
th
e
p
resen

ce
o
f
failu

res
th
e
sy
stem

as
a
w
h
ole

m
ay

su
rv
iv
e.

•
L
o
ca
lity

:
N
etw

ork
s
keep

g
row

in
g
.
L
u
ck
ily,

glob
al

in
form

atio
n
is
n
ot

alw
ay
s

n
eed

ed
to

so
lve

a
task

,
o
ften

it
is
su
ffi
cien

t
if
n
o
d
es

talk
to

th
eir

n
eigh

b
ors.

In
th
is

co
u
rse,

w
e
w
ill

a
d
d
ress

th
e
fu
n
d
a
m
en
tal

q
u
estion

in
d
istrib

u
ted

com
p
u
tin

g
w
h
eth

er
a
lo
ca
l
so
lu
tio

n
is
p
o
ssib

le
for

a
w
id
e
ran

ge
of

p
rob

lem
s.

•
P
a
ra
llelism

:
H
ow

fa
st

ca
n
yo
u
so
lve

a
task

if
you

in
crease

y
ou

r
com

p
u
ta-

tio
n
a
l
p
ow

er,
e.g

.,
b
y
in
creasin

g
th
e
n
u
m
b
er

of
n
o
d
es

th
at

can
sh
are

th
e

w
o
rk
lo
a
d
?
H
ow

m
u
ch

p
a
ra
llelism

is
p
o
ssib

le
for

a
giv

en
p
rob

lem
?

•
S
y
m
m
etry

b
rea

k
in
g
:
S
om

etim
es

so
m
e
n
o
d
es

n
eed

to
b
e
selected

to
or-

ch
estra

te
th
e
co
m
p
u
ta
tio

n
(a
n
d

th
e
co
m
m
u
n
ication

).
T
h
is

is
ty
p
ically

a
ch
ieved

b
y
a
tech

n
iq
u
e
called

sym
m
etry

brea
kin

g.

•
S
y
n
ch
ro
n
iza

tio
n
:
H
ow

ca
n
yo
u
im

p
lem

en
t
a
sy
n
ch
ron

ou
s
algorith

m
in

an
a
sy
n
ch
ro
n
ou

s
sy
stem

?

•
U
n
certa

in
ty
:
If

w
e
n
eed

to
a
g
ree

o
n
a
sin

g
le

term
th
at

fi
ttin

gly
d
escrib

es
th
is

co
u
rse,

it
is

p
ro
b
a
b
ly

“
u
n
certa

in
ty
”
.
A
s
th
e
w
h
ole

sy
stem

is
d
istrib

-
u
ted

,
th
e
n
o
d
es

ca
n
n
o
t
k
n
ow

w
h
a
t
o
th
er

n
o
d
es

are
d
oin

g
at

th
is

ex
act

m
o
m
en
t,
a
n
d
th
e
n
o
d
es

a
re

req
u
ired

to
so
lv
e
th
e
task

s
at

h
an

d
d
esp

ite
th
e

lack
o
f
g
lo
b
a
l
k
n
ow

led
g
e.

F
in
a
lly,

th
ere

a
re

a
lso

a
few

a
rea

s
th
a
t
w
e
w
ill

n
ot

cover
in

th
is

cou
rse,

m
o
stly

b
eca

u
se

th
ese

to
p
ics

h
ave

b
eco

m
e
so

im
p
ortan

t
th
at

th
ey

d
eserve

an
d

h
ave

th
eir

ow
n
co
u
rses.

E
x
a
m
p
les

fo
r
su
ch

to
p
ics

are
d
istrib

u
ted

p
rogram

m
in
g,

softw
are

en
g
in
eerin

g
,
a
s
w
ell

a
s
secu

rity
a
n
d
cry

p
tograp

h
y.

In
su
m
m
a
ry,

in
th
is

cla
ss

w
e
ex
p
lo
re

essen
tia

l
algorith

m
ic

id
eas

an
d
low

er
b
o
u
n
d
tech

n
iq
u
es,

b
a
sica

lly
th
e
“
p
earls”

o
f
d
istrib

u
ted

com
p
u
tin

g
an

d
n
etw

ork
a
lg
o
rith

m
s.

W
e
w
ill

cover
a
fresh

to
p
ic

every
w
eek

.

H
ave

fu
n
!

C
h
a
p
te
r
N
o
te
s

M
a
n
y
ex
cellen

t
tex

t
b
o
o
k
s
h
ave

b
een

w
ritten

o
n
th
e
su
b
ject.

T
h
e
b
o
ok

closest
to

th
is
co
u
rse

is
b
y
D
av
id

P
eleg

[P
el0

0
],
a
s
it
sh
ares

ab
ou

t
h
alf

of
th
e
m
aterial.

B
IB

L
IO

G
R
A
P
H
Y

3

A
m
ain

fo
cu

s
of

P
eleg’s

b
o
ok

are
n
etw

o
rk

p
artitio

n
s,

covers,
d
ecom

p
osition

s,
sp
an

n
ers,

an
d
lab

elin
g
sch

em
es,

an
in
terestin

g
area

th
at

w
e
w
ill

on
ly

tou
ch

in
th
is
cou

rse.
T
h
ere

ex
ist

a
m
u
ltitu

d
e
of

oth
er

tex
t
b
o
ok

s
th
at

overlap
w
ith

on
e
or

tw
o
ch
ap

ters
of

th
is
cou

rse,
e.g.,

[L
ei92,

B
ar96,

L
y
n
96,

T
el01

,
A
W

04,
H
K
P
+
05,

C
L
R
S
09,

S
u
o12].

A
n
o
th
er

related
cou

rse
is

b
y
J
am

es
A
sp
n
es

[A
sp
].

S
om

e
ch
ap

ters
of

th
is
cou

rse
h
ave

b
een

d
evelop

ed
in

collab
oration

w
ith

(for-
m
er)

P
h
.D

.
stu

d
en
ts,

see
ch
ap

ter
n
otes

fo
r
d
etails.

M
an

y
stu

d
en
ts

h
ave

h
elp

ed
to

im
p
rove

ex
ercises

an
d
scrip

t.
T
h
an

k
s
go

to
P
h
ilip

p
B
ra
n
d
es,

R
ap

h
ael

E
i-

d
en
b
en

z,
R
o
lan

d
F
lu
ry,

K
lau

s-T
y
ch
o
F
örster,

S
tep

h
an

H
olzer,

B
arb

ara
K
eller,

F
ab

ian
K
u
h
n
,
C
h
risto

p
h
L
en

zen
,
T
h
om

as
L
o
ch
er,

R
em

o
M
eier,

T
h
om

a
s
M
osci-

b
ro
d
a,

R
egin

a
O
’D

ell,
Y
von

n
e
A
n
n
e
P
ig
n
olet,

J
o
ch
en

S
eid

el,
S
tefan

S
ch
m
id
,

J
oh

an
n
es

S
ch
n
eid

er,
J
ara

U
itto

,
P
ascal

vo
n
R
icken

b
ach

(in
alp

h
ab

etica
l
ord

er).

B
ib
lio

g
r
a
p
h
y

[A
sp
]
J
am

es
A
sp
n
es.

N
otes

on
T
h
eo
ry

of
D
istrib

u
ted

S
y
stem

s
.

[A
W

04]
H
agit

A
ttiya

an
d
J
en

n
ifer

W
elch

.
D
istribu

ted
C
o
m
p
u
tin

g:
F
u
n
d
a
-

m
en

ta
ls,

S
im

u
la
tio

n
s
a
n
d
A
d
va
n
ced

T
o
p
ics

(2
n
d
ed
itio

n
).

J
oh

n
W

i-
ley

In
terscien

ce,
M
a
rch

2004.

[B
ar96]

V
alm

ir
C
.
B
arb

osa.
A
n
in
trod

u
ctio

n
to

d
istribu

ted
a
lgo

rith
m
s.

M
IT

P
ress,

C
am

b
rid

ge,
M
A
,
U
S
A
,
1996.

[C
L
R
S
09]

T
h
om

as
H
.
C
orm

en
,
C
h
arles

E
.
L
eiserson

,
R
on

a
ld

L
.
R
iv
est,

an
d

C
liff

ord
S
tein

.
In
trod

u
ctio

n
to

A
lgo

rith
m
s
(3
.
ed
.).

M
IT

P
ress,

2009.

[H
K
P
+
05]

J
u
ra
j
H
ro
m
kov

ic,
R
alf

K
lasin

g,
A
n
d
rzej

P
elc,

P
eter

R
u
zicka,

an
d

W
alter

U
n
ger.

D
issem

in
a
tio

n
o
f
In
fo
rm

a
tio

n
in

C
o
m
m
u
n
ica

tio
n

N
etw

o
rks

-
B
roa

d
ca
stin

g,
G
o
ssip

in
g,

L
ea
d
er

E
lectio

n
,
a
n
d

F
a
u
lt-

T
o
lera

n
ce.

T
ex
ts

in
T
h
eoretical

C
om

p
u
ter

S
cien

ce.
A
n
E
A
T
C
S
S
e-

ries.
S
p
rin

ger,
2005.

[L
ei92]

F
.
T
h
om

so
n
L
eigh

to
n
.
In
trod

u
ctio

n
to

pa
ra
llel

a
lgo

rith
m
s
a
n
d
a
r-

ch
itectu

res:
a
rra

y,
trees,

h
ypercu

bes.
M
organ

K
au

fm
an

n
P
u
b
lish

ers
In
c.,

S
an

F
ran

cisco,
C
A
,
U
S
A
,
1992.

[L
y
n
96]

N
an

cy
A
.
L
y
n
ch
.
D
istribu

ted
A
lgo

rith
m
s.

M
orga

n
K
au

fm
a
n
n
P
u
b
-

lish
ers

In
c.,

S
an

F
ra
n
cisco,

C
A
,
U
S
A
,
19

96.

[P
el00]

D
av
id

P
eleg.

D
istribu

ted
co
m
p
u
tin

g:
a
loca

lity-sen
sitive

a
p
p
roa

ch
.

S
o
ciety

for
In
d
u
stria

l
an

d
A
p
p
lied

M
ath

em
atics,

P
h
ilad

elp
h
ia,

P
A
,

U
S
A
,
2000

.

[S
u
o12]

J
u
k
ka

S
u
o
m
ela.

D
eterm

in
istic

D
istribu

ted
A
lgo

rith
m
s.

2012
.

[T
el01]

G
erard

T
el.

In
trod

u
ctio

n
to

D
istribu

ted
A
lgo

rith
m
s.

C
am

b
rid

ge
U
n
i-

versity
P
ress,

N
ew

Y
ork

,
N
Y
,
U
S
A
,
2n

d
ed

ition
,
2
001.
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C
O
N
T
E
N
T
S

C
h
a
p
te
r
1

V
e
r
te
x
C
o
lo
r
in
g

1
.1

P
r
o
b
le
m

&
M

o
d
e
l

V
ertex

colorin
g
is

an
in
fam

ou
s
grap

h
th
eory

p
rob

lem
.

It
is

also
a
u
sefu

l
toy

ex
am

p
le
to

see
th
e
sty

le
of

th
is
cou

rse
alrea

d
y
in

th
e
fi
rst

lectu
re.

V
ertex

colorin
g

d
o
es

h
ave

q
u
ite

a
few

p
ractical

ap
p
licatio

n
s,
for

ex
a
m
p
le

in
th
e
area

of
w
ireless

n
etw

ork
s
w
h
ere

colorin
g
is

th
e
fou

n
d
ation

of
so-called

T
D
M
A

M
A
C

p
roto

cols.
G
en

erally
sp
eak

in
g,

v
ertex

colorin
g
is
u
sed

as
a
m
ea
n
s
to

b
rea

k
sy
m
m
etries,

on
e

of
th
e
m
ain

th
em

es
in

d
istrib

u
ted

com
p
u
tin

g.
In

th
is
ch
ap

ter
w
e
w
ill

n
ot

really
talk

ab
ou

t
v
ertex

colo
rin

g
ap

p
lication

s,
b
u
t
treat

th
e
p
rob

lem
ab

stractly.
A
t
th
e

en
d
of

th
e
class

you
p
rob

ab
ly

learn
ed

th
e
fastest

(b
u
t
n
ot

con
stan

t!)
a
lgorith

m
ever!

L
et

u
s
start

w
ith

som
e
sim

p
le

d
efi

n
ition

s
an

d
ob

servation
s.

P
ro

b
le
m

1
.1

(V
ertex

C
olorin

g
).

G
iven

a
n
u
n
d
irected

gra
p
h
G

=
(V

,E
),

a
ssign

a
co
lo
r
c
u
to

ea
ch

vertex
u

∈
V

su
ch

th
a
t
th
e
fo
llo

w
in
g
h
o
ld
s:

e
=

(v
,w

)
∈

E
⇒

c
v 6=

c
w
.

R
e
m
a
rk

s:

•
T
h
rou

gh
ou

t
th
is
cou

rse,
w
e
u
se

th
e
term

s
vertex

an
d
n
od
e
in
terch

a
n
geab

ly.

•
T
h
e
ap

p
lication

often
ask

s
u
s
to

u
se

few
colors!

In
a
T
D
M
A
M
A
C
p
roto

col,
for

ex
am

p
le,

less
colors

im
m
ed

iately
im

p
ly

h
igh

er
th
ro
u
gh

p
u
t.

H
ow

ever,
in

d
istrib

u
ted

co
m
p
u
tin

g
w
e
are

often
h
ap

p
y
w
ith

a
solu

tion
w
h
ich

is
su
b
-

op
tim

al.
T
h
ere

is
a
trad

eo
ff
b
etw

een
th
e
op

tim
ality

of
a
solu

tion
(effi

cacy
),

an
d
th
e
w
ork

/tim
e
n
eed

ed
to

com
p
u
te

th
e
so
lu
tion

(effi
cien

cy
).

3

1
2

3

F
igu

re
1
.1:

3-colo
rab

le
grap

h
w
ith

a
valid

colorin
g.

5
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C
H
A
P
T
E
R

1
.

V
E
R
T
E
X

C
O
L
O
R
IN

G

A
ssu

m
p
tio

n
1
.2

(N
o
d
e
Id
en
tifi

ers).
E
a
ch

n
od
e
h
a
s
a
u
n
iqu

e
id
en

tifi
er,

e.g.,
its

IP
a
d
d
ress.

W
e
u
su
a
lly

a
ssu

m
e
th
a
t
ea
ch

id
en

tifi
er

co
n
sists

o
f
o
n
ly

log
n
bits

if
th
e
system

h
a
s
n
n
od
es.

R
e
m
a
rk

s:

•
S
o
m
etim

es
w
e
m
ig
h
t
even

a
ssu

m
e
th
at

th
e
n
o
d
es

ex
actly

h
av
e
id
en
tifi

ers
1
,...,n

.

•
It

is
ea
sy

to
see

th
a
t
n
o
d
e
id
en
tifi

ers
(a
s
d
efi

n
ed

in
A
ssu

m
p
tion

1.2)
solve

th
e
co
lo
rin

g
p
ro
b
lem

1
.1
,
b
u
t
n
o
t
v
ery

w
ell

(essen
tially

req
u
irin

g
n
colors).

H
ow

m
a
n
y
colo

rs
are

n
eed

ed
is

a
w
ell-stu

d
ied

p
rob

lem
.

D
e
fi
n
itio

n
1
.3

(C
h
ro
m
a
tic

N
u
m
b
er).

G
iven

a
n
u
n
d
irected

G
ra
p
h
G

=
(V

,E
),

th
e
ch
ro
m
a
tic

n
u
m
b
er

χ
(G

)
is

th
e
m
in
im

u
m

n
u
m
ber

o
f
co
lo
rs

to
so
lve

P
ro
blem

1
.1
.

T
o
g
et

a
b
etter

u
n
d
ersta

n
d
in
g
o
f
th
e
v
ertex

co
lorin

g
p
rob

lem
,
let

u
s
fi
rst

lo
ok

a
t
a
sim

p
le

n
on

-d
istrib

u
ted

(“cen
tra

lized
”
)
vertex

colorin
g
algorith

m
:

A
lg
o
rith

m
1
G
reed

y
S
eq
u
en
tia

l

1
:
w
h
ile

∃
u
n
co
lo
red

v
ertex

v
d
o

2
:

co
lor

v
w
ith

th
e
m
in
im

a
l
colo

r
(n
u
m
b
er)

th
at

d
o
es

n
ot

con
fl
ict

w
ith

th
e

alrea
d
y
co
lo
red

n
eig

h
b
o
rs

3
:
e
n
d
w
h
ile

D
e
fi
n
itio

n
1
.4

(D
eg
ree).

T
h
e
n
u
m
ber

o
f
n
eigh

bo
rs

o
f
a
vertex

v
,
d
en

o
ted

by
δ(v

),
is

ca
lled

th
e
d
eg
ree

o
f
v
.
T
h
e
m
a
xim

u
m

d
egree

vertex
in

a
gra

p
h
G

d
efi

n
es

th
e
gra

p
h
d
egree

∆
(G

)
=

∆
.

T
h
e
o
re

m
1
.5

(A
n
a
ly
sis

o
f
A
lg
o
rith

m
1
).

T
h
e
a
lgo

rith
m

is
co
rrect

a
n
d
term

i-
n
a
tes

in
n
“
step

s”
.
T
h
e
a
lgo

rith
m

u
ses

a
t
m
o
st

∆
+
1
co
lo
rs.

P
ro
o
f:

C
o
rrectn

ess
a
n
d
term

in
atio

n
are

stra
ig
h
tfo

rw
ard

.
S
in
ce

each
n
o
d
e
h
as

at
m
o
st

∆
n
eig

h
b
o
rs,

th
ere

is
a
lw
ay
s
a
t
lea

st
o
n
e
co
lo
r
free

in
th
e
ran

ge{1
,...,∆

+
1}

.

R
e
m
a
rk

s:

•
In

D
efi

n
ition

1
.7

w
e
w
ill

see
w
h
a
t
is

m
ea
n
t
b
y
“step

”.

•
F
o
r
m
a
n
y
grap

h
s
co
lo
rin

g
ca
n
b
e
d
o
n
e
w
ith

m
u
ch

less
th
an

∆
+
1
colors.

•
T
h
is

a
lg
o
rith

m
is

n
o
t
d
istrib

u
ted

a
t
a
ll;

o
n
ly

on
e
p
ro
cessor

is
active

at
a

tim
e.

S
till,

m
ay
b
e
w
e
ca
n
u
se

th
e
sim

p
le

id
ea

of
A
lgorith

m
1
to

d
efi

n
e
a

d
istrib

u
ted

colo
rin

g
su
b
ro
u
tin

e
th
a
t
m
ay

co
m
e
in

h
an

d
y
later.

N
ow

w
e
are

rea
d
y
to

stu
d
y
d
istrib

u
ted

a
lg
o
rith

m
s
for

th
is

p
rob

lem
.
T
h
e
fol-

low
in
g
p
ro
ced

u
re

ca
n
b
e
ex
ecu

ted
b
y
every

v
ertex

v
in

a
d
istrib

u
ted

colorin
g

alg
orith

m
.
T
h
e
g
o
al

o
f
th
is

su
b
ro
u
tin

e
is

to
im

p
rove

a
given

in
itial

colorin
g.

1
.1
.

P
R
O
B
L
E
M

&
M
O
D
E
L

7

P
ro

c
e
d
u
re

2
F
irst

F
ree

R
e
q
u
ire

:
N
o
d
e
C
olo

rin
g
{
e.g.,

n
o
d
e
ID

s
as

d
efi

n
ed

in
A
ssu

m
p
tion

1.2}
G
ive

v
th
e
sm

allest
ad

m
issib

le
color{i.e.,

th
e
sm

a
llest

n
o
d
e
color

n
ot

u
sed

b
y

an
y
n
eigh

b
or}

R
e
m
a
rk

s:

•
W

ith
th
is
su
b
ro
u
tin

e
w
e
h
ave

to
m
a
ke

su
re

th
at

tw
o
ad

jacen
t
vertices

are
n
ot

co
lored

at
th
e
sam

e
tim

e.
O
th
erw

ise,
th
e
n
eigh

b
ors

m
ay

at
th
e
sam

e
tim

e
con

clu
d
e
th
at

som
e
sm

all
colo

r
c
is

still
availab

le
in

th
eir

n
eigh

b
or-

h
o
o
d
,
an

d
th
en

at
th
e
sam

e
tim

e
d
ecid

e
to

ch
o
ose

th
is

color
c.

D
e
fi
n
itio

n
1
.6

(S
y
n
ch
ron

ou
s
D
istrib

u
ted

A
lgorith

m
).

In
a
syn

ch
ro
n
o
u
s
a
l-

go
rith

m
,
n
od
es

o
pera

te
in

syn
ch
ro
n
o
u
s
ro
u
n
d
s.

In
ea
ch

ro
u
n
d
,
ea
ch

p
rocesso

r
execu

tes
th
e
fo
llo

w
in
g
step

s:

1
.
D
o
so
m
e
loca

l
co
m
p
u
ta
tio

n
(o
f
rea

so
n
a
ble

co
m
p
lexity).

2
.
S
en

d
m
essa

ges
to

n
eigh

bo
rs

in
gra

p
h
(o
f
rea

so
n
a
ble

size).

3
.
R
eceive

m
essa

ges
(th

a
t
w
ere

sen
t
by

n
eigh

bo
rs

in
step

2
o
f
th
e
sa
m
e
ro
u
n
d
).

R
e
m
a
rk

s:

•
A
n
y
o
th
er

step
ord

erin
g
is

fi
n
e.

•
W

h
at

d
o
es

“rea
son

ab
le”

m
ean

in
th
is

con
tex

t?
W
e
are

som
ew

h
at

fl
ex
ib
le

h
ere,

a
n
d
d
iff
eren

t
m
o
d
el

varian
ts

ex
ist.

G
en

erally,
w
e
w
ill

d
eal

w
ith

algo-
rith

m
s
th
at

on
ly

d
o
very

sim
p
le

com
p
u
tation

s
(a

com
p
a
rison

,
an

a
d
d
ition

,
etc.).

E
x
p
on

en
tial-tim

e
co
m
p
u
tatio

n
is
u
su
ally

con
sid

ered
ch
eatin

g
in

th
is

con
tex

t.
S
im

ilarly,
sen

d
in
g
a
m
essa

ge
w
ith

a
n
o
d
e
ID

,
or

a
valu

e
is

con
-

sid
ered

okay,
w
h
ereas

sen
d
in
g
really

lon
g
m
essages

is
co
n
sid

ered
ch
eatin

g.
W
e
w
ill

h
ave

m
o
re

ex
act

d
efi

n
ition

s
later,

w
h
en

w
e
n
eed

th
em

.

A
lg
o
rith

m
3
R
ed

u
ce

1
:
A
ssu

m
e
th
at

in
itially

all
n
o
d
es

h
ave

ID
s
(A

ssu
m
p
tion

1.2
)

2
:
E
a
ch

n
o
d
e
v
ex
ecu

tes
th
e
follow

in
g
co
d
e

3
:
n
o
d
e
v
sen

d
s
its

ID
to

all
n
eigh

b
ors

4
:
n
o
d
e
v
receives

ID
s
of

n
eigh

b
ors

5
:
w
h
ile

n
o
d
e
v
h
as

an
u
n
colo

red
n
eigh

b
or

w
ith

h
igh

er
ID

d
o

6
:

n
o
d
e
v
sen

d
s
“u

n
d
ecid

ed
”
to

all
n
eigh

b
ors

7
:

n
o
d
e
v
receives

n
ew

d
ecision

s
from

n
eigh

b
ors

8
:
e
n
d
w
h
ile

9
:
n
o
d
e
v
ch
o
oses

a
free

color
u
sin

g
su
b
rou

tin
e
F
irst

F
re

e
(P

ro
ced

u
re

2)
1
0
:
n
o
d
e
v
in
form

s
all

its
n
eigh

b
ors

ab
ou

t
its

ch
oice

D
e
fi
n
itio

n
1
.7

(T
im

e
C
om

p
lex

ity
).

F
o
r
syn

ch
ro
n
o
u
s
a
lgo

rith
m
s
(a
s
d
efi

n
ed

in
1
.6
)
th
e
tim

e
com

p
lex

ity
is

th
e
n
u
m
ber

o
f
ro
u
n
d
s
u
n
til

th
e
a
lgo

rith
m

term
in
a
tes.
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3
1

1
0
0

5

3
1

2

5

F
ig
u
re

1
.2
:
V
ertex

1
0
0
receives

th
e
low

est
p
ossib

le
color.

R
e
m
a
rk

s:

•
T
h
e
a
lg
orith

m
term

in
a
tes

w
h
en

th
e
last

p
ro
cessor

h
as

d
ecid

ed
to

term
i-

n
a
te.

•
T
o
g
u
a
ra
n
tee

co
rrectn

ess
th
e
p
ro
ced

u
re

req
u
ires

a
legal

in
p
u
t
(i.e.,

p
airw

ise
d
iff
eren

t
n
o
d
e
ID

s).

T
h
e
o
re

m
1
.8

(A
n
a
ly
sis

o
f
A
lgo

rith
m

3
).

A
lgo

rith
m

3
is

co
rrect

a
n
d
h
a
s
tim

e
co
m
p
lexity

n
.
T
h
e
a
lgo

rith
m

u
ses

a
t
m
o
st

∆
+
1
co
lo
rs.

R
e
m
a
rk

s:

•
Q
u
ite

triv
ia
l,
b
u
t
also

q
u
ite

slow
.

•
H
ow

ev
er,

it
seem

s
d
iffi

cu
lt
to

co
m
e
u
p
w
ith

a
fast

algorith
m
.

•
M
ay
b
e
it’s

b
etter

to
fi
rst

stu
d
y
a
sim

p
le

sp
ecial

case,
a
tree,

an
d
th
en

go
fro

m
th
ere.

1
.2

C
o
lo
r
in
g
T
r
e
e
s

L
e
m
m
a
1
.9
.
χ
(T

ree)≤
2

C
o
n
stru

ctive
P
ro
o
f:

If
th
e
d
ista

n
ce

o
f
a
n
o
d
e
to

th
e
ro
ot

is
o
d
d
(even

),
color

it
1
(0
).

A
n
o
d
d
n
o
d
e
h
a
s
o
n
ly

even
n
eig

h
b
ors

an
d
v
ice

v
ersa.

If
w
e
assu

m
e

th
at

ea
ch

n
o
d
e
k
n
ow

s
its

p
a
ren

t
(ro

ot
h
a
s
n
o
p
aren

t)
an

d
ch
ild

ren
in

a
tree,

th
is

co
n
stru

ctive
p
ro
o
f
g
ives

a
very

sim
p
le

a
lgo

rith
m
:

A
lg
o
rith

m
4
S
low

T
ree

C
o
lo
rin

g

1
:
C
o
lo
r
th
e
ro
ot

0
,
ro
o
t
sen

d
s
0
to

its
ch
ild

ren
2
:
E
a
ch

n
o
d
e
v
co
n
cu

rren
tly

ex
ecu

tes
th
e
fo
llow

in
g
co
d
e:

3
:
if

n
o
d
e
v
receives

a
m
essag

e
x
(fro

m
p
a
ren

t)
th

e
n

4
:

n
o
d
e
v
ch
o
o
ses

co
lo
r
c
v
=

1−
x

5
:

n
o
d
e
v
sen

d
s
c
v
to

its
ch
ild

ren
(a
ll
n
eig

h
b
o
rs

ex
cep

t
p
aren

t)
6
:
e
n
d
if

1
.2
.

C
O
L
O
R
IN

G
T
R
E
E
S

9

R
e
m
a
rk

s:

•
W

ith
th
e
p
ro
of

of
L
em

m
a
1.9,

A
lgo

rith
m

4
is

correct.

•
H
ow

can
w
e
d
eterm

in
e
a
ro
ot

in
a
tree

if
it

is
n
ot

alrea
d
y
given

?
W
e
w
ill

fi
gu

re
th
at

ou
t
later.

•
T
h
e
tim

e
com

p
lex

ity
of

th
e
algorith

m
is

th
e
h
eigh

t
of

th
e
tree.

•
If
th
e
ro
ot

w
as

ch
osen

u
n
fo
rtu

n
ately,

an
d
th
e
tree

h
as

a
d
egen

erated
top

ol-
ogy,

th
e
tim

e
co
m
p
lex

ity
m
ay

b
e
u
p
to

n
,
th
e
n
u
m
b
er

o
f
n
o
d
es.

•
A
lso,

th
is

algorith
m

d
o
es

n
ot

n
eed

to
b
e
sy
n
ch
ron

ou
s
...!

D
e
fi
n
itio

n
1
.1
0
(A

sy
n
ch
ron

ou
s
D
istrib

u
ted

A
lgorith

m
).

In
th
e
a
syn

ch
ro
n
o
u
s

m
od
el,

a
lgo

rith
m
s
a
re

even
t
d
riven

(“
u
po
n
receivin

g
m
essa

ge
...,

d
o
...”

).
P
ro
-

cesso
rs

ca
n
n
o
t
a
ccess

a
glo

ba
l
clock.

A
m
essa

ge
sen

t
fro

m
o
n
e
p
rocesso

r
to

a
n
o
th
er

w
ill

a
rrive

in
fi
n
ite

bu
t
u
n
bo
u
n
d
ed

tim
e.

R
e
m
a
rk

s:

•
T
h
e
a
sy
n
ch
ron

o
u
s
m
o
d
el

an
d
th
e
sy
n
ch
ron

ou
s
m
o
d
el

(D
efi

n
ition

1.6)
are

th
e
co
rn
erston

e
m
o
d
els

in
d
istrib

u
ted

com
p
u
tin

g.
A
s
th
ey

d
o
n
o
t
n
eces-

sarily
refl

ect
rea

lity
th
ere

are
severa

l
m
o
d
els

in
b
etw

een
sy
n
ch
ron

ou
s
an

d
asy

n
ch
ron

ou
s.

H
ow

ever,
from

a
th
eoretical

p
o
in
t
of

v
iew

th
e
sy
n
ch
ron

ou
s

an
d
th
e
asy

n
ch
ron

ou
s
m
o
d
el

are
th
e
m
ost

in
terestin

g
on

es
(b
ecau

se
ev
ery

oth
er

m
o
d
el

is
in

b
etw

een
th
ese

ex
trem

es).

•
N
ote

th
at

in
th
e
asy

n
ch
ro
n
ou

s
m
o
d
el,

m
essa

ges
th
at

take
a
lon

ger
p
ath

m
ay

a
rrive

earlier.

D
e
fi
n
itio

n
1
.1
1
(T

im
e
C
om

p
lex

ity
).

F
o
r
a
syn

ch
ro
n
o
u
s
a
lgo

rith
m
s
(a
s
d
efi

n
ed

in
1
.6
)
th
e
tim

e
com

p
lex

ity
is

th
e
n
u
m
ber

o
f
tim

e
u
n
its

fro
m

th
e
sta

rt
o
f
th
e

execu
tio

n
to

its
co
m
p
letio

n
in

th
e
w
o
rst

ca
se

(every
lega

l
in
p
u
t,
every

execu
tio

n
scen

a
rio

),
a
ssu

m
in
g
th
a
t
ea
ch

m
essa

ge
h
a
s
a
d
ela

y
o
f
a
t
m
o
st

o
n
e
tim

e
u
n
it.

R
e
m
a
rk

s:

•
Y
ou

can
n
ot

u
se

th
e
m
ax

im
u
m

d
elay

in
th
e
algorith

m
d
esign

.
In

oth
er

w
ord

s,
th
e
algorith

m
h
as

to
b
e
correct

ev
en

if
th
ere

is
n
o
su
ch

d
elay

u
p
p
er

b
ou

n
d
.

D
e
fi
n
itio

n
1
.1
2

(M
essage

C
o
m
p
lex

ity
).

T
h
e

m
essage

com
p
lex

ity
o
f
a

syn
-

ch
ro
n
o
u
s
o
r
a
syn

ch
ro
n
o
u
s
a
lgo

rith
m

is
d
eterm

in
ed

by
th
e
n
u
m
ber

o
f
m
essa

ges
exch

a
n
ged

(a
ga
in

every
lega

l
in
p
u
t,
every

execu
tio

n
scen

a
rio

).

T
h
e
o
re

m
1
.1
3
(A

n
a
ly
sis

of
A
lgorith

m
4
).

A
lgo

rith
m

4
is

co
rrect.

If
ea
ch

n
od
e

kn
o
w
s
its

pa
ren

t
a
n
d
its

ch
ild

ren
,
th
e
(a
syn

ch
ro
n
o
u
s)

tim
e
co
m
p
lexity

is
th
e
tree

h
eigh

t
w
h
ich

is
bo
u
n
d
ed

by
th
e
d
ia
m
eter

o
f
th
e
tree;

th
e
m
essa

ge
co
m
p
lexity

is
n
−

1
in

a
tree

w
ith

n
n
od
es.
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R
e
m
a
rk

s:

•
In

th
is

ca
se

th
e
a
sy
n
ch
ro
n
o
u
s
tim

e
co
m
p
lex

ity
is

th
e
sam

e
as

th
e
sy
n
-

ch
ro
n
ou

s
tim

e
co
m
p
lex

ity.

•
N
ice

trees,
e.g

.,
b
ala

n
ced

b
in
a
ry

trees,
h
av
e
logarith

m
ic

h
eigh

t,
th
at

is
w
e

h
ave

a
lo
g
arith

m
ic

tim
e
co
m
p
lex

ity.

•
T
h
is

a
lg
o
rith

m
is

n
o
t
very

ex
citin

g
.
C
a
n
w
e
d
o
b
etter

th
an

logarith
m
ic?

T
h
e
follow

in
g
a
lg
o
rith

m
term

in
a
tes

in
lo
g ∗

n
tim

e.
L
og-S

tar?!
T
h
at’s

th
e
n
u
m
-

b
er

o
f
lo
g
a
rith

m
s
(to

th
e
b
a
se

2
)
yo
u
n
eed

to
ta
ke

to
get

d
ow

n
to

at
least

2,
sta

rtin
g
w
ith

n
:

D
e
fi
n
itio

n
1
.1
4
(L

o
g-S

tar).
∀
x
≤

2
:
lo
g ∗

x
:=

1
∀
x
>

2
:
lo
g ∗

x
:=

1
+
lo
g ∗(log

x
)

R
e
m
a
rk

s:

•
L
o
g
-sta

r
is
an

a
m
a
zin

g
ly

slow
ly

g
row

in
g
fu
n
ction

.
L
og-star

of
all

th
e
atom

s
in

th
e
o
b
serva

b
le

u
n
iverse

(estim
a
ted

to
b
e
10

8
0)

is
5.

T
h
ere

are
fu
n
ction

s
w
h
ich

g
row

ev
en

m
o
re

slow
ly,

su
ch

a
s
th
e
in
verse

A
ckerm

an
n
fu
n
ction

,
h
ow

ev
er,

th
e
in
verse

A
ckerm

a
n
n
fu
n
ctio

n
o
f
all

th
e
atom

s
is
4.

S
o
log-star

in
crea

ses
in
d
eed

very
slow

ly
!

H
ere

is
th
e
id
ea

of
th
e
a
lg
o
rith

m
:
W
e
sta

rt
w
ith

color
lab

els
th
at

h
av
e
log

n
b
its.

In
ea
ch

sy
n
ch
ro
n
o
u
s
ro
u
n
d
w
e
co
m
p
u
te

a
n
ew

la
b
el

w
ith

ex
p
on

en
tially

sm
aller

size
th
an

th
e
p
rev

io
u
s
lab

el,
still

gu
a
ra
n
teein

g
to

h
ave

a
valid

vertex
colorin

g!
B
u
t
h
ow

a
re

w
e
g
o
in
g
to

d
o
th
a
t?

A
lg
o
rith

m
5
“
6
-C

o
lor”

1
:
A
ssu

m
e
th
a
t
in
itially

th
e
vertices

a
re

lega
lly

colored
.
U
sin

g
A
ssu

m
p
tion

1.2
ea
ch

la
b
el

o
n
ly

h
as

lo
g
n
b
its

2
:
T
h
e
ro
o
t
a
ssig

n
s
itself

th
e
lab

el
0
.

3
:
E
a
ch

o
th
er

n
o
d
e
v
ex
ecu

tes
th
e
fo
llow

in
g
co
d
e
(sy

n
ch
ron

ou
sly

in
p
arallel)

4
:
sen

d
c
v
to

a
ll
ch
ild

ren
5
:
re

p
e
a
t

6
:

receive
c
p
from

p
a
ren

t
7
:

in
terp

ret
c
v
an

d
c
p
a
s
little-en

d
ia
n
b
it-strin

gs:
c(k

),...,c(1),c(0)
8
:

let
i
b
e
th
e
sm

a
llest

in
d
ex

w
h
ere

c
v
a
n
d
c
p
d
iff
er

9
:

th
e
n
ew

la
b
el

is
i
(a
s
b
itstrin

g
)
follow

ed
b
y
th
e
b
it

c
v (i)

itself
1
0
:

sen
d
c
v
to

a
ll
ch
ild

ren
1
1
:
u
n
til

c
w
∈
{0,...,5}

fo
r
a
ll
n
o
d
es

w

E
x
a
m
p
le
:

A
lg
o
rith

m
5
ex
ecu

ted
o
n
th
e
fo
llow

in
g
p
a
rt

o
f
a
tree:

G
ra
n
d
-p
a
ren

t
0
0
1
0
1
10

0
0
0

→
1
0
01

0
→

...
P
a
ren

t
1
0
1
0
0
1
0
0
00

→
0
1
0
1
0

→
111

C
h
ild

0
1
1
00

1
0
0
0
0

→
1
00

0
1

→
001

T
h
e
o
re

m
1
.1
5
.
A
lgo

rith
m

5
term

in
a
tes

in
log ∗

n
tim

e.

1
.2
.

C
O
L
O
R
IN

G
T
R
E
E
S

11

R
e
m
a
rk

s:

•
C
olors

11∗
(in

b
in
ary

n
o
ta
tion

,
i.e.,

6
or

7
in

d
ecim

al
n
o
tation

)
w
ill

n
ot

b
e

ch
osen

,
b
ecau

se
th
e
n
o
d
e
w
ill

th
en

d
o
an

oth
er

rou
n
d
.
T
h
is

gives
a
total

of
6
co
lors

(i.e.,
colors

0,...,
5).

•
C
an

o
n
e
red

u
ce

th
e
n
u
m
b
er

of
colo

rs
in

on
ly

con
stan

t
step

s?
N
ote

th
at

algorith
m

3
d
o
es

n
ot

w
ork

(sin
ce

th
e
d
egree

o
f
a
n
o
d
e
can

b
e
m
u
ch

h
igh

er
th
an

6
)!

F
or

few
er

colors
w
e
n
eed

to
h
ave

sib
lin

gs
m
on

o
ch
rom

atic!

•
B
efore

w
e
ex
p
lo
re

th
is
p
ro
b
lem

w
e
sh
ou

ld
p
ro
b
ab

ly
h
ave

a
secon

d
lo
ok

at
th
e
en

d
gam

e
o
f
th
e
algorith

m
,
th
e
U
N
T
IL

statem
en
t.

Is
th
is

a
lgorith

m
tru

ly
lo
cal?!

L
et’s

d
iscu

ss!

A
lg
o
rith

m
6
S
h
ift

D
ow

n

1
:
R
o
ot

ch
o
oses

a
n
ew

(d
iff
eren

t)
color

from
{0,1,2}

2
:
E
a
ch

oth
er

n
o
d
e
v
con

cu
rren

tly
ex
ecu

tes
th
e
follow

in
g
co
d
e:

3
:
R
ecolor

v
w
ith

th
e
color

of
p
aren

t

L
e
m
m
a
1
.1
6
(A

n
aly

sis
of

A
lgo

rith
m

6).
A
lgo

rith
m

6
p
reserves

co
lo
rin

g
lega

lity;
a
lso

siblin
gs

a
re

m
o
n
och

ro
m
a
tic.

N
ow

A
lgorith

m
3
(R

ed
u
ce)

can
b
e
u
sed

to
red

u
ce

th
e
n
u
m
b
er

of
u
sed

colors
from

six
to

th
ree.

A
lg
o
rith

m
7
S
ix
-2-T

h
ree

1
:
E
a
ch

n
o
d
e
v
con

cu
rren

tly
ex
ecu

tes
th
e
follow

in
g
co
d
e:

2
:
R
u
n
A
lg
orith

m
5
for

log ∗
n
rou

n
d
s.

3
:
fo
r
x
=

5,4,3
d
o

4
:

P
erform

su
b
rou

tin
e
S
h
ift

d
ow

n
(A

lgorith
m

6
)

5
:

if
c
v
=

x
th

e
n

6
:

ch
o
ose

n
ew

co
lor

c
v ∈

{0
,1,2}

u
sin

g
su
b
rou

tin
e
F
irst

F
re

e
(A

lgorith
m

2)
7
:

e
n
d
if

8
:
e
n
d
fo
r

T
h
e
o
re

m
1
.1
7
(A

n
a
ly
sis

of
A
lgorith

m
7
).

A
lgo

rith
m

7
co
lo
rs

a
tree

w
ith

th
ree

co
lo
rs

in
tim

e
O
(log ∗

n
).

R
e
m
a
rk

s:

•
T
h
e
term

O
()

u
sed

in
T
h
eorem

1.15
is
called

“b
ig

O
”
a
n
d
is
often

u
sed

in
d
istrib

u
ted

com
p
u
tin

g.
R
ou

gh
ly

sp
eak

in
g,O

(f
)
m
ean

s
“in

th
e
ord

er
of

f
,
ign

orin
g
con

stan
t
facto

rs
an

d
sm

aller
ad

d
itive

term
s.”

M
ore

form
ally,

for
tw

o
fu
n
ction

s
f
an

d
g
,
it
h
old

s
th
at

f
∈
O
(g
)
if
th
ere

are
con

stan
ts

x
0

an
d
c
so

th
at|f

(x
)|≤

c|g
(x
)|

for
all

x
≥

x
0 .

F
or

an
elab

orate
d
iscu

ssion
on

th
e
b
ig

O
n
o
tation

w
e
refer

to
oth

er
in
tro

d
u
ctory

m
ath

or
com

p
u
ter

scien
ce

classes.
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C
H
A
P
T
E
R

1
.

V
E
R
T
E
X

C
O
L
O
R
IN

G

F
ig
u
re

1
.3
:
P
o
ssib

le
ex
ecu

tio
n
o
f
A
lgorith

m
7.

•
A
s
o
n
e
ca
n
ea
sily

p
rove,

a
fa
st

tree-co
lo
rin

g
w
ith

on
ly

2
colors

is
m
ore

th
a
n
ex
p
o
n
en
tia

lly
m
o
re

ex
p
en

sive
th
an

colorin
g
w
ith

3
colors.

In
a
tree

d
eg
en

era
ted

to
a
list,

n
o
d
es

fa
r
aw

ay
n
eed

to
fi
gu

re
ou

t
w
h
eth

er
th
ey

are
a
n
even

o
r
o
d
d
n
u
m
b
er

o
f
h
o
p
s
aw

ay
fro

m
each

oth
er

in
ord

er
to

get
a

2
-co

lo
rin

g
.
T
o
d
o
th
a
t
o
n
e
h
a
s
to

sen
d
a
m
essage

to
th
ese

n
o
d
es.

T
h
is

co
sts

tim
e
lin

ea
r
in

th
e
n
u
m
b
er

o
f
n
o
d
es.

•
T
h
e
id
ea

o
f
th
is
alg

o
rith

m
ca
n
b
e
gen

era
lized

,
e.g.,

to
a
rin

g
top

ology.
A
lso

a
g
en

era
l
g
ra
p
h
w
ith

co
n
sta

n
t
d
egree

∆
ca
n
b
e
colored

w
ith

∆
+
1
colors

in
O
(lo

g ∗
n
)
tim

e.
T
h
e
id
ea

is
a
s
fo
llow

s:
In

each
step

,
a
n
o
d
e
com

p
ares

its
la
b
el

to
ea
ch

o
f
its

n
eig

h
b
o
rs,

co
n
stru

ctin
g
a
logarith

m
ic

d
iff
eren

ce-tag
a
s
in

6-co
lo
r
(A

lg
o
rith

m
5
).

T
h
en

th
e
n
ew

lab
el

is
th
e
con

caten
ation

of
a
ll
th
e
d
iff
eren

ce-ta
g
s.

F
o
r
co
n
sta

n
t
d
eg
ree

∆
,
th
is

giv
es

a
3∆

-lab
el

in
O
(log ∗

n
)
step

s.
A
lg
o
rith

m
3
th
en

red
u
ces

th
e
n
u
m
b
er

of
colors

to
∆

+
1

in
2
3
∆

(th
is

is
still

a
co
n
sta

n
t
fo
r
co
n
sta

n
t
∆
!)

step
s.

•
U
n
fortu

n
a
tely,

co
lo
rin

g
a
gen

era
l
g
ra
p
h
is
n
ot

yet
p
ossib

le
w
ith

th
is
tech

-
n
iq
u
e.

W
e
w
ill

see
a
n
o
th
er

tech
n
iq
u
e
for

th
at

in
C
h
ap

ter
5.

W
ith

th
is

tech
n
iq
u
e
it

is
p
o
ssib

le
to

co
lo
r
a
g
en

era
l
grap

h
w
ith

∆
+

1
colors

in
O
(log

n
)
tim

e.

B
IB

L
IO

G
R
A
P
H
Y

13

•
A

low
er

b
ou

n
d
sh
ow

s
th
a
t
m
an

y
of

th
ese

log
-star

algorith
m
s
are

asy
m
p
-

totically
(u
p
to

con
stan

t
factors)

op
tim

al.
W
e
w
ill

also
see

th
at

later.

C
h
a
p
te
r
N
o
te
s

T
h
e
b
asic

tech
n
iq
u
e
o
f
th
e
log-star

algorith
m

is
b
y
C
ole

an
d
V
ish

k
in

[C
V
86].

T
h
e
tech

n
iq
u
e
can

b
e
gen

eralized
an

d
ex
ten

d
ed

,
e.g.,

to
a
rin

g
top

olo
gy

or
to

grap
h
s
w
ith

con
stan

t
d
egree

[G
P
87,

G
P
S
8
8,

K
M
W

0
5].

U
sin

g
it
as

a
su
b
rou

tin
e,

on
e
can

solve
m
an

y
p
rob

lem
s
in

log-star
tim

e.
F
or

in
stan

ce,
on

e
can

color
so-

called
grow

th
b
ou

n
d
ed

grap
h
s
(a

m
o
d
el

w
h
ich

in
clu

d
es

m
a
n
y
n
atu

ral
grap

h
classes,

for
in
stan

ce
u
n
it

d
isk

grap
h
s)

a
sy
m
p
totically

op
tim

ally
in

O
(log ∗

n
)

tim
e
[S
W

08
].

A
ctu

ally,
S
ch
n
eid

er
et

al.
sh
ow

th
at

m
an

y
cla

ssic
com

b
in
atorial

p
rob

lem
s
b
eyon

d
colo

rin
g
can

b
e
solv

ed
in

log-star
tim

e
in

grow
th

b
ou

n
d
ed

an
d

oth
er

restricted
grap

h
s.

In
a
later

ch
ap

ter
w
e
learn

a
Ω
(log ∗

n
)
low

er
b
o
u
n
d
for

co
lorin

g
an

d
related

p
rob

lem
s
[L
in
92].

L
in
ial’s

p
ap

er
also

co
n
tain

s
a
n
u
m
b
er

o
f
oth

er
resu

lts
on

colorin
g,

e.g
.,
th
at

an
y
algorith

m
for

colorin
g
d
-regu

lar
trees

of
rad

iu
s
r
th
at

ru
n
in

tim
e
at

m
ost

2r/3
req

u
ire

at
least

Ω
( √

d
)
co
lors.

F
or

gen
eral

grap
h
s,

later
w
e
w
ill

learn
fast

colorin
g
algo

rith
m
s
th
at

u
se

a
m
ax

im
al

in
d
ep

en
d
en
t
sets

as
a
b
ase.

S
in
ce

colorin
g
ex
h
ib
its

a
trad

e-off
b
etw

een
effi

cacy
an

d
effi

cien
cy,

m
an

y
d
iff
eren

t
resu

lts
for

gen
eral

grap
h
s
ex
ist,

e.g
.,
[P
S
96,

K
S
O
S
06,

B
E
09,

K
u
h
0
9,

S
W

10,
B
E
11b

,
K
P
11,

B
E
1
1a].

S
om

e
p
a
rts

of
th
is

ch
ap

ter
are

also
d
iscu

ssed
in

C
h
ap

ter
7
of

[P
el00],

e.g.,
th
e
p
ro
of

of
T
h
eorem

1.15.

B
ib
lio

g
r
a
p
h
y

[B
E
09]

L
eon

id
B
aren

b
oim

an
d
M
ich

ael
E
lk
in
.
D
istrib

u
ted

(d
elta+

1)-colorin
g

in
lin

ear
(in

d
elta)

tim
e.

In
4
1
st

A
C
M

S
ym

po
siu

m
O
n

T
h
eo
ry

o
f

C
o
m
p
u
tin

g
(S
T
O
C
),

2009.

[B
E
11a]

L
eon

id
B
aren

b
oim

an
d
M
ich

ael
E
lk
in
.
C
om

b
in
atorial

A
lgorith

m
s
for

D
istrib

u
ted

G
rap

h
C
olorin

g.
In

2
5
th

In
tern

a
tio

n
a
l
S
ym

po
siu

m
o
n

D
IS
tribu

ted
C
o
m
p
u
tin

g,
2011.

[B
E
11b

]
L
eon

id
B
aren

b
oim

an
d
M
ich

ael
E
lk
in
.
D
eterm

in
istic

D
istrib

u
ted

V
er-

tex
C
olorin

g
in

P
oly

logarith
m
ic

T
im

e.
J
.
A
C
M
,
5
8(5):23,

20
11.

[C
V
86]

R
.
C
ole

an
d
U
.
V
ish

k
in
.
D
eterm

in
istic

coin
tossin

g
an

d
acceleratin

g
cascad

es:
m
icro

an
d

m
acro

tech
n
iq
u
es

for
d
esign

in
g
p
arallel

algo-
rith

m
s.

In
1
8
th

a
n
n
u
a
l
A
C
M

S
ym

po
siu

m
o
n
T
h
eo
ry

o
f
C
o
m
p
u
tin

g
(S
T
O
C
),

1
986.

[G
P
87]

A
n
d
rew

V
.
G
old

b
erg

an
d
S
erg

e
A
.
P
lotk

in
.
P
arallel

(∆
+
1)-colorin

g
o
f
con

stan
t-d

egree
g
rap

h
s.

In
f.

P
rocess.

L
ett.,

25
(4):241–24

5,
J
u
n
e

1
987.

[G
P
S
88]

A
n
d
rew

V
.
G
old

b
erg,

S
erge

A
.
P
lotk

in
,
an

d
G
regory

E
.
S
h
an

n
on

.
P
arallel

S
y
m
m
etry

-B
reak

in
g
in

S
p
arse

G
rap

h
s.

S
IA

M
J
.
D
iscrete

M
a
th
.,
1(4

):434–446,
1988.
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C
H
A
P
T
E
R

1
.

V
E
R
T
E
X

C
O
L
O
R
IN

G

[K
M
W

0
5
]
F
a
b
ia
n

K
u
h
n
,
T
h
o
m
a
s
M
o
scib

ro
d
a
,
an

d
R
oger

W
atten

h
ofer.

O
n

th
e
L
o
ca
lity

o
f
B
o
u
n
d
ed

G
row

th
.
In

2
4
th

A
C
M

S
ym

po
siu

m
o
n
th
e

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

L
a
s
V
ega

s,
N
eva

d
a
,

U
S
A
,
J
u
ly

2
0
0
5.

[K
P
1
1
]
K
ish

o
re

K
oth

a
p
a
lli

a
n
d
S
rira

m
V
.
P
em

m
ara

ju
.

D
istrib

u
ted

grap
h

co
lo
rin

g
in

a
few

ro
u
n
d
s.
In

3
0
th

A
C
M

S
IG

A
C
T
-S
IG

O
P
S
S
ym

po
siu

m
o
n
P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

2011.

[K
S
O
S
06

]
K
ish

o
re

K
oth

a
p
a
lli,

C
h
ristian

S
ch
eid

eler,
M
elih

O
n
u
s,
an

d
C
h
ristian

S
ch
in
d
elh

au
er.

D
istrib

u
ted

co
lo
rin

g
in

O
( √

log
n
)
B
it

R
ou

n
d
s.

In
2
0
th

in
tern

a
tio

n
a
l
co
n
feren

ce
o
n
P
a
ra
llel

a
n
d
D
istribu

ted
P
rocessin

g
(IP

D
P
S
),

2
0
0
6
.

[K
u
h
09

]
F
a
b
ia
n

K
u
h
n
.

W
ea
k

grap
h

co
lo
rin

g
s:

d
istrib

u
ted

algorith
m
s
an

d
a
p
p
lica

tio
n
s.

In
2
1
st

A
C
M

S
ym

po
siu

m
o
n
P
a
ra
llelism

in
A
lgo

rith
m
s

a
n
d
A
rch

itectu
res

(S
P
A
A
),

2
0
0
9
.

[L
in
9
2
]
N
.
L
in
ia
l.
L
o
ca
lity

in
D
istrib

u
ted

G
rap

h
A
lgorith

m
s.

S
IA

M
J
o
u
rn
a
l

o
n
C
o
m
p
u
tin

g,
2
1
(1
)(1

):1
9
3
–2

0
1
,
F
eb

ru
ary

1992.

[P
el0

0
]
D
av
id

P
eleg

.
D
istribu

ted
co
m
p
u
tin

g:
a
loca

lity-sen
sitive

a
p
p
roa

ch
.

S
o
ciety

fo
r
In
d
u
strial

a
n
d
A
p
p
lied

M
ath

em
atics,

P
h
ilad

elp
h
ia,

P
A
,

U
S
A
,
2
00

0
.

[P
S
96

]
A
lessan

d
ro

P
a
n
co
n
esi

a
n
d
A
rav

in
d
S
rin

ivasan
.
O
n
th
e
C
om

p
lex

ity
of

D
istrib

u
ted

N
etw

o
rk

D
eco

m
p
o
sitio

n
.
J
.
A
lgo

rith
m
s,

20(2):356–374,
1
9
9
6
.

[S
W

08
]
J
o
h
a
n
n
es

S
ch
n
eid

er
a
n
d
R
o
g
er

W
a
tten

h
ofer.

A
L
og-S

tar
D
istrib

u
ted

M
a
x
im

a
l
In
d
ep

en
d
en
t
S
et

A
lgo

rith
m

for
G
row

th
-B

ou
n
d
ed

G
rap

h
s.

In
2
7
th

A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

T
o
ro
n
to
,
C
a
n
a
d
a
,
A
u
g
u
st

2
0
08.

[S
W

1
0
]
J
o
h
a
n
n
es

S
ch
n
eid

er
a
n
d
R
o
g
er

W
a
tten

h
ofer.

A
N
ew

T
ech

n
iq
u
e
F
or

D
istrib

u
ted

S
y
m
m
etry

B
rea

k
in
g
.
In

2
9
th

S
ym

po
siu

m
o
n
P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

Z
u
rich

,
S
w
itzerla

n
d
,
J
u
ly

2010.

C
h
a
p
te
r
2

L
e
a
d
e
r
E
le
c
tio

n

2
.1

A
n
o
n
y
m
o
u
s
L
e
a
d
e
r
E
le
c
tio

n

S
om

e
algorith

m
s
(e.g.

th
e
slow

tree
colorin

g
algorith

m
4)

ask
for

a
sp
ecial

n
o
d
e,

a
so-called

“lead
er”.

C
om

p
u
tin

g
a
lead

er
is

a
very

sim
p
le

form
of

sy
m
m
etry

b
reak

in
g.

A
lgorith

m
s
b
ased

on
lead

ers
d
o
gen

erally
n
ot

ex
h
ib
it

a
h
ig
h
d
egree

of
p
arallelism

,
an

d
th
erefore

often
su
ff
er

from
p
o
or

tim
e
com

p
lex

ity.
H
ow

ever,
som

etim
es

it
is
still

u
sefu

l
to

h
ave

a
lead

er
to

m
ake

critical
d
ecision

s
in

an
easy

(th
ou

gh
n
on

-d
istrib

u
ted

!)
w
ay.

T
h
e
p
ro
cess

of
ch
o
osin

g
a
lea

d
er

is
k
n
ow

n
as

lea
d
er

electio
n
.
A
lth

ou
g
h
lead

er
election

is
a
sim

p
le
form

of
sy
m
m
etry

b
rea

k
in
g,

th
ere

are
som

e
rem

arkab
le
issu

es
th
at

allow
u
s
to

in
tro

d
u
ce

n
ota

b
le

com
p
u
tation

al
m
o
d
els.

In
th
is

ch
ap

ter
w
e
con

cen
tra

te
on

th
e
rin

g
top

o
logy.

M
an

y
in
terestin

g
ch
al-

len
ges

in
d
istrib

u
ted

com
p
u
tin

g
alread

y
reveal

th
e
ro
ot

of
th
e
p
rob

lem
in

th
e

sp
ecial

case
of

th
e
rin

g.
P
ay
in
g
sp
ecial

a
tten

tion
to

th
e
rin

g
also

m
akes

sen
se

from
a
p
ractical

p
oin

t
of

v
iew

as
som

e
real

w
orld

sy
stem

s
are

b
ased

o
n
a
rin

g
top

ology,
e.g.,

th
e
tok

en
rin

g
stan

d
ard

fo
r
lo
cal

area
n
etw

ork
s.

P
ro

b
le
m

2
.1

(L
ead

er
E
lection

).
E
a
ch

n
od
e
even

tu
a
lly

d
ecid

es
w
h
eth

er
it

is
a

lea
d
er

o
r
n
o
t,
su
bject

to
th
e
co
n
stra

in
t
th
a
t
th
ere

is
exa

ctly
o
n
e
lea

d
er.

R
e
m
a
rk

s:

•
M
ore

form
ally,

n
o
d
es

are
in

on
e
of

th
ree

sta
tes:

u
n
d
ecid

ed
,
lea

d
er,

n
ot

lead
er.

In
itially

ev
ery

n
o
d
e
is

in
th
e
u
n
d
ecid

ed
state.

W
h
en

leav
in
g
th
e

u
n
d
ecid

ed
state,

a
n
o
d
e
g
o
es

in
to

a
fi
n
al

state
(lead

er
o
r
n
ot

lead
er).

D
e
fi
n
itio

n
2
.2

(A
n
o
n
y
m
ou

s).
A

system
is

a
n
o
n
ym

o
u
s
if

n
od
es

d
o
n
o
t
h
a
ve

u
n
iqu

e
id
en

tifi
ers.

D
e
fi
n
itio

n
2
.3

(U
n
iform

).
A
n

a
lgo

rith
m

is
ca
lled

u
n
ifo

rm
if

th
e
n
u
m
ber

o
f

n
od
es

n
is

n
o
t
kn

o
w
n

to
th
e
a
lgo

rith
m

(to
th
e
n
od
es,

if
yo
u

w
ish

).
If

n
is

kn
o
w
n
,
th
e
a
lgo

rith
m

is
ca
lled

n
o
n
-u
n
ifo

rm
.

W
h
eth

er
a
lead

er
can

b
e
elected

in
an

a
n
on

y
m
ou

s
sy
stem

d
ep

en
d
s
on

w
h
eth

er
th
e
n
etw

ork
is
sy
m
m
etric

(rin
g,

com
p
lete

grap
h
,
com

p
lete

b
ip
artite

gra
p
h
,
etc.)

or
asy

m
m
etric

(star,
sin

gle
n
o
d
e
w
ith

h
igh

est
d
egree,

etc.).
S
im

p
lify

in
g
sligh

tly,
in

th
is
con

tex
t
a
sy
m
m
etric

grap
h
is
a
grap

h
in

w
h
ich

th
e
ex
ten

d
ed

n
eigh

b
orh

o
o
d

15
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E
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E
L
E
C
T
IO

N

of
each

n
o
d
e
h
as

th
e
sa
m
e
stru

ctu
re.

W
e
w
ill

n
ow

sh
ow

th
at

n
on

-u
n
iform

an
o
n
y
m
o
u
s
lea

d
er

electio
n
fo
r
sy
n
ch
ro
n
o
u
s
rin

g
s
is
im

p
ossib

le.
T
h
e
id
ea

is
th
at

in
a
rin

g
,
sy
m
m
etry

ca
n
a
lw
ay
s
b
e
m
a
in
ta
in
ed

.

L
e
m
m
a
2
.4
.
A
fter

ro
u
n
d
k
o
f
a
n
y
d
eterm

in
istic

a
lgo

rith
m

o
n
a
n
a
n
o
n
ym

o
u
s

rin
g,

ea
ch

n
od
e
is

in
th
e
sa
m
e
sta

te
s
k .

P
ro
of

b
y
in
d
u
ction

:
A
ll
n
o
d
es

sta
rt

in
th
e
sa
m
e
state.

A
rou

n
d
in

a
sy
n
ch
ron

ou
s

a
lgo

rith
m

con
sists

o
f
th
e
th
ree

step
s
sen

d
in
g,

receiv
in
g,

lo
cal

com
p
u
tation

(see
D
efi

n
itio

n
1
.6
).

A
ll

n
o
d
es

sen
d

th
e
sa
m
e
m
essa

ge(s),
receive

th
e
sam

e
m
es-

sa
ge(s),

d
o
th
e
sam

e
lo
ca
l
co
m
p
u
ta
tio

n
,
a
n
d
th
erefore

en
d
u
p
in

th
e
sam

e
state.

T
h
e
o
re

m
2
.5

(A
n
o
n
y
m
o
u
s
L
ea
d
er

E
lectio

n
).

D
eterm

in
istic

lea
d
er

electio
n
in

a
n
a
n
o
n
ym

o
u
s
rin

g
is

im
po
ssible.

P
ro
o
f
(w

ith
L
em

m
a
2.4):

If
o
n
e
n
o
d
e
ever

d
ecid

es
to

b
ecom

e
a
lead

er
(or

a
n
o
n
-lea

d
er),

th
en

every
o
th
er

n
o
d
e
d
o
es

so
a
s
w
ell,

con
trad

ictin
g
th
e
p
rob

lem
sp
ecifi

ca
tio

n
2
.1

fo
r
n
>

1
.
T
h
is
h
old

s
fo
r
n
o
n
-u
n
iform

algorith
m
s,
an

d
th
erefore

a
lso

for
u
n
ifo

rm
algo

rith
m
s.

F
u
rth

erm
o
re,

it
h
o
ld
s
for

sy
n
ch
ron

ou
s
algorith

m
s,

a
n
d
th
erefo

re
also

fo
r
a
sy
n
ch
ro
n
o
u
s
algo

rith
m
s.

R
e
m
a
rk

s:

•
S
en

se
o
f
d
irectio

n
is

th
e
a
b
ility

o
f
n
o
d
es

to
d
istin

gu
ish

n
eigh

b
or

n
o
d
es

in
a
n
a
n
o
n
y
m
o
u
s
settin

g
.
In

a
rin

g
,
fo
r
ex
a
m
p
le,

a
n
o
d
e
can

d
istin

gu
ish

th
e

clo
ck
w
ise

a
n
d
th
e
co
u
n
terclo

ck
w
ise

n
eig

h
b
or.

S
en

se
of

d
irection

d
o
es

n
ot

h
elp

in
a
n
on

y
m
ou

s
lea

d
er

electio
n
.

•
T
h
eo
rem

2
.5

a
lso

h
o
ld
s
fo
r
o
th
er

sy
m
m
etric

n
etw

ork
top

ologies
(e.g.,

com
-

p
lete

g
ra
p
h
s,

co
m
p
lete

b
ip
a
rtite

g
ra
p
h
s,

...).

•
N
o
te

th
a
t
T
h
eo
rem

2
.5

d
o
es

n
o
t
h
o
ld

fo
r
ra
n
d
om

ized
algorith

m
s;
if
n
o
d
es

a
re

a
llow

ed
to

to
ss

a
co
in
,
so
m
e
sy
m
m
etries

can
b
e
b
roken

.

2
.2

A
sy

n
c
h
r
o
n
o
u
s
R
in
g

W
e
fi
rst

co
n
cen

trate
o
n
th
e
a
sy
n
ch
ro
n
o
u
s
m
o
d
el
from

D
efi

n
ition

1.10.
T
h
rou

gh
-

o
u
t
th
is

sectio
n
w
e
a
ssu

m
e
n
o
n
-an

o
n
y
m
ity

;
each

n
o
d
e
h
as

a
u
n
iq
u
e
id
en
tifi

er
a
s
p
ro
p
o
sed

in
A
ssu

m
p
tio

n
1
.2
.
H
av
in
g
ID

’s
seem

s
to

lead
to

a
triv

ial
lead

er
election

alg
o
rith

m
,
a
s
w
e
ca
n
sim

p
ly

elect
th
e
n
o
d
e
w
ith

,
e.g.,

th
e
h
igh

est
ID

.

T
h
e
o
re

m
2
.6

(A
n
a
ly
sis

o
f
A
lg
o
rith

m
8
).

A
lgo

rith
m

8
is

co
rrect.

T
h
e
tim

e
co
m
p
lexity

isO
(n
).

T
h
e
m
essa

ge
co
m
p
lexity

isO
(n

2).

P
ro
o
f:

L
et

n
o
d
e
z
b
e
th
e
n
o
d
e
w
ith

th
e
m
a
x
im

u
m

id
en
tifi

er.
N
o
d
e
z
sen

d
s

its
id
en
tifi

er
in

clo
ck
w
ise

d
irectio

n
,
a
n
d

sin
ce

n
o
oth

er
n
o
d
e
can

sw
allow

it,
even

tu
a
lly

a
m
essa

g
e
w
ill

a
rrive

a
t
z
co
n
tain

in
g
it.

T
h
en

z
d
eclares

itself
to

b
e
th
e
lea

d
er.

E
very

oth
er

n
o
d
e
w
ill

d
ecla

re
n
on

-lead
er

at
th
e
latest

w
h
en

fo
rw

a
rd
in
g
m
essa

g
e
z
.
S
in
ce

th
ere

are
n

id
en
tifi

ers
in

th
e
sy
stem

,
each

n
o
d
e

w
ill

a
t
m
o
st

fo
rw

a
rd

n
m
essa

g
es,

g
iv
in
g
a
m
essa

ge
com

p
lex

ity
of

at
m
ost

n
2.

W
e
sta

rt
m
ea
su
rin

g
th
e
tim

e
w
h
en

th
e
fi
rst

n
o
d
e
th
at

“w
akes

u
p
”
sen

d
s
its

id
en
tifi

er.
F
o
r
a
sy
n
ch
ro
n
o
u
s
tim

e
co
m
p
lex

ity
(D

efi
n
ition

1.11)
w
e
assu

m
e
th
at

ea
ch

m
essa

g
e
ta
kes

a
t
m
o
st

on
e
tim

e
u
n
it

to
a
rrive

at
its

d
estin

ation
.
A
fter

at

2
.2
.

A
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C
H
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A
lg
o
rith

m
8
C
lo
ck
w
ise

1
:
E
a
ch

n
o
d
e
v
ex
ecu

tes
th
e
follow

in
g
co
d
e:

2
:
v
sen

d
s
a
m
essage

w
ith

its
id
en
tifi

er
(for

sim
p
licity

also
v
)
to

its
clo

ck
w
ise

n
eigh

b
o
r.

{If
n
o
d
e
v
alread

y
received

a
m
essag

e
w

w
ith

w
>

v
,
th
en

n
o
d
e

v
can

sk
ip

th
is

step
;
if
n
o
d
e
v
receives

its
fi
rst

m
essage

w
w
ith

w
<

v
,
th
en

n
o
d
e
v
w
ill

im
m
ed

iately
sen

d
v
.}

3
:
if

v
receives

a
m
essage

w
w
ith

w
>

v
th

e
n

4
:

v
forw

ard
s
w

to
its

clo
ck
w
ise

n
eigh

b
or

5
:

v
d
ecid

es
n
ot

to
b
e
th
e
lead

er,
if
it
h
as

n
ot

d
on

e
so

alread
y.

6
:
e
lse

if
v
receives

its
ow

n
id
en
tifi

er
v
th

e
n

7
:

v
d
ecid

es
to

b
e
th
e
lead

er
8
:
e
n
d
if

m
ost

n
−

1
tim

e
u
n
its

th
e
m
essage

th
erefore

arrives
at

n
o
d
e
z
,
w
ak

in
g
z
u
p
.

R
ou

tin
g
th
e
m
essage

z
arou

n
d
th
e
rin

g
takes

at
m
ost

n
tim

e
u
n
its.

T
h
erefore

n
o
d
e
z
d
ecid

es
n
o
later

th
an

at
tim

e
2n

−
1.

E
very

oth
er

n
o
d
e
d
ecid

es
b
efore

n
o
d
e
z
.

R
e
m
a
rk

s:

•
N
ote

th
at

in
A
lgorith

m
8
n
o
d
es

n
eed

to
d
istin

gu
ish

b
etw

een
clo

ck
w
ise

an
d
co
u
n
terclo

ck
w
ise

n
eig

h
b
ors.

In
fact

th
ey

d
o
n
ot:

It
is

okay
to

sim
p
ly

sen
d
you

r
ow

n
id
en
tifi

er
to

an
y
n
eig

h
b
or,

an
d
forw

ard
a
m
essage

m
to

th
e

n
eigh

b
or

you
d
id

n
ot

receive
th
e
m
essage

m
from

.
S
o
n
o
d
es

on
ly

n
eed

to
b
e
ab

le
to

d
istin

gu
ish

th
eir

tw
o
n
eig

h
b
ors.

•
C
arefu

l
an

aly
sis

sh
ow

s,
th
at

w
h
ile

h
av
in
g
w
o
rst-case

m
essage

com
p
lex

ity
ofO

(n
2),

A
lgorith

m
8
h
a
s
an

a
vera

ge
m
essa

ge
com

p
lex

ity
ofO

(n
log

n
).

C
an

w
e
im

p
rove

th
is

algo
rith

m
?

T
h
e
o
re

m
2
.7

(A
n
aly

sis
of

A
lgorith

m
9
).

A
lgo

rith
m

9
is

co
rrect.

T
h
e
tim

e
co
m
p
lexity

isO
(n
).

T
h
e
m
essa

ge
co
m
p
lexity

isO
(n

log
n
).

P
ro
of:

C
orrectn

ess
is

as
in

T
h
eorem

2.6
.
T
h
e
tim

e
com

p
lex

ity
is

O
(n
)
sin

ce
th
e
n
o
d
e
w
ith

m
ax

im
u
m

id
en
tifi

er
z

sen
d
s
m
essages

w
ith

rou
n
d
-trip

tim
es

2
,4
,8,16,...,2

·
2
k
w
ith

k
≤

log
(n

+
1).

(E
ven

if
w
e
in
clu

d
e
th
e
ad

d
ition

al
w
ake-u

p
overh

ead
,
th
e
tim

e
com

p
lex

ity
stay

s
lin

ear.)
P
rov

in
g
th
e
m
essa

ge
com

-
p
lex

ity
is
sligh

tly
h
ard

er:
if
a
n
o
d
e
v
m
an

ages
to

su
rv
iv
e
rou

n
d
r,

n
o
oth

er
n
o
d
e

in
d
istan

ce
2
r
(or

less)
su
rv
ives

rou
n
d
r.

T
h
at

is,
n
o
d
e
v
is
th
e
on

ly
n
o
d
e
in

its
2
r-n

eigh
b
orh

o
o
d
th
at

rem
ain

s
a
ctiv

e
in

rou
n
d
r
+

1.
S
in
ce

th
is

is
th
e
sam

e
for

every
n
o
d
e,

less
th
an

n
/
2
r
n
o
d
es

are
activ

e
in

rou
n
d
r
+
1.

B
ein

g
activ

e
in

rou
n
d

r
costs

2·2·2
r
m
essa

ges.
T
h
erefore,

rou
n
d
r
costs

at
m
ost

2·2·2
r·

n
2
r
−

1
=

8n
m
essages.

S
in
ce

th
ere

are
on

ly
logarith

m
ic

m
an

y
p
ossib

le
ro
u
n
d
s,

th
e
m
essage

com
p
lex

ity
follow

s
im

m
ed

iately.

R
e
m
a
rk

s:

•
T
h
is

a
lgorith

m
is

asy
n
ch
ron

ou
s
an

d
u
n
iform

as
w
ell.

•
T
h
e
q
u
estion

m
ay

arise
w
h
eth

er
on

e
can

d
esig

n
an

algorith
m

w
ith

an
even

low
er

m
essage

com
p
lex

ity.
W
e
an

sw
er

th
is

q
u
estion

in
th
e
n
ex
t
section

.
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A
lg
o
rith

m
9
R
ad

iu
s
G
row

th
(F
o
r
rea

d
a
b
ility

w
e
p
rov

id
e
p
seu

d
o-co

d
e
on

ly
;
for

a
fo
rm

al
versio

n
p
lea

se
co
n
su
lt
[A
ttiya

/
W
elch

A
lg.

3.1])

1
:
E
a
ch

n
o
d
e
v
d
o
es

th
e
fo
llow

in
g
:

2
:
In
itia

lly
a
ll
n
o
d
es

a
re

a
ctive.{a

ll
n
o
d
es

m
ay

still
b
ecom

e
lead

ers}
3
:
W

h
en

ever
a
n
o
d
e
v
sees

a
m
essa

g
e
w

w
ith

w
>

v
,
th
en

v
d
ecid

es
to

n
ot

b
e

a
lea

d
er

a
n
d
b
eco

m
es

pa
ssive.

4
:
A
ctive

n
o
d
es

sea
rch

in
a
n
ex
p
o
n
en
tia

lly
g
row

in
g
n
eigh

b
orh

o
o
d
(clo

ck
w
ise

a
n
d
co
u
n
terclo

ck
w
ise)

fo
r
n
o
d
es

w
ith

h
ig
h
er

id
en
tifi

ers,
b
y
sen

d
in
g
ou

t
p
ro
be

m
essa

g
es.

A
p
ro
b
e
m
essa

ge
in
clu

d
es

th
e
ID

of
th
e
o
rigin

al
sen

d
er,

a
b
it

w
h
eth

er
th
e
sen

d
er

ca
n

still
b
eco

m
e
a
lea

d
er,

an
d

a
tim

e-to-liv
e
n
u
m
b
er

(T
T
L
).
T
h
e
fi
rst

p
rob

e
m
essa

g
e
sen

t
b
y
n
o
d
e
v
in
clu

d
es

a
T
T
L
of

1.
5
:
N
o
d
es

(a
ctive

o
r
p
a
ssiv

e)
receiv

in
g
a
p
ro
b
e
m
essage

d
ecrem

en
t
th
e
T
T
L
an

d
fo
rw

ard
th
e
m
essa

g
e
to

th
e
n
ex
t
n
eig

h
b
o
r;
if
th
eir

ID
is
larger

th
an

th
e
on

e
in

th
e
m
essa

ge,
th
ey

set
th
e
lead

er
b
it

to
zero,

as
th
e
p
rob

in
g
n
o
d
e
d
o
es

n
o
t
h
ave

th
e
m
a
x
im

u
m

ID
.
If
th
e
T
T
L
is
zero,

p
rob

e
m
essages

are
retu

rn
ed

to
th
e
sen

d
er

u
sin

g
a
rep

ly
m
essa

g
e.

T
h
e
rep

ly
m
essage

con
tain

s
th
e
ID

of
th
e
receiver

(th
e
o
rig

in
a
l
sen

d
er

o
f
th
e
p
rob

e
m
essage)

an
d
th
e
lead

er-b
it.

R
ep

ly
m
essa

g
es

a
re

fo
rw

a
rd
ed

b
y
a
ll
n
o
d
es

u
n
til

th
ey

reach
th
e
receiv

er.
6
:
U
p
o
n

receiv
in
g
th
e
rep

ly
m
essa

g
e:

If
th
ere

w
as

n
o
n
o
d
e
w
ith

h
igh

er
ID

in
th
e
sea

rch
a
rea

(in
d
ica

ted
b
y
th
e
b
it

in
th
e
rep

ly
m
essage),

th
e
T
T
L

is
d
o
u
b
led

a
n
d
tw

o
n
ew

p
rob

e
m
essa

g
es

a
re

sen
t
(again

to
th
e
tw

o
n
eigh

b
ors).

If
th
ere

w
as

a
b
etter

ca
n
d
id
a
te

in
th
e
sea

rch
area,

th
en

th
e
n
o
d
e
b
ecom

es
p
a
ssive.

7
:
If
a
n
o
d
e
v
receives

its
ow

n
p
ro
b
e
m
essa

g
e
(n
ot

a
rep

ly
)
v
d
ecid

es
to

b
e
th
e

lea
d
er.

2
.3

L
o
w
e
r
B
o
u
n
d
s

L
ow

er
b
o
u
n
d
s
in

d
istrib

u
ted

co
m
p
u
tin

g
a
re

o
ften

easier
th
an

in
th
e
stan

d
ard

cen
tra

lized
(ran

d
o
m

access
m
a
ch
in
e,

R
A
M
)
m
o
d
el

b
ecau

se
on

e
can

argu
e
ab

ou
t

m
essa

g
es

th
a
t
n
eed

to
b
e
ex
ch
a
n
g
ed

.
In

th
is

section
w
e
p
resen

t
a
fi
rst

low
er

b
o
u
n
d
.
W
e
sh
ow

th
a
t
A
lg
o
rith

m
9
is

asy
m
p
to
tically

op
tim

al.

D
e
fi
n
itio

n
2
.8

(E
x
ecu

tio
n
).

A
n
execu

tio
n
o
f
a
d
istribu

ted
a
lgo

rith
m

is
a
list

o
f

even
ts,

so
rted

by
tim

e.
A
n
even

t
is

a
reco

rd
(tim

e,
n
od
e,

type,
m
essa

ge),
w
h
ere

type
is

“
sen

d
”
o
r
“
receive”

.

R
e
m
a
rk

s:

•
W
e
a
ssu

m
e
th
ro
u
g
h
ou

t
th
is

co
u
rse

th
at

n
o
tw

o
ev
en
ts

h
ap

p
en

at
ex
actly

th
e
sa
m
e
tim

e
(or

o
n
e
ca
n
b
rea

k
ties

a
rb
itrarily

).

•
A
n
ex
ecu

tion
o
f
a
n
a
sy
n
ch
ro
n
ou

s
a
lg
orith

m
is

gen
erally

n
ot

on
ly

d
eter-

m
in
ed

b
y
th
e
a
lgo

rith
m

b
u
t
a
lso

b
y
a
“
g
o
d
-like”

sch
ed

u
ler.

If
m
ore

th
an

o
n
e
m
essa

ge
is
in

tra
n
sit,

th
e
sch

ed
u
ler

ca
n
ch
o
ose

w
h
ich

on
e
arrives

fi
rst.

•
If

tw
o
m
essa

g
es

a
re

tra
n
sm

itted
over

th
e
sam

e
d
irected

ed
ge,

th
en

it
is

so
m
etim

es
req

u
ired

th
a
t
th
e
m
essa

g
e
fi
rst

tran
sm

itted
w
ill

also
b
e
receiv

ed
fi
rst

(“
F
IF
O
”
).

F
or

o
u
r
low

er
b
o
u
n
d
,
w
e
a
ssu

m
e
th
e
fo
llow

in
g
m
o
d
el:

2
.3
.

L
O
W

E
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F
igu

re
2.1:

T
h
e
rin

gs
R

1 ,R
2
are

glu
ed

togeth
er

at
th
eir

op
en

ed
g
e.

•
W
e
are

given
an

asy
n
ch
ron

ou
s
rin

g,
w
h
ere

n
o
d
es

m
ay

w
a
ke

u
p
at

a
rb
itrary

tim
es

(b
u
t
at

th
e
latest

w
h
en

receiv
in
g
th
e
fi
rst

m
essag

e).

•
W
e
on

ly
accep

t
u
n
iform

algorith
m
s
w
h
ere

th
e
n
o
d
e
w
ith

th
e
m
ax

im
u
m

id
en
tifi

er
can

b
e
th
e
lead

er.
A
d
d
ition

ally,
every

n
o
d
e
th
at

is
n
ot

th
e

lead
er

m
u
st

k
n
ow

th
e
id
en
tity

of
th
e
lead

er.
T
h
ese

tw
o
req

u
irem

en
ts

can
b
e
d
ro
p
p
ed

w
h
en

u
sin

g
a
m
ore

com
p
licated

p
ro
of;

h
ow

ever,
th
is
is
b
eyon

d
th
e
scop

e
of

th
is

cou
rse.

•
D
u
rin

g
th
e
p
ro
o
f
w
e
w
ill

“p
lay

go
d
”
an

d
sp
ecify

w
h
ich

m
essage

in
tran

s-
m
issio

n
arrives

n
ex
t
in

th
e
ex
ecu

tion
.
W
e
resp

ect
th
e
F
IF
O

con
d
ition

s
for

lin
k
s.

D
e
fi
n
itio

n
2
.9

(O
p
en

S
ch
ed

u
le).

A
sch

ed
u
le

is
a
n

execu
tio

n
ch
o
sen

by
th
e

sch
ed
u
ler.

A
n
o
pen

(u
n
d
irected

)
ed
ge

is
a
n
ed
ge

w
h
ere

n
o
m
essa

ge
tra

versin
g

th
e
ed
ge

h
a
s
been

received
so

fa
r.

A
sch

ed
u
le

fo
r
a
rin

g
is

o
pen

if
th
ere

is
a
n

o
pen

ed
ge

in
th
e
rin

g.

T
h
e
p
ro
of

o
f
th
e
low

er
b
ou

n
d
is

b
y
in
d
u
ction

.
F
irst

w
e
sh
ow

th
e
b
ase

case:

L
e
m
m
a
2
.1
0
.
G
iven

a
rin

g
R

w
ith

tw
o
n
od
es,

w
e
ca
n
co
n
stru

ct
a
n
o
pen

sch
ed
-

u
le

in
w
h
ich

a
t
lea

st
o
n
e
m
essa

ge
is

received
.
T
h
e
n
od
es

ca
n
n
o
t
d
istin

gu
ish

th
is

sch
ed
u
le

fro
m

o
n
e
o
n
a
la
rger

rin
g
w
ith

a
ll
o
th
er

n
od
es

bein
g
w
h
ere

th
e
o
pen

ed
ge

is.

P
ro
of:

L
et

th
e
tw

o
n
o
d
es

b
e
u

an
d

v
w
ith

u
<

v
.

N
o
d
e
u

m
u
st

learn
th
e

id
en
tity

of
n
o
d
e
v
,
th
u
s
receive

at
least

o
n
e
m
essag

e.
W
e
sto

p
th
e
ex
ecu

tion
of

th
e
algorith

m
as

so
on

as
th
e
fi
rst

m
essag

e
is

receiv
ed

.
(If

th
e
fi
rst

m
essage

is
received

b
y
v
,
b
ad

lu
ck

for
th
e
algorith

m
!)

T
h
en

th
e
oth

er
ed

ge
in

th
e
rin

g
(on

w
h
ich

th
e
received

m
essage

w
as

n
ot

tran
sm

itted
)
is

op
en

.
S
in
ce

th
e
a
lgorith

m
n
eed

s
to

b
e
u
n
ifo

rm
,
m
ay

b
e
th
e
op

en
ed

g
e
is

n
ot

really
an

ed
ge

at
all,

n
ob

o
d
y

can
tell.

W
e
cou

ld
u
se

th
is

to
glu

e
tw

o
rin

gs
tog

eth
er,

b
y
b
reak

in
g
u
p

th
is

im
agin

ary
o
p
en

ed
ge

an
d
con

n
ect

tw
o
rin

gs
b
y
tw

o
ed

ges.
A
n
ex
am

p
le

can
b
e

seen
in

F
igu

re
2.1.

L
e
m
m
a
2
.1
1
.
B
y
glu

in
g
togeth

er
tw
o
rin

gs
o
f
size

n
/
2
fo
r
w
h
ich

w
e
h
a
ve

o
pen

sch
ed
u
les,

w
e
ca
n
co
n
stru

ct
a
n
o
pen

sch
ed
u
le

o
n
a
rin

g
o
f
size

n
.
If

M
(n
/
2)

d
en

o
tes

th
e
n
u
m
ber

o
f
m
essa

ges
a
lrea

d
y
received

in
ea
ch

o
f
th
ese

sch
ed
u
les,

a
t

lea
st

2M
(n
/
2)

+
n
/
4
m
essa

ges
h
a
ve

to
be

exch
a
n
ged

in
o
rd
er

to
so
lve

lea
d
er

electio
n
.

P
ro
of

b
y
in
d
u
ction

:
W
e
d
iv
id
e
th
e
rin

g
in
to

tw
o
su
b
-rin

gs
R

1
an

d
R

2
of

size
n
/
2.

T
h
ese

su
b
rin

gs
can

n
ot

b
e
d
istin

gu
ish

ed
from

rin
gs

w
ith

n
/
2
n
o
d
es

if
n
o
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m
essag

es
a
re

received
fro

m
“
o
u
tsid

ers”.
W
e
ca
n
en

su
re

th
is

b
y
n
ot

sch
ed

u
lin

g
su
ch

m
essa

g
es

u
n
til

w
e
w
a
n
t
to
.
N
o
te

th
a
t
ex
ecu

tin
g
b
oth

giv
en

op
en

sch
ed

u
les

o
n
R

1
a
n
d
R

2
“in

p
arallel”

is
p
o
ssib

le
b
eca

u
se

w
e
con

trol
n
ot

on
ly

th
e
sch

ed
u
lin

g
o
f
th
e
m
essa

g
es,

b
u
t
also

w
h
en

n
o
d
es

w
a
ke

u
p
.
B
y
d
oin

g
so,

w
e
m
ake

su
re

th
at

2M
(n
/
2)

m
essa

g
es

a
re

sen
t
b
efo

re
th
e
n
o
d
es

in
R

1
an

d
R

2
learn

an
y
th
in
g
of

each
o
th
er!

W
ith

o
u
t
lo
ss

o
f
g
en

era
lity,

R
1
co
n
ta
in
s
th
e
m
ax

im
u
m

id
en
tifi

er.
H
en

ce,
each

n
o
d
e
in

R
2
m
u
st

lea
rn

th
e
id
en
tity

o
f
th
e
m
a
x
im

u
m

id
en
tifi

er,
th
u
s
at

least
n
/
2
a
d
d
itio

n
a
l
m
essa

ges
m
u
st

b
e
receiv

ed
.
T
h
e
o
n
ly

p
rob

lem
is
th
at

w
e
can

n
o
t

co
n
n
ect

th
e
tw

o
su
b
-rin

g
s
w
ith

b
o
th

ed
g
es

sin
ce

th
e
n
ew

rin
g
n
eed

s
to

rem
ain

o
p
en

.
T
h
u
s,

o
n
ly

m
essa

ges
ov
er

o
n
e
o
f
th
e
ed

ges
can

b
e
received

.
W
e
lo
ok

in
to

th
e
fu
tu
re:

w
e
ch
eck

w
h
a
t
h
ap

p
en

s
w
h
en

w
e
clo

se
on

ly
on

e
of

th
ese

con
n
ectin

g
ed

g
es.
S
in
ce

w
e
k
n
ow

th
a
t
n
/
2
n
o
d
es

h
ave

to
b
e
in
form

ed
in

R
2 ,

th
ere

m
u
st

b
e

a
t
least

n
/
2
m
essa

g
es

th
a
t
m
u
st

b
e
received

.
C
losin

g
b
oth

ed
ges

m
u
st

in
form

n
/
2
n
o
d
es,

th
u
s
fo
r
o
n
e
o
f
th
e
tw

o
ed

g
es

th
ere

m
u
st

b
e
a
n
o
d
e
in

d
istan

ce
n
/
4

w
h
ich

w
ill

b
e
in
fo
rm

ed
u
p
o
n
crea

tin
g
th
at

ed
g
e.

T
h
is

resu
lts

in
n
/
4
ad

d
ition

al
m
essa

g
es.

T
h
u
s,

w
e
p
ick

th
is

ed
g
e
a
n
d
leav

e
th
e
oth

er
on

e
op

en
w
h
ich

y
ield

s
th
e
cla

im
.

L
e
m
m
a

2
.1
2
.
A
n
y
u
n
ifo

rm
lea

d
er

electio
n
a
lgo

rith
m

fo
r
a
syn

ch
ro
n
o
u
s
rin

gs
h
a
s
a
t
lea

st
m
essa

ge
co
m
p
lexity

M
(n
)≥

n4
(lo

g
n
+
1).

P
ro
o
f
b
y
in
d
u
ctio

n
:
F
o
r
th
e
sa
k
e
o
f
sim

p
licity

w
e
assu

m
e
n

b
ein

g
a
p
ow

er
of

2
.

T
h
e
b
a
se

ca
se

n
=

2
w
ork

s
b
ecau

se
o
f
L
em

m
a
2.10

w
h
ich

im
p
lies

th
at

M
(2
)≥

1
=

24
(lo

g
2
+

1
).

F
o
r
th
e
in
d
u
ctio

n
step

,
u
sin

g
L
em

m
a
2.11

an
d
th
e

in
d
u
ctio

n
h
y
p
o
th
esis

w
e
h
ave

M
(n
)

=
2·M

(

n2

)

+
n4

≥
2·
(

n8

(

lo
g
n2
+
1
)
)

+
n4

=
n4
lo
g
n
+

n4
=

n4
(log

n
+
1)

.

✷

R
e
m
a
rk

s:

•
T
o
h
id
e
th
e
u
g
ly

co
n
stan

ts
w
e
u
se

th
e
“b

ig
O
m
ega”

n
otation

,
th
e
low

er
b
o
u
n
d
eq
u
ivalen

t
ofO

().
A

fu
n
ctio

n
f
is

in
Ω
(g
)
if
th
ere

are
con

stan
ts

x
0
a
n
d
c
>

0
su
ch

th
a
t
|f
(x
)|≥

c|g
(x
)|

fo
r
all

x
≥

x
0 .

A
gain

w
e
refer

to
sta

n
d
a
rd

tex
t
b
o
o
k
s
fo
r
a
fo
rm

a
l
d
efi

n
ition

.
R
ew

ritin
g
L
em

m
a
2.12

w
e

g
et:

T
h
e
o
re

m
2
.1
3

(A
sy
n
ch
ro
n
o
u
s
L
ea
d
er

E
lectio

n
L
ow

er
B
ou

n
d
).

A
n
y
u
n
ifo

rm
lea

d
er

electio
n
a
lgo

rith
m

fo
r
a
syn

ch
ro
n
o
u
s
rin

gs
h
a
s
Ω
(n

log
n
)
m
essa

ge
co
m
-

p
lexity.

2
.4

S
y
n
c
h
r
o
n
o
u
s
R
in
g

T
h
e
low

er
b
o
u
n
d
relied

o
n
d
elay

in
g
m
essa

g
es

fo
r
a
v
ery

lon
g
tim

e.
S
in
ce

th
is
is

im
p
ossib

le
in

th
e
sy
n
ch
ro
n
o
u
s
m
o
d
el,

w
e
m
igh

t
g
et

a
b
etter

m
essage

com
p
lex

ity

2
.4
.

S
Y
N
C
H
R
O
N
O
U
S
R
IN

G
21

in
th
is

case.
T
h
e
b
a
sic

id
ea

is
very

sim
p
le:

In
th
e
sy
n
ch
ron

ou
s
m
o
d
el,

n
o
t

receiv
in
g
a
m
essage

is
in
form

a
tion

as
w
ell!

F
irst

w
e
m
ake

som
e
ad

d
ition

al
assu

m
p
tion

s:

•
W
e
assu

m
e
th
a
t
th
e
algo

rith
m

is
n
on

-u
n
ifo

rm
(i.e.,

th
e
rin

g
size

n
is

k
n
ow

n
).

•
W
e
assu

m
e
th
at

every
n
o
d
e
starts

a
t
th
e
sam

e
tim

e.

•
T
h
e
n
o
d
e
w
ith

th
e
m
in
im

u
m

id
en
tifi

er
b
ecom

es
th
e
lea

d
er;

id
en
tifi

ers
are

in
tegers.

A
lg
o
rith

m
1
0
S
y
n
ch
ron

ou
s
L
ead

er
E
lection

1
:
E
a
ch

n
o
d
e
v
con

cu
rren

tly
ex
ecu

tes
th
e
follow

in
g
co
d
e:

2
:
T
h
e
alg

orith
m

op
erates

in
sy
n
ch
ron

o
u
s
p
h
ases.

E
ach

p
h
ase

con
sists

of
n

tim
e
step

s.
N
o
d
e
v
cou

n
ts

p
h
ases,

sta
rtin

g
w
ith

0.
3
:
if

p
h
ase

=
v
a
n
d
v
d
id

n
ot

y
et

receive
a
m
essa

ge
th

e
n

4
:

v
d
ecid

es
to

b
e
th
e
lead

er
5
:

v
sen

d
s
th
e
m
essage

“
v
is

lead
er”

a
rou

n
d
th
e
rin

g
6
:
e
n
d
if

R
e
m
a
rk

s:

•
M
essa

ge
com

p
lex

ity
is

in
d
eed

n
.

•
B
u
t
th
e
tim

e
com

p
lex

ity
is
h
u
ge!

If
m

is
th
e
m
in
im

u
m

id
en
tifi

er
it
is
m
·n
.

•
T
h
e
sy
n
ch
ron

ou
s
start

an
d
th
e
n
on

-u
n
iform

ity
assu

m
p
tion

s
can

b
e
d
rop

-
p
ed

b
y
u
sin

g
a
w
ak

e-u
p

tech
n
iq
u
e
(u
p
on

receiv
in
g
a
w
ake-u

p
m
essage,

w
ake

u
p
you

r
clo

ck
w
ise

n
eigh

b
ors)

an
d
b
y
lettin

g
m
essa

ges
travel

slow
ly.

•
T
h
ere

are
several

low
er

b
ou

n
d
s
for

th
e
sy
n
ch
ron

ou
s
m
o
d
el:

com
p
arison

-
b
ased

algorith
m
s
or

algorith
m
s
w
h
ere

th
e
tim

e
com

p
lex

ity
can

n
ot

b
e
a

fu
n
ction

of
th
e
id
en
tifi

ers
h
av
e
m
essage

com
p
lex

ity
Ω
(n

log
n
)
as

w
ell.

•
In

gen
eral

grap
h
s
effi

cien
t
lead

er
election

m
ay

b
e
trick

y.
W

h
ile

tim
e-

op
tim

al
lead

er
election

ca
n

b
e
d
on

e
b
y
p
ara

llel
fl
o
o
d
in
g-ech

o
(see

n
ex
t

ch
ap

ter),
b
ou

n
d
in
g
th
e
m
essage

com
p
lex

ity
is

gen
erally

m
ore

d
iffi

cu
lt.

C
h
a
p
te
r
N
o
te
s

[A
n
g80]

w
as

th
e
fi
rst

to
m
en
tion

th
e
n
ow

w
ell-k

n
ow

n
im

p
o
ssib

ility
resu

lt
for

an
on

y
m
ou

s
rin

gs
an

d
oth

er
n
etw

ork
s,

even
w
h
en

u
sin

g
ran

d
om

izatio
n
.

T
h
e

fi
rst

a
lgorith

m
for

asy
n
ch
ron

ou
s
rin

gs
w
a
s
p
resen

ted
in

[L
an

7
7],

w
h
ich

w
as

im
-

p
roved

to
th
e
p
resen

ted
clo

ck
w
ise

algorith
m

in
[C

R
79].

L
ater,

[H
S
80]

fo
u
n
d
th
e

rad
iu
s
grow

th
algorith

m
,
w
h
ich

d
ecreased

th
e
w
orst

case
m
essage

com
p
lex

ity.
A
lgorith

m
s
for

th
e
u
n
id
irection

al
case

w
ith

ru
n
tim

eO
(n

log
n
)
can

b
e
fou

n
d
in

[D
K
R
82,

P
et82].

T
h
e
Ω
(n

log
n
)
m
essage

com
p
lex

ity
low

er
b
ou

n
d
for

com
p
ari-

son
b
ased

algorith
m
s
w
as

fi
rst

p
u
b
lish

ed
in

[F
L
87].

In
[S
ch
89]

an
algorith

m
w
ith

con
stan

t
error

p
rob

ab
ility

for
an

on
y
m
ou

s
n
etw

ork
s
is
p
resen

ted
.
G
en

era
l
resu

lts
ab

ou
t
lim

ita
tion

s
of

co
m
p
u
ter

p
ow

er
in

sy
n
ch
ron

ou
s
rin

gs
are

in
[A

S
W

88
,
A
S
88].
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C
H
A
P
T
E
R

2
.

L
E
A
D
E
R

E
L
E
C
T
IO

N

B
ib
lio

g
r
a
p
h
y

[A
n
g8

0
]
D
a
n
a
A
n
g
lu
in
.

L
o
ca
l
a
n
d

glo
b
a
l
p
ro
p
erties

in
n
etw

ork
s
of

p
ro
ces-

so
rs

(E
x
ten

d
ed

A
b
stra

ct).
In

1
2
th

A
C
M

S
ym

po
siu

m
o
n

T
h
eo
ry

o
f

C
o
m
p
u
tin

g
(S
T
O
C
),

1
9
8
0
.

[A
S
8
8
]
H
ag

it
A
ttiya

a
n
d
M
a
rc

S
n
ir.

B
etter

C
om

p
u
tin

g
on

th
e
A
n
on

y
m
ou

s
R
in
g
.
In

A
egea

n
W
o
rksh

o
p
o
n
C
o
m
p
u
tin

g
(A

W
O
C
),

1988.

[A
S
W

8
8
]
H
ag

it
A
ttiya

,
M
a
rc

S
n
ir,

a
n
d
M
a
n
fred

K
.
W
arm

u
th
.
C
om

p
u
tin

g
on

a
n
a
n
on

y
m
ou

s
rin

g
.
vo
lu
m
e
3
5
,
p
a
g
es

845–875,
1988.

[C
R
7
9
]
E
rn
est

C
h
a
n
g
a
n
d

R
o
sem

a
ry

R
o
b
erts.

A
n

im
p
roved

algorith
m

for
d
ecen

tra
lized

ex
trem

a
-fi
n
d
in
g
in

circu
lar

con
fi
gu

ratio
n
s
of

p
ro
cesses.

C
o
m
m
u
n
.
A
C
M
,
2
2
(5
):2

8
1–

2
8
3
,
M
ay

1979.

[D
K
R
8
2
]
D
a
n
n
y
D
o
lev

,
M
a
ria

M
.
K
law

e,
a
n
d
M
ich

ael
R
o
d
eh

.
A
n
O
(n

log
n
)

U
n
id
irectio

n
a
l
D
istrib

u
ted

A
lg
o
rith

m
fo
r
E
x
trem

a
F
in
d
in
g
in

a
C
ircle.

J
.
A
lgo

rith
m
s,

3
(3
):2

4
5
–2

6
0
,
1
9
8
2
.

[F
L
8
7
]
G
reg

N
.
F
red

erick
so
n
an

d
N
a
n
cy

A
.
L
y
n
ch
.

E
lectin

g
a
lead

er
in

a
sy
n
ch
ro
n
ou

s
rin

g
.
J
.
A
C
M
,
3
4
(1
):9

8
–1

1
5,

1987.

[H
S
8
0
]
D
.
S
.
H
irsch

b
erg

a
n
d
J
.
B
.
S
in
cla

ir.
D
ecen

tralized
ex
trem

a-fi
n
d
in
g
in

circu
la
r
con

fi
g
u
ra
tio

n
s
o
f
p
ro
cesso

rs.
C
o
m
m
u
n
.
A
C
M
,
23(11):627–628,

N
ovem

b
er

19
8
0
.

[L
a
n
7
7
]
G
éra

rd
L
e

L
a
n
n
.

D
istrib

u
ted

S
y
stem

s
-
T
ow

ard
s
a

F
orm

al
A
p
-

p
ro
a
ch
.
In

In
tern

a
tio

n
a
l
F
ed
era

tio
n
fo
r
In
fo
rm

a
tio

n
P
rocessin

g
(IF

IP
)

C
o
n
gress,

1
9
7
7.

[P
et8

2
]
G
a
ry

L
.
P
eterso

n
.

A
n

O
(n

lo
g
n
)
U
n
id
irection

al
A
lgorith

m
for

th
e

C
ircu

la
r
E
x
trem

a
P
ro
b
lem

.
4
(4
):7

5
8
–
7
62,

1982.

[S
ch
8
9
]
B
.
S
ch
ieb

er.
C
allin

g
n
am

es
o
n

n
a
m
eless

n
etw

ork
s.

In
P
roceed

in
gs

o
f
th
e
eigh

th
a
n
n
u
a
l
A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
d
istribu

ted
co
m
p
u
tin

g,
P
O
D
C

’8
9,

p
a
g
es

3
1
9–

3
2
8
,
N
ew

Y
ork

,
N
Y
,
U
S
A
,
1989.

A
C
M
.

C
h
a
p
te
r
3

T
r
e
e
A
lg
o
r
ith

m
s

In
th
is

ch
ap

ter
w
e
lea

rn
a
few

b
asic

algorith
m
s
on

trees,
an

d
h
ow

to
con

stru
ct

trees
in

th
e
fi
rst

p
lace

so
th
at

w
e
can

ru
n
th
ese

(a
n
d
oth

er)
algorith

m
s.

T
h
e

go
o
d
n
ew

s
is

th
at

th
ese

algorith
m
s
h
ave

m
an

y
ap

p
lication

s,
th
e
b
ad

n
ew

s
is

th
at

th
is

ch
ap

ter
is

a
b
it

on
th
e
sim

p
le

sid
e.

B
u
t
m
ay
b
e
th
a
t’s

n
ot

really
b
ad

n
ew

s?!

3
.1

B
r
o
a
d
c
a
st

D
e
fi
n
itio

n
3
.1

(B
roa

d
cast).

A
b
road

cast
o
pera

tio
n
is

in
itia

ted
by

a
sin

gle
p
ro
-

cesso
r,

th
e
so
u
rce.

T
h
e
so
u
rce

w
a
n
ts

to
sen

d
a
m
essa

ge
to

a
ll
o
th
er

n
od
es

in
th
e
system

.

D
e
fi
n
itio

n
3
.2

(D
istan

ce,
R
ad

iu
s,
D
iam

eter).
T
h
e
d
istan

ce
betw

een
tw
o
n
od
es

u
a
n
d
v
in

a
n

u
n
d
irected

gra
p
h
G

is
th
e
n
u
m
ber

o
f
h
o
p
s
o
f
a
m
in
im

u
m

pa
th

betw
een

u
a
n
d
v
.
T
h
e
rad

iu
s
o
f
a
n
od
e
u
is

th
e
m
a
xim

u
m

d
ista

n
ce

betw
een

u
a
n
d
a
n
y
o
th
er

n
od
e
in

th
e
gra

p
h
.
T
h
e
ra
d
iu
s
o
f
a
gra

p
h
is

th
e
m
in
im

u
m

ra
d
iu
s

o
f
a
n
y
n
od
e
in

th
e
gra

p
h
.
T
h
e
d
iam

eter
o
f
a
gra

p
h
is

th
e
m
a
xim

u
m

d
ista

n
ce

betw
een

tw
o
a
rbitra

ry
n
od
es.

R
e
m
a
rk

s:

•
C
learly

th
ere

is
a
close

relation
b
etw

een
th
e
rad

iu
s
R

an
d
th
e
d
ia
m
eter

D
of

a
grap

h
,
su
ch

as
R

≤
D

≤
2R

.

•
T
h
e
w
orld

is
often

fascin
a
ted

b
y
gra

p
h
s
w
ith

a
sm

all
rad

iu
s.

F
or

ex
am

p
le,

m
ov
ie

fan
atics

stu
d
y
th
e
w
h
o-acted

-w
ith

-w
h
o
m
-in

-th
e-sam

e-m
ov

ie
grap

h
.

F
or

th
is

grap
h
it

h
as

lon
g
b
een

b
elieved

th
at

th
e
actor

K
ev
in

B
a
con

h
as

a
p
articu

larly
sm

all
rad

iu
s.

T
h
e
n
u
m
b
er

of
h
op

s
from

B
acon

ev
en

got
a

n
am

e,
th
e
B
aco

n
N
u
m
b
er.

In
th
e
m
ean

tim
e,

h
ow

ever,
it

h
as

b
een

sh
ow

n
th
at

th
ere

are
“
b
etter”

cen
ters

in
th
e
H
olly

w
o
o
d
u
n
iverse,

su
ch

as
S
ean

C
on

n
ery,

C
h
ristop

h
er

L
ee,

R
o
d
S
teiger,

G
en

e
H
ack

m
an

,
or

M
ich

a
el
C
ain

e.
T
h
e
cen

ter
of

oth
er

so
cial

n
etw

ork
s
h
as

also
b
een

ex
p
lored

,
P
au

l
E
rd
ös

for
in
stan

ce
is

w
ell

k
n
ow

n
in

th
e
m
ath

com
m
u
n
ity.

T
h
e
o
re

m
3
.3

(B
road

cast
L
ow

er
B
ou

n
d
).

T
h
e
m
essa

ge
co
m
p
lexity

o
f
broa

d
ca
st

is
a
t
lea

st
n
−
1
.
T
h
e
so
u
rce’s

ra
d
iu
s
is

a
lo
w
er

bo
u
n
d
fo
r
th
e
tim

e
co
m
p
lexity.

23



24
C
H
A
P
T
E
R

3
.

T
R
E
E

A
L
G
O
R
IT

H
M
S

P
ro
o
f:

E
very

n
o
d
e
m
u
st

receiv
e
th
e
m
essag

e.

R
e
m
a
rk

s:

•
Y
o
u

ca
n

u
se

a
p
re-co

m
p
u
ted

sp
an

n
in
g
tree

to
d
o
b
road

cast
w
ith

tigh
t

m
essa

g
e
co
m
p
lex

ity.
If
th
e
sp
a
n
n
in
g
tree

is
a
b
read

th
-fi
rst

search
sp
an

n
in
g

tree
(fo

r
a
g
iven

so
u
rce),

th
en

th
e
tim

e
co
m
p
lex

ity
is

tigh
t
as

w
ell.

D
e
fi
n
itio

n
3
.4

(C
lea

n
).

A
gra

p
h
(n
etw

o
rk)

is
clean

if
th
e
n
od
es

d
o
n
o
t
kn

o
w

th
e
to
po
logy

o
f
th
e
gra

p
h
.

T
h
e
o
re

m
3
.5

(C
lea

n
B
ro
a
d
ca
st

L
ow

er
B
o
u
n
d
).

F
o
r
a
clea

n
n
etw

o
rk,

th
e
n
u
m
-

ber
o
f
ed
ges

is
a
lo
w
er

bo
u
n
d
fo
r
th
e
broa

d
ca
st

m
essa

ge
co
m
p
lexity.

P
ro
o
f:

If
yo
u
d
o
n
o
t
try

every
ed

g
e,

yo
u
m
ig
h
t
m
iss

a
w
h
ole

p
art

of
th
e
grap

h
b
eh

in
d
it.

R
e
m
a
rk

s:

•
T
h
is

low
er

b
ou

n
d
p
ro
o
f
d
irectly

b
rin

g
s
u
s
to

th
e
w
ell

k
n
ow

n
fl
ood

in
g
al-

g
orith

m
.

A
lg
o
rith

m
1
1
F
lo
o
d
in
g

1
:
T
h
e
so
u
rce

(ro
o
t)

sen
d
s
th
e
m
essa

g
e
to

a
ll
n
eigh

b
ors.

2
:
E
a
ch

o
th

e
r
n
o
d
e
v
u
p
o
n
receiv

in
g
th
e
m
essage

th
e
fi
rst

tim
e
forw

ard
s
th
e

m
essa

g
e
to

a
ll
(o
th
er)

n
eig

h
b
o
rs.

3
:
U
p
o
n
la
ter

receiv
in
g
th
e
m
essa

g
e
a
g
a
in

(over
oth

er
ed

ges),
a
n
o
d
e
can

d
is-

ca
rd

th
e
m
essa

ge.

R
e
m
a
rk

s:

•
If

n
o
d
e
v
receives

th
e
m
essa

g
e
fi
rst

fro
m

n
o
d
e
u
,
th
en

n
o
d
e
v
calls

n
o
d
e

u
pa
ren

t.
T
h
is

p
a
ren

t
rela

tio
n
d
efi

n
es

a
sp
an

n
in
g
tree

T
.
If

th
e
fl
o
o
d
in
g

a
lg
o
rith

m
is

ex
ecu

ted
in

a
sy
n
ch
ro
n
o
u
s
sy
stem

,
th
en

T
is

a
b
read

th
-fi
rst

sea
rch

sp
a
n
n
in
g
tree

(w
ith

resp
ect

to
th
e
ro
ot).

•
M
o
re

in
terestin

g
ly,

a
lso

in
a
sy
n
ch
ro
n
o
u
s
sy
stem

s
th
e
fl
o
o
d
in
g
algorith

m
term

in
a
tes

a
fter

R
tim

e
u
n
its,

R
b
ein

g
th
e
rad

iu
s
of

th
e
sou

rce.
H
ow

ever,
th
e
co
n
stru

cted
sp
a
n
n
in
g
tree

m
ay

n
o
t
b
e
a
b
read

th
-fi
rst

search
sp
an

n
in
g

tree.

3
.2

C
o
n
v
e
r
g
e
c
a
st

C
o
n
verg

eca
st

is
th
e
sa
m
e
a
s
b
ro
a
d
ca
st,

ju
st

reversed
:
In
stea

d
of

a
ro
ot

sen
d
in
g

a
m
essag

e
to

a
ll
o
th
er

n
o
d
es,

a
ll
o
th
er

n
o
d
es

sen
d
in
form

ation
to

a
ro
ot.

T
h
e

sim
p
lest

co
n
verg

ecast
a
lgo

rith
m

is
th
e
ech

o
a
lg
o
rith

m
:

3
.3
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A
lg
o
rith

m
1
2
E
ch
o

R
e
q
u
ire

:
T
h
is

algorith
m

is
in
itiated

at
th
e
leaves.

1
:
A

leave
sen

d
s
a
m
essage

to
its

p
aren

t.
2
:
If
an

in
n
er

n
o
d
e
h
as

received
a
m
essa

ge
from

ea
ch

ch
ild

,
it
sen

d
s
a
m
essage

to
th
e
p
aren

t.

R
e
m
a
rk

s:

•
U
su
ally

th
e
ech

o
algorith

m
is
p
aired

w
ith

th
e
fl
o
o
d
in
g
a
lgorith

m
,
w
h
ich

is
u
sed

to
let

th
e
leaves

k
n
ow

th
at

th
ey

sh
ou

ld
start

th
e
ech

o
p
ro
cess;

th
is

is
k
n
ow

n
as

fl
o
o
d
in
g/ech

o
.

•
O
n
e
ca
n
u
se

con
vergecast

for
term

in
ation

d
etection

,
for

ex
am

p
le.

If
a
ro
ot

w
an

ts
to

k
n
ow

w
h
eth

er
all

n
o
d
es

in
th
e
sy
stem

h
ave

fi
n
ish

ed
som

e
task

,
it

in
itiates

a
fl
o
o
d
in
g/ech

o;
th
e
m
essa

ge
in

th
e
ech

o
algo

rith
m

th
en

m
ean

s
“T

h
is

su
b
tree

h
as

fi
n
ish

ed
th
e
task

.”

•
M
essa

ge
com

p
lex

ity
of

th
e
ech

o
algorith

m
is

n
−

1,
b
u
t
togeth

er
w
ith

fl
o
o
d
in
g
it
isO

(m
),
w
h
ere

m
=

|E
|
is

th
e
n
u
m
b
er

of
ed

ges
in

th
e
grap

h
.

•
T
h
e
tim

e
com

p
lex

ity
of

th
e
ech

o
alg

orith
m

is
d
eterm

in
ed

b
y
th
e
d
ep

th
of

th
e
sp
an

n
in
g
tree

(i.e.,
th
e
rad

iu
s
o
f
th
e
ro
ot

w
ith

in
th
e
tree)

g
en

erated
b
y
th
e
fl
o
o
d
in
g
algorith

m
.

•
T
h
e
fl
o
o
d
in
g/ech

o
algorith

m
can

d
o
m
u
ch

m
ore

th
an

collectin
g
a
ck
n
ow

l-
ed

gem
en
ts

from
su
b
trees.

O
n
e
can

for
in
stan

ce
u
se

it
to

com
p
u
te

th
e

n
u
m
b
er

of
n
o
d
es

in
th
e
sy
stem

,
or

th
e
m
ax

im
u
m

ID
(fo

r
lead

er
election

),
or

th
e
su
m

of
all

valu
es

sto
red

in
th
e
sy
stem

,
o
r
a
rou

te-d
isjoin

t
m
atch

in
g.

•
M
oreover,

b
y
co
m
b
in
in
g
resu

lts
on

e
can

com
p
u
te

even
fan

cier
aggrega-

tion
s,

e.g.,
w
ith

th
e
n
u
m
b
er

of
n
o
d
es

an
d
th
e
su
m

on
e
can

com
p
u
te

th
e

averag
e.

W
ith

th
e
average

on
e
can

com
p
u
te

th
e
stan

d
a
rd

d
ev
iation

.
A
n
d

so
on

...

3
.3

B
F
S
T
r
e
e
C
o
n
str

u
c
tio

n

In
sy
n
ch
ron

ou
s
sy
stem

s
th
e
fl
o
o
d
in
g
algorith

m
is
a
sim

p
le
yet

effi
cien

t
m
eth

o
d
to

con
stru

ct
a
b
read

th
-fi
rst

search
(B

F
S
)
sp
a
n
n
in
g
tree.

H
ow

ever,
in

asy
n
ch
ron

ou
s

sy
stem

s
th
e
sp
an

n
in
g
tree

con
stru

cted
b
y
th
e
fl
o
o
d
in
g
algorith

m
m
ay

b
e
far

from
B
F
S
.
In

th
is
section

,
w
e
im

p
lem

en
t
tw

o
cla

ssic
B
F
S
con

stru
ction

s—
D
ijk

stra
an

d
B
ellm

an
-F
ord

—
as

asy
n
ch
ron

ou
s
algorith

m
s.

W
e
start

w
ith

th
e
D
ijk

stra
algorith

m
.
T
h
e
b
asic

id
ea

is
to

alw
ay
s
ad

d
th
e

“closest”
n
o
d
e
to

th
e
ex
istin

g
p
art

of
th
e
B
F
S
tree.

W
e
n
eed

to
p
arallelize

th
is

id
ea

b
y
d
evelop

in
g
th
e
B
F
S
tree

layer
b
y
layer:

T
h
e
o
re

m
3
.6

(A
n
aly

sis
of

A
lg
orith

m
13

).
T
h
e
tim

e
co
m
p
lexity

o
f
A
lgo

rith
m

1
3
is

O
(D

2),
th
e
m
essa

ge
co
m
p
lexity

is
O
(m

+
n
D
),

w
h
ere

D
is

th
e
d
ia
m
eter

o
f
th
e
gra

p
h
,
n
th
e
n
u
m
ber

o
f
n
od
es,

a
n
d
m

th
e
n
u
m
ber

o
f
ed
ges.

P
ro
of:

A
b
road

cast/ech
o
algorith

m
in

T
p
n
eed

s
at

m
ost

tim
e
2
D
.
F
in
d
in
g
n
ew

n
eigh

b
ors

at
th
e
leaves

costs
2
tim

e
u
n
its.

S
in
ce

th
e
B
F
S
tree

h
eigh

t
is
b
ou

n
d
ed
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C
H
A
P
T
E
R

3
.

T
R
E
E

A
L
G
O
R
IT

H
M
S

A
lg
o
rith

m
1
3
D
ijk

stra
B
F
S

1
:
T
h
e
a
lg
o
rith

m
p
ro
ceed

s
in

p
h
ases.

In
p
h
a
se

p
th
e
n
o
d
es

w
ith

d
istan

ce
p
to

th
e
ro
o
t
a
re

d
etected

.
L
et

T
p
b
e
th
e
tree

in
p
h
ase

p
.
W
e
start

w
ith

T
1
w
h
ich

is
th
e
ro
o
t
p
lu
s
a
ll
d
irect

n
eig

h
b
o
rs

o
f
th
e
ro
ot.

W
e
start

w
ith

p
h
ase

p
=

1:
2
:
re

p
e
a
t

3
:

T
h
e
ro
o
t
sta

rts
p
h
a
se

p
b
y
b
roa

d
ca
stin

g
“
start

p
”
w
ith

in
T
p .

4
:

W
h
en

receiv
in
g
“
sta

rt
p
”
a
lea

f
n
o
d
e
u
o
f
T
p
(th

at
is,

a
n
o
d
e
th
at

w
as

n
ew

ly
d
iscovered

in
th
e
la
st

p
h
ase)

sen
d
s
a
“join

p
+

1”
m
essage

to
all

q
u
iet

n
eig

h
b
o
rs.

(A
n
eig

h
b
o
r
v
is

q
u
iet

if
u
h
as

n
ot

yet
“talked

”
to

v
.)

5
:

A
n
o
d
e
v
receiv

in
g
th
e
fi
rst

“
jo
in

p
+
1
”
m
essage

rep
lies

w
ith

“A
C
K
”
an

d
b
eco

m
es

a
lea

f
o
f
th
e
tree

T
p
+
1 .

6
:

A
n
o
d
e
v
receiv

in
g
a
n
y
fu
rth

er
“
jo
in
”
m
essage

rep
lies

w
ith

“N
A
C
K
”.

7
:

T
h
e
leav

es
o
f
T
p
co
llect

a
ll
th
e
a
n
sw

ers
of

th
eir

n
eigh

b
ors;

th
en

th
e
leaves

sta
rt

an
ech

o
a
lg
orith

m
b
a
ck

to
th
e
ro
o
t.

8
:

W
h
en

th
e
ech

o
p
ro
cess

term
in
a
tes

a
t
th
e
ro
ot,

th
e
ro
ot

in
crem

en
ts

th
e

p
h
a
se

9
:
u
n
til

th
ere

w
a
s
n
o
n
ew

n
o
d
e
d
etected

b
y
th
e
d
ia
m
eter,

w
e
h
ave

D
p
h
a
ses,

g
iv
in
g
a
to
tal

tim
e
com

p
lex

ity
ofO

(D
2).

E
a
ch

n
o
d
e
p
a
rticip

a
tin

g
in

b
ro
a
d
ca
st/

ech
o
o
n
ly

receives
(b
road

casts)
at

m
ost

1
m
essag

e
a
n
d
sen

d
s
(ech

o
es)

a
t
m
o
st

o
n
ce.

S
in
ce

th
ere

are
D

p
h
ases,

th
e
cost

is
b
ou

n
d
ed

b
y
O
(n
D
).

O
n
ea
ch

ed
g
e
th
ere

are
a
t
m
ost

2
“join

”
m
essages.

R
ep

lies
to

a
“
join

”
req

u
est

a
re

a
n
sw

ered
b
y
1
“
A
C
K
”
o
r
“
N
A
C
K
”
,
w
h
ich

m
ean

s
th
at

w
e

h
ave

a
t
m
o
st

4
a
d
d
ition

a
l
m
essa

g
es

p
er

ed
g
e.

T
h
erefore

th
e
m
essage

com
p
lex

ity
isO

(m
+
n
D
).

R
e
m
a
rk

s:

•
T
h
e
tim

e
co
m
p
lex

ity
is

n
o
t
very

ex
citin

g,
so

let’s
try

B
ellm

an
-F
ord

!

T
h
e
b
a
sic

id
ea

o
f
B
ellm

a
n
-F
o
rd

is
ev
en

sim
p
ler,

an
d

h
eav

ily
u
sed

in
th
e

In
tern

et,
a
s
it

is
a
b
a
sic

versio
n
o
f
th
e
o
m
n
ip
resen

t
b
ord

er
gatew

ay
p
roto

col
(B

G
P
).

T
h
e
id
ea

is
to

sim
p
ly

keep
th
e
d
ista

n
ce

to
th
e
ro
ot

accu
rate.

If
a

n
eigh

b
or

h
a
s
fo
u
n
d
a
b
etter

ro
u
te

to
th
e
ro
o
t,
a
n
o
d
e
m
igh

t
also

n
eed

to
u
p
d
ate

its
d
istan

ce.

A
lg
o
rith

m
1
4
B
ellm

a
n
-F
ord

B
F
S

1
:
E
a
ch

n
o
d
e
u
sto

res
an

in
teg

er
d
u
w
h
ich

co
rresp

on
d
s
to

th
e
d
istan

ce
from

u
to

th
e
ro
o
t.

In
itia

lly
d
ro
o
t
=

0
,
an

d
d
u
=

∞
for

every
oth

er
n
o
d
e
u
.

2
:
T
h
e
ro
ot

sta
rts

th
e
alg

o
rith

m
b
y
sen

d
in
g
“
1
”
to

all
n
eigh

b
ors.

3
:
if

a
n
o
d
e
u
receives

a
m
essag

e
“y

”
w
ith

y
<

d
u
from

a
n
eigh

b
or

v
th

e
n

4
:

n
o
d
e
u
sets

d
u
:=

y
5
:

n
o
d
e
u
sen

d
s
“
y
+
1
”
to

a
ll
n
eig

h
b
o
rs

(ex
cep

t
v
)

6
:
e
n
d
if

T
h
e
o
re

m
3
.7

(A
n
a
ly
sis

o
f
A
lgo

rith
m

1
4
).

T
h
e
tim

e
co
m
p
lexity

o
f
A
lgo

rith
m

1
4
isO

(D
),

th
e
m
essa

ge
co
m
p
lexity

isO
(n
m
),

w
h
ere

D
,n

,m
a
re

d
efi

n
ed

a
s
in

T
h
eo
rem

3
.6
.

P
ro
o
f:

W
e
ca
n
p
rove

th
e
tim

e
co
m
p
lex

ity
b
y
in
d
u
ction

.
W
e
claim

th
at

a
n
o
d
e

a
t
d
ista

n
ce

d
from

th
e
ro
o
t
h
a
s
received

a
m
essage

“d
”
b
y
tim

e
d
.
T
h
e
ro
ot

3
.4
.

M
S
T

C
O
N
S
T
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N
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k
n
ow

s
b
y
tim

e
0
th
at

it
is

th
e
ro
ot.

A
n
o
d
e
v
at

d
istan

ce
d
h
as

a
n
eigh

b
or

u
at

d
istan

ce
d−

1.
N
o
d
e
u
b
y
in
d
u
ction

sen
d
s
a
m
essage

“
d
”
to

v
at

tim
e
d−

1
or

b
efore,

w
h
ich

is
th
en

receiv
ed

b
y
v
at

tim
e
d
or

b
efore.

M
essage

com
p
lex

ity
is

easier:
A

n
o
d
e
can

red
u
ce

its
d
istan

ce
at

m
ost

n
−

1
tim

es;
each

of
th
ese

tim
es

it
sen

d
s
a
m
essa

ge
to

all
its

n
eigh

b
o
rs.

If
all

n
o
d
es

d
o
th
is
w
e
h
aveO

(n
m
)

m
essages.

R
e
m
a
rk

s:

•
A
lgorith

m
13

h
a
s
th
e
b
etter

m
essage

com
p
lex

ity
an

d
A
lg
orith

m
14

h
as

th
e

b
etter

tim
e
com

p
lex

ity.
T
h
e
cu

rren
tly

b
est

a
lgorith

m
(op

tim
izin

g
b
oth

)
n
eed

s
O
(m

+
n
log

3
n
)
m
essages

an
d
O
(D

log
3
n
)
tim

e.
T
h
is

“trad
e-off

”
algorith

m
is

b
eyon

d
th
e
scop

e
of

th
is

ch
ap

ter,
b
u
t
w
e
w
ill

later
learn

th
e

gen
era

l
tech

n
iq
u
e.

3
.4

M
S
T

C
o
n
str

u
c
tio

n

T
h
ere

are
several

ty
p
es

of
sp
an

n
in
g
trees,

each
serv

in
g
a
d
iff
eren

t
p
u
rp
ose.

A
p
articu

larly
in
terestin

g
sp
an

n
in
g
tree

is
th
e
m
in
im

u
m

sp
an

n
in
g
tree

(M
S
T
).
T
h
e

M
S
T
on

ly
m
ak

es
sen

se
on

w
eigh

ted
grap

h
s,
h
en

ce
in

th
is
section

w
e
assu

m
e
th
at

each
ed

ge
e
is

assign
ed

a
w
eigh

t
ω
e .

D
e
fi
n
itio

n
3
.8

(M
S
T
).

G
iven

a
w
eigh

ted
gra

p
h
G

=
(V

,E
,ω

),
th
e
M
S
T

o
f
G

is
a
spa

n
n
in
g
tree

T
m
in
im

izin
g
ω
(T

),
w
h
ere

ω
(G

′)
=
∑

e∈
G

′ ω
e
fo
r
a
n
y
su
bgra

p
h

G
′⊆

G
.

R
e
m
a
rk

s:

•
In

th
e
follow

in
g
w
e
assu

m
e
th
at

n
o
tw

o
ed

ges
of

th
e
gra

p
h
h
av
e
th
e
sam

e
w
eigh

t.
T
h
is
sim

p
lifi

es
th
e
p
rob

lem
as

it
m
akes

th
e
M
S
T
u
n
iq
u
e;

h
ow

ever,
th
is

sim
p
lifi

catio
n
is

n
ot

essen
tial

a
s
on

e
can

alw
ay
s
b
reak

ties
b
y
ad

d
in
g

th
e
ID

s
of

ad
jacen

t
vertices

to
th
e
w
eigh

t.

•
O
b
v
io
u
sly

w
e
are

in
terested

in
com

p
u
tin

g
th
e
M
S
T

in
a
d
istrib

u
ted

w
ay.

F
or

th
is

w
e
u
se

a
w
ell-k

n
ow

n
lem

m
a
:

D
e
fi
n
itio

n
3
.9

(B
lu
e
E
d
ges).

L
et

T
be

a
spa

n
n
in
g
tree

o
f
th
e
w
eigh

ted
gra

p
h

G
a
n
d
T

′⊆
T

a
su
bgra

p
h
o
f
T

(a
lso

ca
lled

a
fragm

en
t).

E
d
ge

e
=

(u
,v
)
is

a
n

ou
tgoin

g
ed

ge
o
f
T

′
if
u
∈
T

′
a
n
d
v
/∈
T

′
(o
r
vice

versa
).

T
h
e
m
in
im

u
m

w
eigh

t
o
u
tgo

in
g
ed
ge

b(T
′)

is
th
e
so
-ca

lled
b
lu
e
ed

ge
o
f
T

′.

L
e
m
m
a
3
.1
0
.
F
o
r
a
given

w
eigh

ted
gra

p
h
G

(su
ch

th
a
t
n
o
tw
o
w
eigh

ts
a
re

th
e

sa
m
e),

let
T

d
en

o
te

th
e
M
S
T
,
a
n
d
T

′
be

a
fra

gm
en

t
o
f
T
.
T
h
en

th
e
blu

e
ed
ge

o
f
T

′
is

a
lso

pa
rt

o
f
T
,
i.e.,

T
′∪

b(T
′)⊆

T
.

P
ro
of:

F
or

th
e
sake

o
f
con

trad
iction

,
su
p
p
ose

th
at

in
th
e
M
S
T

T
th
ere

is
ed

ge
e6=

b(T
′)
co
n
n
ectin

g
T

′
w
ith

th
e
rem

ain
d
er

of
T
.
A
d
d
in
g
th
e
b
lu
e
ed

ge
b(T

′)
to

th
e
M
S
T

T
w
e
get

a
cy
cle

in
clu

d
in
g
b
oth

e
an

d
b(T

′).
If
w
e
rem

ove
e
from

th
is

cy
cle

w
e
still

h
ave

a
sp
an

n
in
g
tree,

an
d
sin

ce
b
y
th
e
d
efi

n
itio

n
of

th
e
b
lu
e
ed

ge
ω
e
>

ω
b
(T

′) ,
th
e
w
eigh

t
of

th
at

n
ew

sp
an

n
in
g
tree

is
less

th
a
n
th
an

th
e
w
eigh

t
of

T
.
W
e
h
ave

a
con

trad
iction

.
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R
e
m
a
rk

s:

•
In

o
th
er

w
o
rd
s,

th
e
b
lu
e
ed

g
es

seem
to

b
e
th
e
k
ey

to
a
d
istrib

u
ted

al-
g
orith

m
fo
r
th
e
M
S
T

p
ro
b
lem

.
S
in
ce

every
n
o
d
e
itself

is
a
fragm

en
t
of

th
e
M
S
T
,
every

n
o
d
e
d
irectly

h
a
s
a
b
lu
e
ed

ge!
A
ll
w
e
n
eed

to
d
o
is

to
g
row

th
ese

fra
g
m
en
ts!

E
ssen

tia
lly

th
is
is
a
d
istrib

u
ted

v
ersion

of
K
ru
skal’s

seq
u
en
tial

a
lg
o
rith

m
.

•
A
t
a
n
y
g
iven

tim
e
th
e
n
o
d
es

o
f
th
e
g
ra
p
h
a
re

p
artition

ed
in
to

fragm
en
ts

(ro
o
ted

su
b
trees

o
f
th
e
M
S
T
).

E
a
ch

fra
g
m
en
t
h
as

a
ro
ot,

th
e
ID

of
th
e

fra
g
m
en
t
is
th
e
ID

o
f
its

ro
o
t.

E
a
ch

n
o
d
e
k
n
ow

s
its

p
aren

t
an

d
its

ch
ild

ren
in

th
e
fra

g
m
en
t.

T
h
e
a
lg
orith

m
o
p
era

tes
in

p
h
ases.

A
t
th
e
b
egin

n
in
g
of

a
p
h
a
se,

n
o
d
es

k
n
ow

th
e
ID

s
o
f
th
e
fra

gm
en
ts

of
th
eir

n
eigh

b
or

n
o
d
es.

A
lg
o
rith

m
1
5
G
H
S
(G

a
lla

g
er–

H
u
m
b
let–

S
p
ira

)

1
:
In
itia

lly
ea
ch

n
o
d
e
is

th
e
ro
o
t
o
f
its

ow
n
fra

g
m
en
t.

W
e
p
ro
ceed

in
p
h
ases:

2
:
re

p
e
a
t

3
:

A
ll
n
o
d
es

learn
th
e
fra

g
m
en
t
ID

s
o
f
th
eir

n
eigh

b
ors.

4
:

T
h
e
ro
o
t
o
f
ea
ch

fra
g
m
en
t
u
ses

fl
o
o
d
in
g
/
ech

o
in

its
fragm

en
t
to

d
eterm

in
e

th
e
b
lu
e
ed

g
e
b
=

(u
,v
)
of

th
e
fra

g
m
en
t.

5
:

T
h
e
ro
o
t
sen

d
s
a
m
essag

e
to

n
o
d
e
u
;
w
h
ile

forw
ard

in
g
th
e
m
essage

on
th
e

p
a
th

fro
m

th
e
ro
o
t
to

n
o
d
e
u
a
ll
p
a
ren

t-ch
ild

relation
s
are

in
verted

{su
ch

th
a
t
u
is

th
e
n
ew

tem
p
o
ra
ry

ro
o
t
of

th
e
fra

gm
en
t}

6
:

n
o
d
e
u
sen

d
s
a
m
erg

e
req

u
est

over
th
e
b
lu
e
ed

ge
b
=

(u
,v
).

7
:

if
n
o
d
e
v
also

sen
t
a
m
erg

e
req

u
est

over
th
e
sam

e
b
lu
e
ed

ge
b
=

(v
,u

)
th

e
n

8
:

eith
er

u
o
r
v
(w

h
ich

ever
h
a
s
th
e
sm

a
ller

ID
)
is

th
e
n
ew

fragm
en
t
ro
ot

9
:

th
e
b
lu
e
ed

g
e
b
is

d
irected

a
cco

rd
in
g
ly

1
0
:

e
lse

1
1
:

n
o
d
e
v
is

th
e
n
ew

p
a
ren

t
o
f
n
o
d
e
u

1
2
:

e
n
d
if

1
3
:

th
e
n
ew

ly
elected

ro
o
t
n
o
d
e
in
fo
rm

s
a
ll
n
o
d
es

in
its

fragm
en
t
(again

u
sin

g
fl
o
o
d
in
g
/
ech

o
)
ab

o
u
t
its

id
en
tity

1
4
:
u
n
til

a
ll
n
o
d
es

a
re

in
th
e
sa
m
e
fra

g
m
en
t
(i.e.,

th
ere

is
n
o
ou

tgoin
g
ed

ge)

R
e
m
a
rk

s:

•
A
lg
o
rith

m
1
5
w
a
s
sta

ted
in

p
seu

d
o
-co

d
e,

w
ith

a
few

d
etails

n
ot

really
ex
p
la
in
ed

.
F
o
r
in
sta

n
ce,

it
m
ay

b
e
th
a
t
so
m
e
fragm

en
ts

are
m
u
ch

larger
th
a
n
oth

ers,
a
n
d
b
eca

u
se

of
th
a
t
so
m
e
n
o
d
es

m
ay

n
eed

to
w
ait

for
oth

ers,
e.g

.,
if
n
o
d
e
u
n
eed

s
to

fi
n
d
o
u
t
w
h
eth

er
n
eigh

b
or

v
also

w
an

ts
to

m
erge

over
th
e
b
lu
e
ed

g
e
b
=

(u
,v
).

T
h
e
go

o
d
n
ew

s
is

th
at

all
th
ese

d
etails

can
b
e
so
lved

.
W
e
ca
n
fo
r
in
sta

n
ce

b
o
u
n
d
th
e
asy

n
ch
ron

icity
b
y
gu

aran
teein

g
th
a
t
n
o
d
es

o
n
ly

start
th
e
n
ew

p
h
ase

a
fter

th
e
last

p
h
ase

is
d
on

e,
sim

ilarly
to

th
e
p
h
a
se-tech

n
iq
u
e
o
f
A
lg
orith

m
13

.

T
h
e
o
re

m
3
.1
1
(A

n
aly

sis
o
f
A
lg
o
rith

m
1
5
).

T
h
e
tim

e
co
m
p
lexity

o
f
A
lgo

rith
m

1
5
isO

(n
log

n
),

th
e
m
essa

ge
co
m
p
lexity

isO
(m

log
n
).

P
ro
of:

E
a
ch

p
h
a
se

m
ain

ly
co
n
sists

o
f
tw

o
fl
o
o
d
in
g/ech

o
p
ro
cesses.

In
gen

eral,
th
e
cost

o
f
fl
o
o
d
in
g
/
ech

o
o
n
a
tree

isO
(D

)
tim

e
an

d
O
(n
)
m
essages.

H
ow

ever,

B
IB

L
IO

G
R
A
P
H
Y
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th
e
d
iam

eter
D

of
th
e
fragm

en
ts

m
ay

tu
rn

ou
t
to

b
e
n
ot

related
to

th
e
d
iam

eter
of

th
e
grap

h
b
ecau

se
th
e
M
S
T

m
ay

m
ea
n
d
er,

h
en

ce
it

really
isO

(n
)
tim

e.
In

ad
d
ition

,
in

th
e
fi
rst

step
of

each
p
h
ase,

n
o
d
es

n
eed

to
learn

th
e
fragm

en
t
ID

of
th
eir

n
eigh

b
ors;

th
is
can

b
e
d
on

e
in

2
step

s
b
u
t
co
stsO

(m
)
m
essages.

T
h
ere

are
a
few

m
ore

step
s,

b
u
t
th
ey

are
ch
eap

.
A
ltogeth

er
a
p
h
ase

co
stsO

(n
)
tim

e
an

d
O
(m

)
m
essa

ges.
S
o
w
e
on

ly
h
ave

to
fi
gu

re
ou

t
th
e
n
u
m
b
er

of
p
h
ases:

In
itially

all
fragm

en
ts

a
re

sin
gle

n
o
d
es

an
d
h
en

ce
h
ave

size
1.

In
a
later

p
h
ase,

each
fragm

en
t

m
erges

w
ith

at
least

on
e
oth

er
fragm

en
t,
th
at

is,
th
e
size

of
th
e
sm

allest
fragm

en
t

at
least

d
ou

b
les.

In
o
th
er

w
ord

s,
w
e
h
ave

at
m
ost

log
n
p
h
a
ses.

T
h
e
th
eorem

follow
s
d
irectly.

R
e
m
a
rk

s:

•
T
h
e
G
H
S
algorith

m
can

b
e
ap

p
lied

in
d
iff
eren

t
w
ay
s.

G
H
S
for

in
stan

ce
d
irectly

solves
lead

er
election

in
gen

eral
grap

h
s:

T
h
e
lead

er
is

sim
p
ly

th
e

last
su
rv
iv
in
g
ro
ot!

C
h
a
p
te
r
N
o
te
s

T
rees

are
on

e
of

th
e
o
ld
est

grap
h
stru

ctu
res,

alread
y
ap

p
earin

g
in

th
e
fi
rst

b
o
ok

ab
ou

t
grap

h
th
eory

[K
o
e36].

B
road

castin
g
in

d
istrib

u
ted

com
p
u
tin

g
is
y
ou

n
ger,

b
u
t
n
ot

th
a
t
m
u
ch

[D
M
78].

O
verv

iew
s
ab

ou
t
b
ro
ad

castin
g
can

b
e
fo
u
n
d
for

ex
am

p
le

in
C
h
ap

ter
3
of

[P
el00]

an
d
C
h
ap

ter
7
of

[H
K
P
+
05].

F
or

a
in
tro

d
u
ction

to
cen

tralized
tree-con

stru
ction

,
see

e.g.
[E
ve79]

or
[C

L
R
S
09].

O
verv

iew
s
for

th
e

d
istrib

u
ted

case
can

b
e
fou

n
d
in

C
h
ap

ter
5
of

[P
el0

0]
or

C
h
a
p
ter

4
of

[L
y
n
96].

T
h
e
classic

p
ap

ers
on

rou
tin

g
a
re

[F
or56,

B
el58,

D
ij59].

In
a
later

ch
a
p
ter,

w
e

w
ill

later
lea

rn
a
gen

eral
tech

n
iq
u
e
to

d
eriv

e
algorith

m
s
w
ith

an
alm

ost
op

tim
al

tim
e
an

d
m
essage

com
p
lex

ity.
A
lgorith

m
15

is
called

“G
H
S
”
after

G
allager,

H
u
m
b
let,

an
d

S
p
ira,

th
ree

p
ion

eers
in

d
istrib

u
ted

com
p
u
tin

g
[G

H
S
83].

T
h
eir

algorith
m

w
on

th
e
p
resti-

giou
s
E
d
sger

W
.
D
ijk

stra
P
rize

in
D
istrib

u
ted

C
om

p
u
tin

g
in

2004,
am

o
n
g
oth

er
reason

s
b
eca

u
se

it
w
a
s
on

e
of

th
e
fi
rst

n
o
n
-triv

ial
a
sy
n
ch
ron

o
u
s
d
istrib

u
ted

al-
gorith

m
s.

A
s
su
ch

it
can

b
e
seen

as
on

e
of

th
e
seed

s
of

th
is

research
a
rea.

W
e

p
resen

ted
a
sim

p
lifi

ed
v
ersion

of
G
H
S
.
T
h
e
origin

al
p
ap

er
fea

tu
red

an
im

p
roved

m
essage

com
p
lex

ity
o
fO

(m
+

n
log

n
).

L
ater,

A
w
erb

u
ch

m
an

aged
to

fu
rth

er
im

p
rove

th
e
G
H
S
algo

rith
m

to
g
etO

(n
)
tim

e
an

d
O
(m

+
n
lo
g
n
)
m
essa

ge
com

-
p
lex

ity,
b
oth

asy
m
p
to
tically

op
tim

al
[A

w
e87].

B
ib
lio

g
r
a
p
h
y

[A
w
e87]

B
.
A
w
erb

u
ch
.
O
p
tim

al
d
istrib

u
ted

algo
rith

m
s
for

m
in
im

u
m

w
eigh

t
sp
an

n
in
g
tree,

cou
n
tin

g,
lead

er
election

,
an

d
rela

ted
p
rob

lem
s.

In
P
roceed

in
gs

o
f
th
e
n
in
eteen

th
a
n
n
u
a
l
A
C
M

sym
po
siu

m
o
n
T
h
eo
ry

o
f

co
m
p
u
tin

g,
S
T
O
C

’8
7,

p
ages

230–240,
N
ew

Y
ork

,
N
Y
,
U
S
A
,
1987.

A
C
M
.

[B
el58]

R
ich

ard
B
ellm

an
.

O
n

a
R
ou

tin
g
P
rob

lem
.

Q
u
a
rterly

o
f
A
p
p
lied

M
a
th
em

a
tics,

16:87–
90,

1958.

[C
L
R
S
09]

T
h
om

as
H
.
C
orm

en
,
C
h
arles

E
.
L
eiserson

,
R
on

a
ld

L
.
R
iv
est,

an
d

C
liff

ord
S
tein

.
In
trod

u
ctio

n
to

A
lgo

rith
m
s
(3
.
ed
.).

M
IT

P
ress,

2009.
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[D
ij5

9
]
E
.
W

.
D
ijk

stra
.
A
N
o
te

o
n
T
w
o
P
ro
b
lem

s
in

C
on

n
ex
ion

w
ith

G
rap

h
s.

N
u
m
erisch

e
M
a
th
em

a
tik,

1
(1
):2

69
–
2
7
1,

1959.

[D
M
7
8
]
Y
.K

.
D
a
la
l
a
n
d
R
.M

.
M
etca

lfe.
R
everse

p
ath

forw
ard

in
g
of

b
road

cast
p
a
ckets.

C
o
m
m
u
n
ica

tio
n
s
o
f
th
e
A
C
M
,
12:1040–148,

1978.

[E
ve7

9
]
S
.
E
v
en

.
G
ra
p
h
A
lgo

rith
m
s.
C
o
m
p
u
ter

S
cien

ce
P
ress,

R
o
ck
v
ille,

M
D
,

1
9
7
9
.

[F
o
r5
6
]
L
ester

R
.
F
ord

.
N
etw

o
rk

F
low

T
h
eo
ry
.

T
h
e
R
A
N
D

C
o
rpo

ra
tio

n
P
a
per

P
-9
2
3
,
1
95

6
.

[G
H
S
8
3]

R
.
G
.
G
a
lla

g
er,

P
.
A
.
H
u
m
b
let,

an
d
P
.
M
.
S
p
ira.

D
istrib

u
ted

A
lgo-

rith
m

for
M
in
im

u
m
-W

eigh
t
S
p
a
n
n
in
g
T
rees.

A
C
M

T
ra
n
sa
ctio

n
s
o
n

P
rogra

m
m
in
g
L
a
n
gu
a
ges

a
n
d
S
ystem

s,
5(1):66–77,

J
an

u
ary

1983.

[H
K
P
+
0
5
]
J
u
ra
j
H
ro
m
kov

ic,
R
a
lf

K
la
sin

g
,
A
n
d
rzej

P
elc,

P
eter

R
u
zicka,

an
d

W
a
lter

U
n
g
er.

D
issem

in
a
tio

n
o
f
In
fo
rm

a
tio

n
in

C
o
m
m
u
n
ica

tio
n

N
etw

o
rks

-
B
roa

d
ca
stin

g,
G
o
ssip

in
g,

L
ea
d
er

E
lectio

n
,
a
n
d

F
a
u
lt-

T
o
lera

n
ce.

T
ex
ts

in
T
h
eoretica

l
C
o
m
p
u
ter

S
cien

ce.
A
n
E
A
T
C
S
S
e-

ries.
S
p
rin

g
er,

2
0
0
5
.

[K
o
e3
6]

D
en

es
K
o
en

ig
.

T
h
eo
rie

d
er

en
d
lich

en
u
n
d

u
n
en

d
lich

en
G
ra
p
h
en

.
T
eu

b
n
er,

L
eip

zig
,
1
9
3
6
.

[L
y
n
9
6
]
N
a
n
cy

A
.
L
y
n
ch
.
D
istribu

ted
A
lgo

rith
m
s.

M
organ

K
au

fm
an

n
P
u
b
-

lish
ers

In
c.,

S
a
n
F
ra
n
cisco

,
C
A
,
U
S
A
,
1996.

[P
el0

0]
D
av
id

P
eleg

.
D
istribu

ted
co
m
p
u
tin

g:
a
loca

lity-sen
sitive

a
p
p
roa

ch
.

S
o
ciety

fo
r
In
d
u
strial

a
n
d
A
p
p
lied

M
ath

em
atics,

P
h
ilad

elp
h
ia,

P
A
,

U
S
A
,
2
00

0
.

C
h
a
p
te
r
4

D
istr

ib
u
te
d
S
o
r
tin

g

“
In
d
eed

,
I
b
eliev

e
th
at

v
irtu

ally
every

im
p
ortan

t
a
sp
ect

of
p
rogra

m
m
in
g
arises

som
ew

h
ere

in
th
e
con

tex
t
of

sortin
g
[an

d
sea

rch
in
g]!”

–
D
on

ald
E
.
K
n
u
th
,
T
h
e
A
rt

of
C
om

p
u
ter

P
rogram

m
in
g

In
th
is

ch
ap

ter
w
e
stu

d
y
a
classic

p
ro
b
lem

in
com

p
u
ter

scien
ce—

sortin
g—

from
a
d
istrib

u
ted

co
m
p
u
tin

g
p
ersp

ective.
In

con
trast

to
an

orth
o
d
ox

sin
gle-

p
ro
cessor

so
rtin

g
algo

rith
m
,
n
o
n
o
d
e
h
as

access
to

all
d
ata,

in
stead

th
e
to-b

e-
sorted

valu
es

are
d
istribu

ted
.
D
istrib

u
ted

sortin
g
th
en

b
oils

d
ow

n
to:

D
e
fi
n
itio

n
4
.1

(S
ortin

g).
W
e
ch
oo
se

a
gra

p
h
w
ith

n
n
od
es

v
1 ,...,v

n
.
In
itia

lly
ea
ch

n
od
e
sto

res
a
va
lu
e.

A
fter

a
p
p
lyin

g
a
so
rtin

g
a
lgo

rith
m
,
n
od
e
v
k
sto

res
th
e

k
t
h
sm

a
llest

va
lu
e.

R
e
m
a
rk

s:

•
W

h
at

if
w
e
rou

te
all

valu
es

to
th
e
sa
m
e
cen

tral
n
o
d
e
v
,
let

v
sort

th
e
valu

es
lo
cally,

an
d
th
en

ro
u
te

th
em

to
th
e
correct

d
estin

ation
s?!

A
ccord

in
g
to

th
e

m
essa

ge
p
assin

g
m
o
d
el

stu
d
ied

in
th
e
fi
rst

few
ch
ap

ters
th
is

is
p
erfectly

legal.
W

ith
a
star

top
olog

y
sortin

g
fi
n
ish

es
in

O
(1)

tim
e!

D
e
fi
n
itio

n
4
.2

(N
o
d
e
C
on

ten
tion

).
In

ea
ch

step
o
f
a
syn

ch
ro
n
o
u
s
a
lgo

rith
m
,

ea
ch

n
od
e
ca
n
o
n
ly

sen
d
a
n
d
receive

O
(1)

m
essa

ges
co
n
ta
in
in
g
O
(1)

va
lu
es,

n
o

m
a
tter

h
o
w

m
a
n
y
n
eigh

bo
rs

th
e
n
od
e
h
a
s.

R
e
m
a
rk

s:

•
U
sin

g
D
efi

n
ition

4.2
sortin

g
on

a
star

grap
h
tak

es
lin

ea
r
tim

e.

4
.1

A
r
r
a
y
&

M
e
sh

T
o
get

a
b
etter

in
tu
itive

u
n
d
erstan

d
in
g
of

d
istrib

u
ted

sortin
g,

w
e
start

w
ith

tw
o

sim
p
le

top
o
logies,

th
e
array

an
d
th
e
m
esh

.
L
et

u
s
b
egin

w
ith

th
e
array

:
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A
lg
o
rith

m
1
6
O
d
d
/
E
ven

S
o
rt

1
:
G
iven

a
n
a
rray

o
f
n
n
o
d
es

(v
1 ,...,v

n
),
ea
ch

storin
g
a
valu

e
(n
ot

sorted
).

2
:
re

p
e
a
t

3
:

C
o
m
p
a
re

a
n
d
ex
ch
a
n
g
e
th
e
va
lu
es

a
t
n
o
d
es

i
an

d
i
+
1,

i
o
d
d

4
:

C
o
m
p
a
re

a
n
d
ex
ch
a
n
g
e
th
e
valu

es
a
t
n
o
d
es

i
an

d
i
+
1,

i
even

5
:
u
n
til

d
o
n
e

R
e
m
a
rk

s:

•
T
h
e
com

p
a
re

a
n
d
ex
ch
a
n
ge

p
rim

itive
in

A
lgorith

m
16

is
d
efi

n
ed

as
follow

s:
L
et

th
e
va
lu
e
sto

red
a
t
n
o
d
e
i
b
e
v
i .

A
fter

th
e
com

p
are

an
d
ex
ch
an

ge
n
o
d
e

i
stores

va
lu
e
m
in
(v

i ,v
i+

1 )
a
n
d
n
o
d
e
i
+
1
stores

valu
e
m
ax

(v
i ,v

i+
1 ).

•
H
ow

fa
st

is
th
e
a
lg
o
rith

m
,
a
n
d
h
ow

ca
n
w
e
p
rove

correctn
ess/effi

cien
cy
?

•
T
h
e
m
o
st

in
terestin

g
p
ro
o
f
u
ses

th
e
so
-ca

lled
0-1

S
ortin

g
L
em

m
a.

It
allow

s
u
s
to

restrict
ou

r
a
tten

tio
n
to

a
n
in
p
u
t
o
f
0
’s
an

d
1’s

on
ly,

an
d
w
ork

s
for

an
y

“o
b
liv

io
u
s
co
m
p
a
riso

n
-ex

ch
a
n
g
e”

a
lg
o
rith

m
.
(O

b
liv

iou
s
m
ean

s:
W

h
eth

er
yo
u
ex
ch
a
n
g
e
tw

o
va
lu
es

m
u
st

o
n
ly

d
ep

en
d
on

th
e
relativ

e
ord

er
of

th
e

tw
o
valu

es,
a
n
d
n
ot

o
n
a
n
y
th
in
g
else.)

L
e
m
m
a
4
.3

(0
-1

S
o
rtin

g
L
em

m
a
).

If
a
n
o
blivio

u
s
co
m
pa
riso

n
-exch

a
n
ge

a
lgo

-
rith

m
so
rts

a
ll
in
p
u
ts

o
f
0
’s

a
n
d
1
’s,

th
en

it
so
rts

a
rbitra

ry
in
p
u
ts.

P
roo

f.
W
e
p
rove

th
e
op

p
o
site

d
irectio

n
(d
o
es

n
o
t
sort

arb
itrary

in
p
u
ts⇒

d
o
es

n
o
t
so
rt

0
’s

a
n
d
1
’s).

A
ssu

m
e
th
a
t
th
ere

is
a
n
in
p
u
t
x
=

x
1 ,...,x

n
th
at

is
n
ot

so
rted

co
rrectly.

T
h
en

th
ere

is
a
sm

a
llest

va
lu
e
k
su
ch

th
at

th
e
valu

e
at

n
o
d
e

v
k
a
fter

ru
n
n
in
g
th
e
so
rtin

g
a
lg
o
rith

m
is

strictly
larger

th
an

th
e
k
t
h
sm

allest
va
lu
e
x
(k
).

D
efi

n
e
a
n
in
p
u
t
x
∗i
=

0
⇔

x
i ≤

x
(k
),

x
∗i
=

1
else.

W
h
en

ever
th
e

alg
orith

m
co
m
p
ares

a
p
a
ir
o
f
1
’s
o
r
0
’s,

it
is
n
o
t
im

p
ortan

t
w
h
eth

er
it
ex
ch
an

ges
th
e
valu

es
o
r
n
o
t,

so
w
e
m
ay

sim
p
ly

a
ssu

m
e
th
at

it
d
o
es

th
e
sam

e
as

on
th
e

in
p
u
t
x
.

O
n
th
e
oth

er
h
an

d
,
w
h
en

ev
er

th
e
a
lg
o
rith

m
ex
ch
an

ges
som

e
valu

es
x
∗i
=

0
a
n
d
x
∗j
=

1
,
th
is

m
ea
n
s
th
a
t
x
i ≤

x
(k
)
<

x
j .

T
h
erefore,

in
th
is

case
th
e

resp
ective

co
m
p
a
re-ex

ch
a
n
g
e
o
p
era

tio
n
w
ill

d
o
th
e
sam

e
on

b
oth

in
p
u
ts.

W
e

co
n
clu

d
e
th
a
t
th
e
a
lg
orith

m
w
ill

ord
er

x
∗
th
e
sa
m
e
w
ay

as
x
,
i.e.,

th
e
ou

tp
u
t

w
ith

o
n
ly

0
’s

a
n
d
1’s

w
ill

a
lso

n
o
t
b
e
co
rrect.

T
h
e
o
re

m
4
.4
.
A
lgo

rith
m

1
6
so
rts

co
rrectly

in
n
step

s.

P
roo

f.
T
h
a
n
k
s
to

lem
m
a
4
.3

w
e
o
n
ly

n
eed

to
co
n
sid

er
an

array
w
ith

0’s
an

d
1’s.

L
et

j
1
b
e
th
e
n
o
d
e
w
ith

th
e
righ

tm
o
st

(h
ig
h
est

in
d
ex
)
1.

If
j
1
is

o
d
d
(even

)
it

w
ill

m
ov
e
in

th
e
fi
rst

(seco
n
d
)
step

.
In

an
y
case

it
w
ill

m
ove

righ
t
in

ev
ery

fo
llow

in
g
step

u
n
til

it
rea

ch
es

th
e
rig

h
tm

ost
n
o
d
e
v
n
.
L
et

j
k
b
e
th
e
n
o
d
e
w
ith

th
e
k
t
h
rig

h
tm

o
st

1
.
W
e
sh
ow

b
y
in
d
u
ctio

n
th
a
t
j
k
is

n
ot

“b
lo
cked

”
an

y
m
ore

(co
n
stan

tly
m
oves

u
n
til

it
rea

ch
es

d
estin

atio
n
!)

after
step

k
.
W
e
h
ave

alread
y

a
n
ch
o
red

th
e
in
d
u
ctio

n
a
t
k
=

1
.
S
in
ce

j
k−

1
m
ov
es

after
step

k
−

1,
j
k
gets

a
rig

h
t
0
-n
eig

h
b
o
r
fo
r
each

step
after

step
k
.
(F
or

m
atters

o
f
p
resen

tation
w
e

o
m
itted

a
co
u
p
le

o
f
sim

p
le

d
etails.)

4
.1
.
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A
lg
o
rith

m
1
7
S
h
earsort

1
:
W
e
are

giv
en

a
m
esh

w
ith

m
row

s
an

d
m

colu
m
n
s,

m
even

,
n
=

m
2.

2
:
T
h
e
sortin

g
algorith

m
op

era
tes

in
p
h
a
ses,

an
d
u
ses

th
e
o
d
d
/even

sort
algo-

rith
m

on
row

s
or

colu
m
n
s.

3
:
re

p
e
a
t

4
:

In
th
e
o
d
d
p
h
ases

1,3
,...

w
e
sort

a
ll
th
e
row

s,
in

th
e
even

p
h
ases

2
,4
,...

w
e
so
rt

all
th
e
colu

m
n
s,

su
ch

th
at:

5
:

C
olu

m
n
s
are

so
rted

su
ch

th
at

th
e
sm

all
valu

es
m
ove

u
p
.

6
:

O
d
d
row

s
(1,3,...,m

−
1
)
are

sorted
su
ch

th
at

sm
all

valu
es

m
ov
e
left.

7
:

E
ven

row
s
(2
,4
,...,m

)
a
re

sorted
su
ch

th
at

sm
all

valu
es

m
ov
e
righ

t.
8
:
u
n
til

d
o
n
e

R
e
m
a
rk

s:

•
L
in
ear

tim
e
is

n
ot

very
ex
citin

g,
m
ay

b
e
w
e
can

d
o
b
etter

b
y
u
sin

g
a
d
if-

feren
t
top

ology
?
L
et’s

try
a
m
esh

(a.k
.a.

grid
)
top

ology
fi
rst.

T
h
e
o
re

m
4
.5
.
A
lgo

rith
m

1
7
so
rts

n
va
lu
es

in
√
n
(log

n
+
1)

tim
e
in

sn
a
ke-like

o
rd
er.

P
roo

f.
S
in
ce

th
e
algo

rith
m

is
o
b
liv

iou
s,

w
e
can

u
se

lem
m
a
4
.3.

W
e
sh
ow

th
at

after
a
row

an
d
a
colu

m
n
p
h
ase,

h
alf

of
th
e
p
rev

iou
sly

u
n
so
rted

row
s
w
ill

b
e

sorted
.
M
ore

form
ally,

let
u
s
ca
ll
a
row

w
ith

on
ly

0
’s

(or
on

ly
1’s)

clea
n
,
a
row

w
ith

0’s
a
n
d

1’s
is

d
irty.

A
t
a
n
y
stage,

th
e
row

s
of

th
e
m
esh

can
b
e
d
iv
id
ed

in
to

th
ree

region
s.

In
th
e
n
orth

w
e
h
av
e
a
region

of
all-0

row
s,
in

th
e
so
u
th

all-1
row

s,
in

th
e
m
id
d
le

a
region

of
d
irty

row
s.

In
itially

all
row

s
can

b
e
d
irty.

S
in
ce

n
eith

er
row

n
or

colu
m
n
sort

w
ill

tou
ch

a
lread

y
clea

n
row

s,
w
e
ca
n
con

cen
trate

on
th
e
d
irty

row
s.

F
irst

w
e
ru
n

an
o
d
d

p
h
ase.

T
h
en

,
in

th
e
even

p
h
ase,

w
e
ru
n

a
p
ecu

liar
colu

m
n
sorter:

W
e
grou

p
tw

o
con

secu
tiv

e
d
irty

row
s
in
to

p
airs.

S
in
ce

o
d
d
an

d
even

row
s
a
re

sorted
in

op
p
osite

d
irection

s,
tw

o
co
n
secu

tive
d
irty

row
s
lo
ok

as
follow

s:

0
0
0
0
0
...1

1
1
1
1

1
1
1
1
1
...0

0
0
0
0

S
u
ch

a
p
air

can
b
e
in

on
e
of

th
ree

states.
E
ith

er
w
e
h
ave

m
o
re

0’s
th
a
n
1’s,

or
m
ore

1’s
th
a
n
0’s,

or
an

eq
u
al

n
u
m
b
er

of
0’s

an
d
1’s.

C
olu

m
n
-sortin

g
each

p
air

w
ill

give
u
s
at

least
o
n
e
clean

row
(an

d
tw

o
clean

row
s
if
“|0|

=
|1|”

).
T
h
en

m
ov
e
th
e
clean

ed
row

s
n
orth

/so
u
th

an
d
w
e
w
ill

b
e
left

w
ith

h
alf

th
e
d
irty

row
s.

A
t
fi
rst

g
lan

ce
it
a
p
p
ears

th
at

w
e
n
eed

su
ch

a
p
ecu

liar
colu

m
n
sorter.

H
ow

-
ever,

an
y
co
lu
m
n
sorter

sorts
th
e
colu

m
n
s
in

ex
actly

th
e
sam

e
w
ay

(w
e
are

v
ery

gratefu
l
to

h
ave

lem
m
a
4.3!).

A
ll
in

all
w
e
n
eed

2
log

m
=

log
n
p
h
ases

to
rem

ain
on

ly
w
ith

1
d
irty

row
in

th
e
m
id
d
le

w
h
ich

w
ill

b
e
sorted

(n
ot

clea
n
ed

)
w
ith

th
e
last

row
-sort.
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R
e
m
a
rk

s:

•
T
h
ere

a
re

a
lgo

rith
m
s
th
a
t
so
rt

in
3
m

+
o(m

)
tim

e
on

an
m

b
y
m

m
esh

(b
y
d
iv
in
g
th
e
m
esh

in
to

sm
a
ller

b
lo
ck
s).

T
h
is

is
asy

m
p
totically

op
tim

al,
sin

ce
a
valu

e
m
igh

t
n
eed

to
m
ove

2m
tim

es.

•
S
u
ch

a
√
n
-so

rter
is

cu
te,

b
u
t
w
e
a
re

m
o
re

am
b
itiou

s.
T
h
ere

are
n
on

-
d
istrib

u
ted

so
rtin

g
a
lg
orith

m
s
su
ch

a
s
q
u
ick

sort,
h
eap

sort,
or

m
ergesort

th
a
t
sort

n
va
lu
es

in
(ex

p
ected

)O
(n

lo
g
n
)
tim

e.
U
sin

g
ou

r
n
-fold

p
aral-

lelism
eff

ectiv
ely

w
e
m
ig
h
t
th
erefo

re
h
o
p
e
for

a
d
istrib

u
ted

sortin
g
algo-

rith
m

th
at

so
rts

in
tim

e
O
(lo

g
n
)!

4
.2

S
o
r
tin

g
N
e
tw

o
r
k
s

In
th
is

sectio
n
w
e
co
n
stru

ct
a
grap

h
to
p
olo

g
y
w
h
ich

is
carefu

lly
m
an

u
factu

red
fo
r
so
rtin

g
.
T
h
is

is
a
d
ev
ia
tio

n
fro

m
p
rev

io
u
s
ch
a
p
ters

w
h
ere

w
e
alw

ay
s
h
ad

to
w
o
rk

w
ith

th
e
top

o
lo
g
y
th
a
t
w
as

g
iven

to
u
s.

In
m
an

y
ap

p
lication

areas
(e.g.

p
eer-to

-p
eer

n
etw

o
rk
s,

com
m
u
n
ica

tio
n
sw

itch
es,

sy
stolic

h
ard

w
are)

it
is

in
d
eed

p
o
ssib

le
(in

fa
ct,

cru
cia

l!)
th
a
t
a
n
en

g
in
eer

ca
n
b
u
ild

th
e
top

ology
b
est

su
ited

fo
r
a
n
a
p
p
lica

tio
n
.

D
e
fi
n
itio

n
4
.6

(S
o
rtin

g
N
etw

o
rk
s).

A
com

p
ara

tor
is

a
d
evice

w
ith

tw
o
in
p
u
ts

x
,y

a
n
d
tw
o
o
u
tp
u
ts

x
′,y

′
su
ch

th
a
t
x
′
=

m
in
(x
,y
)
a
n
d
y
′
=

m
a
x
(x
,y
).

W
e

co
n
stru

ct
so
-ca

lled
co
m
p
a
riso

n
n
etw

o
rk
s
th
a
t
co
n
sist

o
f
w
ires

th
a
t
co
n
n
ect

co
m
-

pa
ra
to
rs

(th
e
o
u
tp
u
t
po
rt

o
f
a
co
m
pa
ra
to
r
is

sen
t
to

a
n
in
p
u
t
po
rt

o
f
a
n
o
th
er

co
m
pa
ra
to
r).

S
o
m
e
w
ires

a
re

n
o
t
co
n
n
ected

to
co
m
pa
ra
to
r
o
u
tp
u
ts,

a
n
d
so
m
e

a
re

n
o
t
co
n
n
ected

to
co
m
pa
ra
to
r
in
p
u
ts.

T
h
e
fi
rst

a
re

ca
lled

in
p
u
t
w
ires

o
f
th
e

co
m
pa
riso

n
n
etw

o
rk,

th
e
seco

n
d
o
u
tp
u
t
w
ires.

G
iven

n
va
lu
es

o
n
th
e
in
p
u
t
w
ires,

a
sortin

g
n
etw

ork
en

su
res

th
a
t
th
e
va
lu
es

a
re

so
rted

o
n
th
e
o
u
tp
u
t
w
ires.

W
e
w
ill

a
lso

u
se

th
e
term

w
id
th

to
in
d
ica

te
th
e
n
u
m
ber

o
f
w
ires

in
th
e
so
rtin

g
n
etw

o
rk.

R
e
m
a
rk

s:

•
T
h
e
o
d
d
/
ev
en

so
rter

ex
p
la
in
ed

in
A
lg
orith

m
16

can
b
e
d
escrib

ed
as

a
so
rtin

g
n
etw

o
rk
.

•
O
ften

w
e
w
ill

d
raw

a
ll
th
e
w
ires

o
n
n
h
o
rizon

tal
lin

es
(n

b
ein

g
th
e
“w

id
th
”

of
th
e
n
etw

o
rk
).

C
o
m
p
arato

rs
a
re

th
en

vertically
con

n
ectin

g
tw

o
of

th
ese

lin
es.

•
N
o
te

th
at

a
so
rtin

g
n
etw

o
rk

is
an

o
b
liv

io
u
s
com

p
arison

-ex
ch
an

ge
n
etw

ork
.

C
o
n
seq

u
en
tly

w
e
ca
n
a
p
p
ly

lem
m
a
4
.3

th
rou

gh
ou

t
th
is
section

.
A
n
ex
am

-
p
le

so
rtin

g
n
etw

o
rk

is
d
ep

icted
in

fi
g
u
re

4
.1.

D
e
fi
n
itio

n
4
.7

(D
ep

th
).

T
h
e
d
ep
th

o
f
a
n

in
p
u
t
w
ire

is
0.

T
h
e
d
ep
th

o
f
a

co
m
pa
ra
to
r
is

th
e
m
a
xim

u
m

d
ep
th

o
f
its

in
p
u
t
w
ires

p
lu
s
o
n
e.

T
h
e
d
ep
th

o
f

a
n
o
u
tp
u
t
w
ire

o
f
a
co
m
pa
ra
to
r
is

th
e
d
ep
th

o
f
th
e
co
m
pa
ra
to
r.

T
h
e
d
ep
th

o
f
a

co
m
pa
riso

n
n
etw

o
rk

is
th
e
m
a
xim

u
m

d
ep
th

(o
f
a
n
o
u
tp
u
t
w
ire).

D
e
fi
n
itio

n
4
.8

(B
ito

n
ic
S
eq
u
en

ce).
A
b
ito

n
ic
seq

u
en

ce
is
a
sequ

en
ce

o
f
n
u
m
bers

th
a
t
fi
rst

m
o
n
o
to
n
ica

lly
in
crea

ses,
a
n
d
th
en

m
o
n
o
to
n
ica

lly
d
ecrea

ses,
o
r
vice

versa
.
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F
igu

re
4.1:

A
sortin

g
n
etw

ork
.

R
e
m
a
rk

s:

•
<

1,4
,6
,8,3,2

>
or

<
5
,3,2,1,4,8

>
are

b
ito

n
ic

seq
u
en

ces.

•
<

9
,6
,2
,3,5,4

>
or

<
7,4,2,5,9

,8
>

are
n
ot

b
iton

ic.

•
S
in
ce

w
e
restrict

ou
rselves

to
0’s

an
d
1’s

(lem
m
a
4.3),

b
iton

ic
seq

u
en

ces
h
ave

th
e
form

0
i1

j0
k
or

1
i0

j1
k
for

i,j,k
≥

0.

A
lg
o
rith

m
1
8
H
alf

C
lean

er

1
:
A

h
alf

clean
er

is
a
com

p
arison

n
etw

o
rk

of
d
ep

th
1,

w
h
ere

w
e
com

p
are

w
ire

i
w
ith

w
ire

i
+

n
/
2
for

i
=

1,...,n
/
2
(w

e
assu

m
e
n
to

b
e
ev
en

).

L
e
m
m
a
4
.9
.
F
eed

in
g
a
bito

n
ic

sequ
en

ce
in
to

a
h
a
lf
clea

n
er

(A
lgo

rith
m

1
8
),

th
e

h
a
lf
clea

n
er

clea
n
s
(m

a
kes

a
ll-0

o
r
a
ll-1)

eith
er

th
e
u
p
per

o
r
th
e
lo
w
er

h
a
lf
o
f

th
e
n
w
ires.

T
h
e
o
th
er

h
a
lf
is

bito
n
ic.

P
roo

f.
A
ssu

m
e
th
at

th
e
in
p
u
t
is
of

th
e
form

0
i1

j0
k
for

i,j,k
≥

0.
If
th
e
m
id
p
oin

t
falls

in
to

th
e
0’s,

th
e
in
p
u
t
is

alread
y
clean

/b
iton

ic
an

d
w
ill

stay
so
.

If
th
e

m
id
p
oin

t
fa
lls

in
to

th
e
1’s

th
e
h
alf

clean
er

acts
as

S
h
earsort

w
ith

tw
o
ad

jacen
t

row
s,
ex
actly

as
in

th
e
p
ro
of

of
th
eorem

4
.5.

T
h
e
case

1
i0

j1
k
is
sy
m
m
etric.

A
lg
o
rith

m
1
9
B
iton

ic
S
eq
u
en

ce
S
orter

1
:
A

b
iton

ic
seq

u
en

ce
sorter

o
f
w
id
th

n
(n

b
ein

g
a
p
ow

er
of

2)
con

sists
of

a
h
alf

clea
n
er

of
w
id
th

n
,
an

d
th
en

tw
o
b
iton

ic
seq

u
en

ce
so
rters

of
w
id
th

n
/
2

each
.

2
:
A

b
iton

ic
seq

u
en

ce
sorter

o
f
w
id
th

1
is

em
p
ty.

L
e
m
m
a
4
.1
0
.
A

bito
n
ic

sequ
en

ce
so
rter

(A
lgo

rith
m

1
9
)
o
f
w
id
th

n
so
rts

bito
n
ic

sequ
en

ces.
It

h
a
s
d
ep
th

log
n
.
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C
H
A
P
T
E
R

4
.

D
IS
T
R
IB

U
T
E
D

S
O
R
T
IN

G

P
roo

f.
T
h
e
p
ro
o
f
fo
llow

s
d
irectly

fro
m

th
e
A
lgo

rith
m

19
an

d
lem

m
a
4.9.

R
e
m
a
rk

s:

•
C
learly

w
e
w
a
n
t
to

so
rt

a
rb
itrary

a
n
d
n
o
t
on

ly
b
iton

ic
seq

u
en

ces!
T
o
d
o

th
is

w
e
n
eed

on
e
m
o
re

co
n
cep

t,
m
erg

in
g
n
etw

ork
s.

A
lg
o
rith

m
2
0
M
erg

in
g
N
etw

o
rk

1
:
A

m
erg

in
g
n
etw

o
rk

o
f
w
id
th

n
is
a
m
erg

er
o
f
w
id
th

n
follow

ed
b
y
tw

o
b
iton

ic
seq

u
en

ce
so
rters

o
f
w
id
th

n
/
2
.
A

m
erg

er
is

a
d
ep

th
-on

e
n
etw

ork
w
h
ere

w
e

com
p
a
re

w
ire

i
w
ith

w
ire

n
−

i
+
1
,
fo
r
i
=

1,...,n
/
2.

R
e
m
a
rk

s:

•
N
o
te

th
a
t
a
m
erg

in
g
n
etw

o
rk

is
a
b
ito

n
ic

seq
u
en

ce
sorter

w
h
ere

w
e
rep

lace
th
e
(fi
rst)

h
a
lf-clean

er
b
y
a
m
erg

er.

L
e
m
m
a
4
.1
1
.
A

m
ergin

g
n
etw

o
rk

o
f
w
id
th

n
(A

lgo
rith

m
2
0
)
m
erges

tw
o
so
rted

in
p
u
t
sequ

en
ces

o
f
len

gth
n
/
2
ea
ch

in
to

o
n
e
so
rted

sequ
en

ce
o
f
len

gth
n
.

P
roo

f.
W
e
h
ave

tw
o
so
rted

in
p
u
t
seq

u
en

ces.
E
ssen

tially,
a
m
erger

d
o
es

to
tw

o
so
rted

seq
u
en

ces
w
h
a
t
a
h
a
lf
clea

n
er

d
o
es

to
a
b
iton

ic
seq

u
en

ce,
sin

ce
th
e
low

er
p
a
rt

of
th
e
in
p
u
t
is

reversed
.
In

o
th
er

w
o
rd
s,

w
e
can

u
se

sam
e
argu

m
en
t
as

in
th
eo
rem

4
.5

a
n
d
lem

m
a
4
.9
:
A
g
ain

,
after

th
e
m
erg

er
step

eith
er

th
e
u
p
p
er

or
th
e

low
er

h
a
lf
is

clean
,
th
e
o
th
er

is
b
ito

n
ic.

T
h
e
b
iton

ic
seq

u
en

ce
sorters

com
p
lete

so
rtin

g
.

R
e
m
a
rk

s:

•
H
ow

d
o
yo
u
so
rt

n
valu

es
w
h
en

you
a
re

a
b
le
to

m
erge

tw
o
sorted

seq
u
en

ces
of

size
n
/
2
?
P
iece

o
f
ca
ke,

ju
st

a
p
p
ly

th
e
m
erger

recu
rsively.

A
lg
o
rith

m
2
1
B
a
tch

er’s
“
B
ito

n
ic”

S
ortin

g
N
etw

ork

1
:
A

b
a
tch

er
so
rtin

g
n
etw

o
rk

o
f
w
id
th

n
co
n
sists

of
tw

o
b
atch

er
sortin

g
n
et-

w
o
rk
s
o
f
w
id
th

n
/
2
fo
llow

ed
b
y
a
m
erg

in
g
n
etw

ork
of

w
id
th

n
.
(S
ee

fi
gu

re
4
.2.)

2
:
A

b
a
tch

er
so
rtin

g
n
etw

o
rk

o
f
w
id
th

1
is

em
p
ty.

T
h
e
o
re

m
4
.1
2
.
A

so
rtin

g
n
etw

o
rk

(A
lgo

rith
m

2
1
)
so
rts

a
n
a
rbitra

ry
sequ

en
ce

o
f
n
va
lu
es.

It
h
a
s
d
ep
th

O
(lo

g
2
n
).

P
roo

f.
C
o
rrectn

ess
is

im
m
ed

ia
te:

at
recu

rsive
sta

ge
k
(k

=
1
,2,3,...,log

n
)
w
e

m
erg

e
2
k)

sorted
seq

u
en

ces
in
to

2
k−

1
so
rted

seq
u
en

ces.
T
h
e
d
ep

th
d
(n
)
of

th
e

so
rtin

g
n
etw

o
rk

o
f
level

n
is

th
e
d
ep

th
o
f
a
so
rtin

g
n
etw

ork
of

level
n
/
2
p
lu
s

th
e
d
ep

th
m
(n
)
o
f
a
m
erg

in
g
n
etw

o
rk

w
ith

w
id
th

n
.
T
h
e
d
ep

th
of

a
sorter

of
level

1
is

0
sin

ce
th
e
so
rter

is
em

p
ty.

S
in
ce

a
m
ergin

g
n
etw

ork
of

w
id
th

n
h
as

th
e
sam

e
d
ep

th
a
s
a
b
ito

n
ic

seq
u
en

ce
so
rter

o
f
w
id
th

n
,
w
e
k
n
ow

b
y
lem

m
a

4
.1
0
th
a
t
m
(n
)
=

lo
g
n
.
T
h
is

g
ives

a
recu

rsive
fo
rm

u
la

for
d
(n
)
w
h
ich

solves
to

d
(n
)
=

12
lo
g
2
n
+

12
lo
g
n
.
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...

B[w/2]B[w/2]B[w/2]

M[w]

B
[w

]

......

...

......

F
igu

re
4.2:

A
b
atch

er
sortin

g
n
etw

ork

R
e
m
a
rk

s:

•
S
im

u
la
tin

g
B
atch

er’s
sortin

g
n
etw

ork
on

an
o
rd
in
ary

seq
u
en
tial

com
p
u
ter

takes
tim

e
O
(n

log
2
n
).

A
s
said

,
th
ere

are
seq

u
en
tial

sortin
g
alg

orith
m
s

th
at

so
rt

in
asy

m
p
totically

op
tim

al
tim

eO
(n

log
n
).

S
o
a
n
atu

ral
q
u
estion

is
w
h
eth

er
th
ere

is
a
sortin

g
n
etw

ork
w
ith

d
ep

th
O
(log

n
).

S
u
ch

a
n
etw

ork
w
ou

ld
h
av
e
som

e
rem

arkab
le

ad
van

tages
over

seq
u
en
tial

asy
m
p
totically

op
tim

al
sortin

g
algorith

m
s
su
ch

as
h
eap

sort.
A
p
art

from
b
ein

g
h
igh

ly
p
arallel,

it
w
ou

ld
b
e
com

p
letely

ob
liv

iou
s,
an

d
as

su
ch

p
erfectly

su
ited

for
a
fast

h
ard

w
are

solu
tion

.
In

1983,
A
jtai,

K
om

los,
an

d
S
zem

ered
i
p
resen

ted
a
celeb

rated
O
(log

n
)
d
ep

th
sortin

g
n
etw

ork
.

(U
n
lik

e
B
atch

er’s
sortin

g
n
etw

o
rk

th
e
con

stan
t
h
id
d
en

in
th
e
b
ig-O

of
th
e
“A

K
S
”
sortin

g
n
etw

ork
is

to
o
large

to
b
e
p
ractica

l,
h
ow

ever.)

•
It

can
b
e
sh
ow

n
th
at

B
atch

er’s
sortin

g
n
etw

o
rk

an
d
sim

ilarly
oth

ers
can

b
e
sim

u
lated

b
y
a
B
u
tterfl

y
n
etw

ork
an

d
oth

er
h
y
p
ercu

b
ic

n
etw

ork
s,

see
n
ex
t
ch
ap

ter.

•
W

h
at

if
a
sortin

g
n
etw

ork
is
asy

n
ch
ron

ou
s?!?

C
learly,

u
sin

g
a
sy
n
ch
ron

izer
w
e
can

still
sort,

b
u
t
it
is
also

p
ossib

le
to

u
se

it
for

som
eth

in
g
else.

C
h
eck

ou
t
th
e
n
ex
t
section

!

4
.3

C
o
u
n
tin

g
N
e
tw

o
r
k
s

In
th
is
section

w
e
ad

d
ress

d
istrib

u
ted

cou
n
tin

g,
a
d
istrib

u
ted

serv
ice

w
h
ich

can
for

in
stan

ce
b
e
u
sed

for
load

b
a
lan

cin
g.

D
e
fi
n
itio

n
4
.1
3

(D
istrib

u
ted

C
ou

n
tin

g).
A

d
istrib

u
ted

cou
n
ter

is
a
va
ria

ble
th
a
t
is

co
m
m
o
n
to

a
ll
p
rocesso

rs
in

a
system

a
n
d
th
a
t
su
p
po
rts

a
n
a
to
m
ic

test-
an

d
-in

crem
en
t
o
pera

tio
n
.
T
h
e
o
pera

tio
n
d
elivers

th
e
system

’s
co
u
n
ter

va
lu
e
to

th
e
requ

estin
g
p
rocesso

r
a
n
d
in
crem

en
ts

it.
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C
o
u
n
tin

g
N
etw

o
rk
s

R
e
m
a
rk

s:

•
A

n
a
iv
e
d
istrib

u
ted

co
u
n
ter

sto
res

th
e
sy
stem

’s
cou

n
ter

valu
e
w
ith

a
d
is-

tin
gu

ish
ed

cen
tral

n
o
d
e.

W
h
en

o
th
er

n
o
d
es

in
itiate

th
e
test-an

d
-in

crem
en
t

o
p
era

tio
n
,
th
ey

sen
d
a
req

u
est

m
essa

ge
to

th
e
cen

tral
n
o
d
e
an

d
in

tu
rn

receive
a
rep

ly
m
essa

g
e
w
ith

th
e
cu

rren
t
co
u
n
ter

valu
e.

H
ow

ever,
w
ith

a
la
rg
e
n
u
m
b
er

o
f
n
o
d
es

o
p
eratin

g
o
n
th
e
d
istrib

u
ted

cou
n
ter,

th
e
cen

tral
p
ro
cesso

r
w
ill

b
eco

m
e
a
b
o
ttlen

eck
.
T
h
ere

w
ill

b
e
a
con

gestion
of

req
u
est

m
essa

g
es

a
t
th
e
cen

tra
l
p
ro
cesso

r,
in

oth
er

w
ord

s,
th
e
sy
stem

w
ill

n
ot

sca
le.

•
Is

a
sca

la
b
le

im
p
lem

en
ta
tio

n
(w

ith
o
u
t
an

y
k
in
d
of

b
ottlen

eck
)
of

su
ch

a
d
istrib

u
ted

co
u
n
ter

p
o
ssib

le,
o
r
is

d
istrib

u
ted

cou
n
tin

g
a
p
rob

lem
w
h
ich

is
in
h
eren

tly
cen

tra
lized

?!?

•
D
istrib

u
ted

co
u
n
tin

g
co
u
ld

fo
r
in
sta

n
ce

b
e
u
sed

to
im

p
lem

en
t
a
load

b
al-

a
n
cin

g
in
fra

stru
ctu

re,
i.e.

b
y
sen

d
in
g
th
e
jo
b
w
ith

cou
n
ter

valu
e
i
(m

o
d
u
lo

n
)
to

server
i
(ou

t
o
f
n
p
o
ssib

le
servers).

D
e
fi
n
itio

n
4
.1
4

(B
alan

cer).
A

ba
la
n
cer

is
a
n

a
syn

ch
ro
n
o
u
s
fl
ip
-fl
o
p

w
h
ich

fo
rw

a
rd
s
m
essa

ges
th
a
t
a
rrive

o
n
th
e
left

sid
e
to

th
e
w
ires

o
n
th
e
righ

t,
th
e
fi
rst

to
th
e
u
p
per,

th
e
seco

n
d
to

th
e
lo
w
er,

th
e
th
ird

to
th
e
u
p
per,

a
n
d
so

o
n
.

A
lg
o
rith

m
2
2
B
iton

ic
C
o
u
n
tin

g
N
etw

o
rk
.

1
:
T
a
ke

B
a
tch

er’s
b
ito

n
ic

sortin
g
n
etw

o
rk

o
f
w
id
th

w
an

d
rep

lace
all

th
e
com

-
p
ara

tors
w
ith

b
a
la
n
cers.

2
:
W

h
en

a
n
o
d
e
w
a
n
ts

to
co
u
n
t,
it
sen

d
s
a
m
essage

to
an

arb
itrary

in
p
u
t
w
ire.

3
:
T
h
e
m
essag

e
is

th
en

ro
u
ted

th
rou

g
h
th
e
n
etw

ork
,
follow

in
g
th
e
ru
les

of
th
e

a
sy
n
ch
ron

o
u
s
b
a
la
n
cers.

4
:
E
a
ch

o
u
tp
u
t
w
ire

is
co
m
p
leted

w
ith

a
“
m
in
i-cou

n
ter.”

5
:
T
h
e
m
in
i-co

u
n
ter

o
f
w
ire

k
rep

lies
th
e
va
lu
e
“
k
+

i·
w
”
to

th
e
in
itiator

of
th
e
i
t
h
m
essa

g
e
it
receives.

D
e
fi
n
itio

n
4
.1
5

(S
tep

P
ro
p
erty

).
A

sequ
en

ce
y
0 ,y

1 ,...,y
w
−
1
is

sa
id

to
h
a
ve

th
e
step

p
ro
p
erty

,
if
0
≤

y
i −

y
j ≤

1
,
fo
r
a
n
y
i
<

j.

R
e
m
a
rk

s:

•
If

th
e
o
u
tp
u
t
w
ires

h
ave

th
e
step

p
ro
p
erty,

th
en

w
ith

r
req

u
ests,

ex
actly

th
e
valu

es
1
,...,r

w
ill

b
e
a
ssig

n
ed

b
y
th
e
m
in
i-cou

n
ters.

A
ll
w
e
n
eed

to
sh
ow

is
th
at

th
e
co
u
n
tin

g
n
etw

o
rk

h
as

th
e
step

p
rop

erty.
F
or

th
at

w
e
n
eed

so
m
e
a
d
d
itio

n
a
l
fa
cts...

F
a
c
ts

4
.1
6
.
F
o
r
a
ba
la
n
cer,

w
e
d
en

o
te

th
e
n
u
m
ber

o
f
co
n
su
m
ed

m
essa

ges
o
n
th
e

i
t
h
in
p
u
t
w
ire

w
ith

x
i ,
i
=

0,1.
S
im

ila
rly,

w
e
d
en

o
te

th
e
n
u
m
ber

o
f
sen

t
m
essa

ges
o
n
th
e
i
t
h
o
u
tp
u
t
w
ire

w
ith

y
i ,
i
=

0,1
.
A

ba
la
n
cer

h
a
s
th
ese

p
ro
perties:

(1
)
A

ba
la
n
cer

d
oes

n
o
t
gen

era
te

o
u
tp
u
t-m

essa
ges;

th
a
t
is,

x
0
+

x
1 ≥

y
0
+

y
1

in
a
n
y
sta

te.

(2
)
E
very

in
co
m
in
g
m
essa

ge
is

even
tu
a
lly

fo
rw

a
rd
ed
.

In
o
th
er

w
o
rd
s,

if
w
e

a
re

in
a
qu
iescen

t
sta

te
(n
o
m
essa

ge
in

tra
n
sit),

th
en

x
0
+

x
1
=

y
0
+

y
1 .
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(3
)
T
h
e
n
u
m
ber

o
f
m
essa

ges
sen

t
to

th
e
u
p
per

o
u
tp
u
t
w
ire

is
a
t
m
o
st

o
n
e

h
igh

er
th
a
n
th
e
n
u
m
ber

o
f
m
essa

ges
sen

t
to

th
e
lo
w
er

o
u
tp
u
t
w
ire:

in
a
n
y

sta
te

y
0
=

⌈(y
0
+
y
1 )/

2⌉
(th

u
s
y
1
=

⌊(y
0
+

y
1 )/

2⌋).

F
a
c
ts

4
.1
7
.
If

a
sequ

en
ce

y
0 ,y

1 ,...,y
w
−
1
h
a
s
th
e
step

p
ro
perty,

(1
)
th
en

a
ll
its

su
bsequ

en
ces

h
a
ve

th
e
step

p
ro
perty.

(2
)
th
en

its
even

a
n
d
od
d
su
bsequ

en
ces

sa
tisfy

w
/
2−

1
∑i=

0

y
2
i
=

⌈

12

w
−
1

∑i=
0

y
i

⌉

a
n
d

w
/
2−

1
∑i=

0

y
2
i+

1
=

⌊

12

w
−
1

∑i=
0

y
i

⌋

.

F
a
c
ts

4
.1
8
.
If
tw
o
sequ

en
ces

x
0 ,x

1 ,...,x
w
−
1
a
n
d
y
0 ,y

1 ,...,y
w
−
1
h
a
ve

th
e
step

p
ro
perty,

(1
)
a
n
d
∑

w
−
1

i=
0
x
i
=
∑

w
−
1

i=
0
y
i ,
th
en

x
i
=

y
i
fo
r
i
=

0,...,w
−
1
.

(2
)
a
n
d
∑

w
−
1

i=
0
x
i
=
∑

w
−
1

i=
0
y
i +

1
,
th
en

th
ere

exists
a
u
n
iqu

e
j
(j

=
0,1,...,w

−
1
)
su
ch

th
a
t
x
j
=

y
j
+
1
,
a
n
d
x
i
=

y
i
fo
r
i
=

0,...,w
−
1
,
i6=

j.

R
e
m
a
rk

s:

•
T
h
at’s

en
ou

gh
to

p
rove

th
at

a
M
erg

er
p
reserves

th
e
step

p
rop

erty.

L
e
m
m
a
4
.1
9
.
L
et

M
[w

]
be

a
M
erger

o
f
w
id
th

w
.
In

a
qu
iescen

t
sta

te
(n
o
m
es-

sa
ge

in
tra

n
sit),

if
th
e
in
p
u
ts

x
0 ,x

1 ,...,x
w
/
2−

1
resp

.
x
w
/
2 ,x

w
/
2
+
1 ,...,x

w
−
1

h
a
ve

th
e
step

p
ro
perty,

th
en

th
e
o
u
tp
u
t
y
0 ,y

1 ,...,y
w
−
1
h
a
s
th
e
step

p
ro
perty.

P
roo

f.
B
y
in
d
u
ction

o
n
th
e
w
id
th

w
.

F
or

w
=

2:
M

[2]
is
a
b
alan

cer
an

d
a
b
alan

cer’s
o
u
tp
u
t
h
as

th
e
step

p
rop

erty
(fact

4.16.3).
F
or

w
>

2:
L
et

z
0 ,...,z

w
/
2−

1
resp

.
z ′0 ,...,z ′w

/
2−

1
b
e
th
e
ou

tp
u
t
of

th
e

u
p
p
er

resp
ectively

low
er

M
[w

/2]
su
b
n
etw

ork
.

S
in
ce

x
0 ,x

1 ,...,x
w
/
2−

1
an

d
x
w
/
2 ,x

w
/
2
+
1 ,...,x

w
−
1
b
oth

h
ave

th
e
step

p
rop

erty
b
y
assu

m
p
tion

,
th
eir

ev
en

an
d
o
d
d
su
b
seq

u
en

ces
also

h
av
e
th
e
step

p
rop

erty
(fact

4.17
.1).

B
y
in
d
u
ction

h
y
p
oth

esis,
th
e
ou

tp
u
t
of

b
oth

M
[w

/2]
su
b
n
etw

o
rk
s
h
ave

th
e
step

p
rop

erty.

L
et

Z
:=
∑

w
/
2−

1
i=

0
z
i
a
n
d
Z

′
:=
∑

w
/
2−

1
i=

0
z ′i .

F
rom

fact
4.17.2

w
e
con

clu
d
e
th
at

Z
=

⌈
12

∑

w
/
2−

1
i=

0
x
i ⌉

+
⌊
12

∑

w
−
1

i=
w
/
2
x
i ⌋

an
d
Z

′
=

⌊
12

∑

w
/
2−

1
i=

0
x
i ⌋

+
⌈
12

∑

w
−
1

i=
w
/
2
x
i ⌉.

S
in
ce

⌈a⌉
+
⌊b⌋

an
d
⌊a⌋

+
⌈b⌉

d
iff
er

b
y
at

m
ost

1
w
e
k
n
ow

th
at

Z
an

d
Z

′
d
iff
er

b
y
at

m
ost

1.
If
Z

=
Z

′,
fact

4.1
8.1

im
p
lies

th
at

z
i
=

z ′i
for

i
=

0,...,w
/
2−

1.
T
h
erefore,

th
e
ou

tp
u
t
o
f
M

[w
]
is

y
i
=

z⌊
i/
2⌋

for
i
=

0
,...,w

−
1.

S
in
ce

z
0 ,...,z

w
/
2−

1
h
as

th
e
step

p
ro
p
erty,

so
d
o
es

th
e
o
u
tp
u
t
of

M
[w

]
an

d
th
e
lem

m
a
follow

s.
If
Z

an
d
Z

′
d
iff
er

b
y
1,

fact
4
.18.2

im
p
lies

th
at

z
i
=

z ′i
for

i
=

0,...,w
/
2−

1,
ex
cep

t
a
u
n
iq
u
e
j
su
ch

th
at

z
j
an

d
z ′j

d
iff
er

b
y
on

ly
1,

for
j
=

0,...,w
/
2−

1.
L
et

l
:=

m
in
(z

j ,z ′j ).
T
h
en

,
th
e
ou

tp
u
t
y
i
(w

ith
i
<

2
j)

is
l
+

1.
T
h
e
ou

tp
u
t

y
i
(w

ith
i
>

2
j
+

1)
is

l.
T
h
e
ou

tp
u
t
y
2
j
an

d
y
2
j
+
1
are

b
alan

ced
b
y
th
e
fi
n
al

b
alan

cer
resu

ltin
g
in

y
2
j
=

l
+

1
an

d
y
2
j
+
1
=

l.
T
h
erefore

M
[w

]
p
reserves

th
e

step
p
rop

erty.
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C
o
u
n
tin

g
N
etw

o
rk
s

A
b
ito

n
ic

co
u
n
tin

g
n
etw

o
rk

is
co
n
stru

cted
to

fu
lfi
ll

lem
m
a
4.19,

i.e.,
th
e

fi
n
a
l
o
u
tp
u
t
co
m
es

fro
m

a
M
erg

er
w
h
o
se

u
p
p
er

a
n
d
low

er
in
p
u
ts

are
recu

rsively
m
erg

ed
.
T
h
erefo

re,
th
e
fo
llow

in
g
th
eo
rem

fo
llow

s
im

m
ed

iately.

T
h
e
o
re

m
4
.2
0

(C
o
rrectn

ess).
In

a
qu
iescen

t
sta

te,
th
e
w

o
u
tp
u
t
w
ires

o
f
a

bito
n
ic

co
u
n
tin

g
n
etw

o
rk

o
f
w
id
th

w
h
a
ve

th
e
step

p
ro
perty.

R
e
m
a
rk

s:

•
Is

every
so
rtin

g
n
etw

o
rk

a
lso

a
co
u
n
tin

g
n
etw

ork
?

N
o.

B
u
t
su
rp
risin

gly,
th
e
o
th
er

d
irectio

n
is

tru
e!

T
h
e
o
re

m
4
.2
1

(C
o
u
n
tin

g
v
s.

S
o
rtin

g
).

If
a
n
etw

o
rk

is
a
co
u
n
tin

g
n
etw

o
rk

th
en

it
is

a
lso

a
so
rtin

g
n
etw

o
rk,

bu
t
n
o
t
vice

versa
.

P
roo

f.
T
h
ere

a
re

sortin
g
n
etw

o
rk
s
th
at

a
re

n
o
t
co
u
n
tin

g
n
etw

ork
s
(e.g.

o
d
d
/even

so
rt,

o
r
in
sertio

n
so
rt).

F
o
r
th
e
oth

er
d
irection

,
let

C
b
e
a
cou

n
tin

g
n
etw

ork
a
n
d

I
(C

)
b
e
th
e
iso

m
o
rp
h
ic

n
etw

o
rk
,
w
h
ere

ev
ery

b
alan

cer
is

rep
laced

b
y
a

co
m
p
ara

to
r.

L
et

I
(C

)
h
ave

a
n
a
rb
itra

ry
in
p
u
t
of

0’s
an

d
1’s;

th
at

is,
som

e
of

th
e
in
p
u
t
w
ires

h
ave

a
0
,
a
ll
oth

ers
h
ave

a
1
.

T
h
ere

is
a
m
essage

at
C
’s

i
t
h

in
p
u
t
w
ire

if
a
n
d
o
n
ly

if
I
(C

)’s
i
in
p
u
t
w
ire

is
0
.
S
in
ce

C
is
a
cou

n
tin

g
n
etw

ork
,

a
ll
m
essa

g
es

a
re

ro
u
ted

to
th
e
u
p
p
er

ou
tp
u
t
w
ires.

I
(C

)
is

isom
orp

h
ic

to
C
,

th
erefo

re
a
co
m
p
a
ra
to
r
in

I
(C

)
w
ill

receive
a
0
on

its
u
p
p
er

(low
er)

w
ire

if
a
n
d
o
n
ly

if
th
e
co
rresp

o
n
d
in
g
b
a
la
n
cer

receives
a
m
essage

on
its

u
p
p
er

(low
er)

w
ire.

U
sin

g
a
n
in
d
u
ctiv

e
a
rg
u
m
en
t,
th
e
0
’s
a
n
d
1
’s
w
ill

b
e
rou

ted
th
rou

gh
I
(C

)
su
ch

th
a
t
a
ll
0
’s

ex
it

th
e
n
etw

ork
o
n
th
e
u
p
p
er

w
ires

w
h
ereas

all
1’s

ex
it

th
e

n
etw

o
rk

on
th
e
low

er
w
ires.

A
p
p
ly
in
g
lem

m
a
4
.3

sh
ow

s
th
at

I
(C

)
is

a
sortin

g
n
etw

o
rk
.

R
e
m
a
rk

s:

•
W
e
cla

im
ed

th
a
t
th
e
co
u
n
tin

g
n
etw

o
rk

is
correct.

H
ow

ev
er,

it
is

on
ly

co
rrect

in
a
q
u
iescen

t
sta

te.

D
e
fi
n
itio

n
4
.2
2

(L
in
eariza

b
le).

A
system

is
lin

earizab
le

if
th
e
o
rd
er

o
f
th
e

va
lu
es

a
ssign

ed
refl

ects
th
e
rea

l-tim
e
o
rd
er

in
w
h
ich

th
ey

w
ere

requ
ested

.
M
o
re

fo
rm

a
lly,

if
th
ere

is
a
pa
ir

o
f
o
pera

tio
n
s
o
1 ,o

2 ,
w
h
ere

o
pera

tio
n
o
1
term

in
a
tes

be-
fo
re

o
pera

tio
n
o
2
sta

rts,
a
n
d
th
e
logica

l
o
rd
er

is
“
o
2
befo

re
o
1 ”
,
th
en

a
d
istribu

ted
system

is
n
o
t
lin

ea
riza

ble.

L
e
m
m
a

4
.2
3

(L
in
ea
riza

b
ility

).
T
h
e
bito

n
ic

co
u
n
tin

g
n
etw

o
rk

is
n
o
t
lin

ea
riz-

a
ble.

P
roo

f.
C
o
n
sid

er
th
e
b
iton

ic
co
u
n
tin

g
n
etw

o
rk

w
ith

w
id
th

4
in

fi
gu

re
4.3:

A
ssu

m
e

th
a
t
tw

o
in
c
o
p
era

tio
n
s
w
ere

in
itia

ted
a
n
d
th
e
corresp

on
d
in
g
m
essages

en
tered

th
e
n
etw

o
rk

o
n
w
ire

0
a
n
d
2
(b
o
th

in
lig

h
t
gray

color).
A
fter

h
av
in
g
p
assed

th
e

seco
n
d
resp

.
th
e
fi
rst

b
a
la
n
cer,

th
ese

traversin
g
m
essages

“fall
asleep

”;
In

oth
er

w
o
rd
s,

b
o
th

m
essa

g
es

ta
ke

u
n
u
su
a
lly

lo
n
g
tim

e
b
efore

th
ey

are
received

b
y
th
e

n
ex
t
b
alan

cer.
S
in
ce

w
e
a
re

in
a
n
a
sy
n
ch
ro
n
o
u
s
settin

g,
th
is

m
ay

b
e
th
e
case.

In
th
e
m
ea
n
tim

e,
an

o
th
er

in
c
o
p
era

tio
n
(m

ed
iu
m

gray
)
is
in
itiated

an
d
en
ters

th
e
n
etw

o
rk

o
n
th
e
b
o
tto

m
w
ire.

T
h
e
m
essa

ge
leaves

th
e
n
etw

ork
on

w
ire

2,
a
n
d
th
e
in
c
o
p
eratio

n
is

co
m
p
leted

.
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0

z
z
z

z
z
z

2

F
igu

re
4.3:

L
in
earizab

ility
C
ou

n
ter

E
x
am

p
le.

S
trictly

afterw
ard

s,
an

oth
er

in
c
op

era
tion

(d
ark

gray
)
is
in
itiated

an
d
en
ters

th
e
n
etw

ork
on

w
ire

1
.
A
fter

h
av
in
g
p
assed

all
b
ala

n
cers,

th
e
m
essage

w
ill

leave
th
e
n
etw

ork
w
ire

0.
F
in
ally

(an
d
n
ot

d
ep

icted
in

fi
gu

re
4.3),

th
e
tw

o
ligh

t
gray

m
essages

reach
th
e
n
ex
t
b
alan

cer
an

d
w
ill

even
tu
ally

leave
th
e
n
etw

ork
on

w
ires

1
resp

.
3.

B
ecau

se
th
e
d
ark

gray
an

d
th
e
m
ed

iu
m

gray
op

eration
d
o
con

fl
ict

w
ith

D
efi

n
ition

4.22,
th
e
b
iton

ic
cou

n
tin

g
n
etw

ork
is

n
ot

lin
earizab

le.

R
e
m
a
rk

s:

•
N
ote

th
at

th
e
ex
am

p
le

in
fi
gu

re
4
.3

b
eh

aves
correctly

in
th
e
q
u
iescen

t
state:

F
in
ally,

ex
actly

th
e
valu

es
0,1

,2
,3

are
allotted

.

•
It

w
as

sh
ow

n
th
at

lin
earizab

ility
co
m
es

at
a
h
igh

p
rice

(th
e
d
ep

th
grow

s
lin

early
w
ith

th
e
w
id
th
).

C
h
a
p
te
r
N
o
te
s

T
h
e
tech

n
iq
u
e
u
sed

fo
r
th
e
fam

ou
s
low

er
b
ou

n
d
of

com
p
ariso

n
-b
ased

seq
u
en
tial

sortin
g
fi
rst

ap
p
eared

in
[F
J
59].

C
om

p
reh

en
sive

in
tro

d
u
ction

s
to

th
e
vast

fi
eld

of
sortin

g
ca
n
certain

ly
b
e
fou

n
d
in

[K
n
u
73].

K
n
u
th

also
p
resen

ts
th
e
0/1

p
rin

cip
le

in
th
e
con

tex
t
of

sortin
g
n
etw

o
rk
s,

su
p
p
osed

ly
as

a
sp
ecial

case
of

a
th
eorem

for
d
ecision

trees
of

W
.
G
.
B
ou

riciu
s,
an

d
in
clu

d
es

a
h
istoric

ov
erv

iew
o
f
sortin

g
n
etw

ork
research

.
U
sin

g
a
rath

er
co
m
p
licated

p
ro
of

n
ot

b
ased

on
th
e
0/1

p
rin

cip
le,

[H
ab

72]
fi
rst

p
resen

ted
an

d
an

aly
zed

O
d
d
/E

ven
sort

on
array

s.
S
h
earsort

for
g
rid

s
fi
rst

ap
p
eared

in
[S
S
S
86]

a
s
a
sortin

g
algorith

m
b
oth

easy
to

im
p
lem

en
t
an

d
to

p
rove

correct.
L
ater

it
w
as

gen
eralized

to
m
esh

es
w
ith

h
igh

er
d
im

en
sion

in
[S
S
89].

A
b
u
b
b
le

sort
b
ased

alg
orith

m
is

p
resen

ted
in

[S
I86];

it
takes

tim
e
O
( √

n
log

n
),

b
u
t
is
fast

in
p
ractice.

N
everth

eless,
alread

y
[T

K
77]

p
resen

ted
an

asy
m
p
totically

op
tim

al
algo

rith
m
s
fo
r
grid

n
etw

ork
w
h
ich

ru
n
s
in

3
n
+
O
(n

2
/
3
log

n
)
ro
u
n
d
s
for

an
n×

n
grid

.
A

sim
p
ler

algorith
m

w
as

later
fou

n
d
b
y
[S
S
86]

u
sin

g
3n

+
O
(n

3
/
4)

rou
n
d
s.

B
atch

er
p
resen

ts
h
is

fam
ou

sO
(log

2
n
)
d
ep

th
so
rtin

g
n
etw

ork
in

[B
at68].

It
to
ok

u
n
til

[A
K
S
83]

to
fi
n
d
a
sortin

g
n
etw

o
rk

w
ith

a
sy
m
p
totically

op
tim

al
d
ep

th
O
(log

n
).

U
n
fortu

n
ately,

th
e
co
n
stan

ts
h
id
d
en

in
th
e
b
ig-O

-n
otation

ren
d
er

it
rath

er
im

p
ractical.
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C
o
u
n
tin

g
N
etw

o
rk
s

T
h
e
n
o
tio

n
o
f
co
u
n
tin

g
n
etw

o
rk
s
w
a
s
in
tro

d
u
ced

in
[A

H
S
91],

an
d
sh
ortly

a
fterw

a
rd

th
e
n
o
tio

n
o
f
lin

ea
rizab

ility
w
a
s
stu

d
ied

b
y
[H

S
W

91].
F
ollow

-u
p
w
ork

in
[A

H
S
9
4]

p
resen

ts
b
iton

ic
cou

n
tin

g
n
etw

o
rk
s
an

d
stu

d
ies

con
ten

tion
in

th
e

cou
n
tin

g
n
etw

o
rk
.
A
n
overv

iew
o
f
resea

rch
o
n
cou

n
tin

g
n
etw

ork
s
can

b
e
fou

n
d

in
[B
H
9
8
].

B
ib
lio

g
r
a
p
h
y

[A
H
S
91

]
J
am

es
A
sp
n
es,

M
a
u
rice

H
erlih

y,
a
n
d
N
ir

S
h
av

it.
C
ou

n
tin

g
n
etw

ork
s

a
n
d
m
u
lti-p

ro
cesso

r
co
o
rd
in
a
tio

n
.
In

P
roceed

in
gs

o
f
th
e
tw
en

ty-th
ird

a
n
n
u
a
l
A
C
M

sym
po
siu

m
o
n
T
h
eo
ry

o
f
co
m
p
u
tin

g,
S
T
O
C

’91,
p
ages

3
4
8
–
3
58

,
N
ew

Y
o
rk
,
N
Y
,
U
S
A
,
1
99

1
.
A
C
M
.

[A
H
S
9
4
]
J
a
m
es

A
sp
n
es,

M
a
u
rice

H
erlih

y,
a
n
d
N
ir

S
h
av
it.

C
ou

n
tin

g
n
etw

ork
s.

J
.
A
C
M
,
4
1
(5
):1

0
2
0
–
1
0
4
8
,
S
ep

tem
b
er

1
994.

[A
K
S
8
3
]
M
ik
lo
s
A
jta

i,
J
a
n
o
s
K
o
m
ló
s,

an
d
E
n
d
re

S
zem

eréd
i.

A
n
0(n

log
n
)

so
rtin

g
n
etw

o
rk
.
In

P
roceed

in
gs

o
f
th
e
fi
fteen

th
a
n
n
u
a
l
A
C
M

sym
po
-

siu
m

o
n
T
h
eo
ry

o
f
co
m
p
u
tin

g,
S
T
O
C

’83,
p
ages

1–9,
N
ew

Y
ork

,
N
Y
,

U
S
A
,
19

8
3
.
A
C
M
.

[B
a
t6
8
]
K
en

n
eth

E
.
B
a
tch

er.
S
o
rtin

g
n
etw

o
rk
s
an

d
th
eir

ap
p
lication

s.
In

P
roceed

in
gs

o
f
th
e
A
p
ril

3
0
–
M
a
y
2
,
1
9
6
8
,
sp
rin

g
jo
in
t
co
m
p
u
ter

co
n
-

feren
ce,

A
F
IP

S
’6
8
(S
p
rin

g
),

p
a
g
es

3
07–314,

N
ew

Y
ork

,
N
Y
,
U
S
A
,

1
9
6
8
.
A
C
M
.

[B
H
98

]
C
o
sta

s
B
u
sch

a
n
d
M
a
u
rice

H
erlih

y.
A

S
u
rv
ey

on
C
ou

n
tin

g
N
etw

ork
s.

In
W
D
A
S
,
p
a
g
es

1
3
–
2
0
,
1
9
9
8.

[F
J
5
9
]
L
ester

R
.
F
ord

a
n
d
S
elm

er
M
.
J
o
h
n
so
n
.
A

T
ou

rn
am

en
t
P
rob

lem
.
T
h
e

A
m
erica

n
M
a
th
em

a
tica

l
M
o
n
th
ly,

6
6
(5
):p

p
.
387–389,

1959.

[H
ab

7
2
]
N
ico

H
a
b
erm

an
n
.
P
a
ra
llel

n
eig

h
b
o
r-sort

(or
th
e
glory

of
th
e
in
d
u
c-

tio
n
p
rin

cip
le).

P
a
p
er

2
0
8
7
,
C
a
rn
eg
ie

M
ellon

U
n
iversity

-
C
om

p
u
ter

S
cien

ce
D
ep

a
rtem

en
t,
1
9
7
2.

[H
S
W

9
1
]
M
.
H
erlih

y,
N
.
S
h
av
it,

a
n
d
O
.
W
a
a
rts.

L
ow

con
ten

tion
lin

earizab
le

co
u
n
tin

g
.
In

F
o
u
n
d
a
tio

n
s
o
f
C
o
m
p
u
ter

S
cien

ce,
1
9
9
1
.
P
roceed

in
gs.,

3
2
n
d
A
n
n
u
a
l
S
ym

po
siu

m
o
n
,
p
a
g
es

5
2
6–535,

o
ct

1991.

[K
n
u
73

]
D
o
n
ald

E
.
K
n
u
th
.
T
h
e
A
rt

o
f
C
o
m
p
u
ter

P
rogra

m
m
in
g,

V
o
lu
m
e
III:

S
o
rtin

g
a
n
d
S
ea
rch

in
g.

A
d
d
iso

n
-W

esley,
1973.

[S
I8
6
]
K
azu

h
iro

S
a
d
o
a
n
d
Y
o
sh
ih
id
e
Iga

rash
i.
S
om

e
p
arallel

sorts
on

a
m
esh

-
con

n
ected

p
ro
cesso

r
a
rray

a
n
d
th
eir

tim
e
effi

cien
cy.

J
o
u
rn
a
l
o
f
P
a
ra
llel

a
n
d
D
istribu

ted
C
o
m
p
u
tin

g,
3
(3
):3

9
8–

4
10,

1986.

[S
S
86

]
C
la
u
s
P
eter

S
ch
n
o
rr

a
n
d
A
d
i
S
h
a
m
ir.

A
n
o
p
tim

al
sortin

g
algorith

m
for

m
esh

co
n
n
ected

co
m
p
u
ters.

In
P
roceed

in
gs

o
f
th
e
eigh

teen
th

a
n
n
u
a
l

A
C
M

sym
po
siu

m
o
n
T
h
eo
ry

o
f
co
m
p
u
tin

g,
S
T
O
C

’86,
p
ages

255–263,
N
ew

Y
o
rk
,
N
Y
,
U
S
A
,
1
9
8
6
.
A
C
M
.

B
IB

L
IO

G
R
A
P
H
Y
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[S
S
89]

Isaac
D
.
S
ch
erson

a
n
d

S
an

d
eep

S
en

.
P
arallel

sortin
g

in
tw

o-
d
im

en
sion

al
V
L
S
I
m
o
d
els

of
co
m
p
u
tation

.
C
o
m
p
u
ters,

IE
E
E

T
ra
n
s-

a
ctio

n
s
o
n
,
38(2):238–

249,
feb

1
989.

[S
S
S
86]

Isaac
S
ch
erson

,
S
an

d
eep

S
en

,
a
n
d
A
d
i
S
h
am

ir.
S
h
ear

sort
–
A

tru
e

tw
o
-d
im

en
sion

al
sortin

g
tech

n
iq
u
e
for

V
L
S
I
n
etw

ork
s.

1
9
8
6
In
tern

a
-

tio
n
a
l
C
o
n
feren

ce
o
n
P
a
ra
llel

P
rocessin

g,
1986.

[T
K
77]

C
lark

D
av
id

T
h
om

p
so
n
an

d
H
sian

g
T
su
n
g
K
u
n
g.

S
ortin

g
on

a
m
esh

-
co
n
n
ected

p
arallel

co
m
p
u
ter.

C
o
m
m
u
n
.
A
C
M
,
20

(4):263–27
1,

A
p
ril

19
77.
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C
o
u
n
tin

g
N
etw

o
rk
s

C
h
a
p
te
r
5

M
a
x
im

a
l
In

d
e
p
e
n
d
e
n
t
S
e
t

In
th
is
ch
ap

ter
w
e
p
resen

t
a
h
igh

ligh
t
of

th
is
cou

rse,
a
fast

m
a
x
im

al
in
d
ep

en
d
en
t

set
(M

IS
)
a
lgorith

m
.
T
h
e
algorith

m
is

th
e
fi
rst

ran
d
om

ized
algorith

m
th
at

w
e

stu
d
y
in

th
is

class.
In

d
istrib

u
ted

com
p
u
tin

g,
ran

d
om

ization
is

a
p
ow

erfu
l
an

d
th
erefore

om
n
ip
resen

t
con

cep
t,

as
it

allow
s
for

relatively
sim

p
le

yet
effi

cien
t

algorith
m
s.

A
s
su
ch

th
e
stu

d
ied

algorith
m

is
arch

ety
p
al.

A
M
IS

is
a
b
asic

b
u
ild

in
g
b
lo
ck

in
d
istrib

u
ted

com
p
u
tin

g
,
som

e
oth

er
p
rob

-
lem

s
p
retty

m
u
ch

follow
d
irectly

from
th
e
M
IS

p
rob

lem
.

A
t
th
e
en

d
of

th
is

ch
ap

ter,
w
e
w
ill

give
tw

o
ex
am

p
les:

m
atch

in
g
an

d
vertex

colo
rin

g
(see

C
h
ap

ter
1).

5
.1

M
IS

D
e
fi
n
itio

n
5
.1

(In
d
ep

en
d
en
t
S
et).

G
iven

a
n
u
n
d
irected

G
ra
p
h
G

=
(V

,E
)
a
n

in
d
ep

en
d
en
t
set

is
a

su
bset

o
f
n
od
es

U
⊆

V
,
su
ch

th
a
t
n
o

tw
o

n
od
es

in
U

a
re

a
d
ja
cen

t.
A
n
in
d
epen

d
en

t
set

is
m
ax

im
al

if
n
o
n
od
e
ca
n
be

a
d
d
ed

w
ith

o
u
t

vio
la
tin

g
in
d
epen

d
en

ce.
A
n

in
d
epen

d
en

t
set

o
f
m
a
xim

u
m

ca
rd
in
a
lity

is
ca
lled

m
ax

im
u
m
.

2

1

2

F
igu

re
5.1:

E
x
am

p
le

grap
h
w
ith

1)
a
m
ax

im
al

in
d
ep

en
d
en
t
set

(M
IS
)
an

d
2)

a
m
ax

im
u
m

in
d
ep

en
d
en
t
set

(M
a
x
IS
).
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C
H
A
P
T
E
R

5
.

M
A
X
IM

A
L
IN

D
E
P
E
N
D
E
N
T

S
E
T

R
e
m
a
rk

s:

•
C
o
m
p
u
tin

g
a
m
a
x
im

u
m

in
d
ep

en
d
en
t
set

(M
ax

IS
)
is
a
n
otoriou

sly
d
iffi

cu
lt

p
ro
b
lem

.
It

is
eq
u
iva

len
t
to

m
a
x
im

u
m

cliq
u
e
on

th
e
com

p
lem

en
tary

grap
h
.

B
o
th

p
ro
b
lem

s
a
re

N
P
-h
a
rd
,
in

fact
n
o
t
a
p
p
rox

im
ab

le
w
ith

in
n

12 −
ǫ.

•
In

th
is
co
u
rse

w
e
co
n
cen

trate
o
n
th
e
m
a
x
im

a
l
in
d
ep

en
d
en
t
set

(M
IS
)
p
rob

-
lem

.
P
lease

n
o
te

th
a
t
M
IS

a
n
d
M
a
x
IS

ca
n
b
e
q
u
ite

d
iff
eren

t,
in
d
eed

e.g.
o
n
a
sta

r
g
ra
p
h
th
e
M
IS

is
Θ
(n
)
sm

a
ller

th
an

th
e
M
ax

IS
(cf.

F
igu

re
5.1).

•
C
o
m
p
u
tin

g
a
M
IS

seq
u
en
tia

lly
is
triv

ia
l:
S
ca
n
th
e
n
o
d
es

in
arb

itrary
ord

er.
If
a
n
o
d
e
u
d
o
es

n
o
t
v
io
la
te

in
d
ep

en
d
en

ce,
ad

d
u
to

th
e
M
IS
.
If
u
v
iolates

in
d
ep

en
d
en

ce,
d
isca

rd
u
.
S
o
th
e
o
n
ly

q
u
estion

is
h
ow

to
com

p
u
te

a
M
IS

in
a
d
istrib

u
ted

w
ay.

A
lg
o
rith

m
2
3
S
low

M
IS

R
e
q
u
ire

:
N
o
d
e
ID

s
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
fo
llow

in
g
co
d
e:

1
:
if

a
ll
n
eig

h
b
o
rs

o
f
v
w
ith

la
rg
er

id
en
tifi

ers
h
ave

d
ecid

ed
n
ot

to
join

th
e
M
IS

th
e
n

2
:

v
d
ecid

es
to

jo
in

th
e
M
IS

3
:
e
n
d
if

R
e
m
a
rk

s:

•
N
o
t
su
rp
risin

g
ly

th
e
slow

a
lg
o
rith

m
is
n
o
t
b
etter

th
an

th
e
seq

u
en
tial

algo-
rith

m
in

th
e
w
o
rst

ca
se,

b
eca

u
se

th
ere

m
ig
h
t
b
e
on

e
sin

gle
p
oin

t
of

activ
ity

a
t
a
n
y
tim

e.
F
o
rm

ally
:

T
h
e
o
re

m
5
.2

(A
n
a
ly
sis

of
A
lg
o
rith

m
2
3
).

A
lgo

rith
m

2
3
fea

tu
res

a
tim

e
co
m
-

p
lexity

o
fO

(n
)
a
n
d
a
m
essa

ge
co
m
p
lexity

o
fO

(m
).

R
e
m
a
rk

s:

•
T
h
is

is
n
o
t
very

ex
citin

g.

•
T
h
ere

is
a
relatio

n
b
etw

een
in
d
ep

en
d
en
t
sets

an
d
n
o
d
e
colorin

g
(C

h
ap

ter
1
),
sin

ce
each

co
lo
r
cla

ss
is
a
n
in
d
ep

en
d
en
t
set,

h
ow

ev
er,

n
ot

n
ecessarily

a
M
IS
.
S
till,

sta
rtin

g
w
ith

a
co
lo
rin

g,
o
n
e
ca
n
easily

d
erive

a
M
IS

algorith
m
:

W
e
fi
rst

ch
o
o
se

a
ll
n
o
d
es

o
f
th
e
fi
rst

co
lo
r.

T
h
en

,
for

each
ad

d
ition

al
color

w
e
ad

d
“
in

p
a
ra
llel”

(w
ith

o
u
t
co
n
fl
ict)

a
s
m
an

y
n
o
d
es

as
p
ossib

le.
T
h
u
s

th
e
fo
llow

in
g
co
ro
lla

ry
h
o
ld
s:

C
o
ro

lla
ry

5
.3
.
G
iven

a
co
lo
rin

g
a
lgo

rith
m

th
a
t
n
eed

s
C

co
lo
rs

a
n
d
ru
n
s
in

tim
e
T
,
w
e
ca
n
co
n
stru

ct
a
M
IS

in
tim

e
C

+
T
.

R
e
m
a
rk

s:

•
U
sin

g
T
h
eorem

1
.17

a
n
d
C
o
ro
lla

ry
5
.3

w
e
get

a
d
istrib

u
ted

d
eterm

in
is-

tic
M
IS

a
lg
o
rith

m
for

trees
(a
n
d
for

b
ou

n
d
ed

d
egree

grap
h
s)

w
ith

tim
e

com
p
lex

ity
O
(lo

g ∗
n
).

5
.2
.

O
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•
W

ith
a
low

er
b
o
u
n
d
argu

m
en
t
on

e
can

sh
ow

th
at

th
is

d
eterm

in
istic

M
IS

algorith
m

for
rin

gs
is

asy
m
p
totically

o
p
tim

al.

•
T
h
ere

h
ave

b
een

attem
p
ts

to
ex
ten

d
A
lgorith

m
5
to

m
o
re

gen
era

l
grap

h
s,

h
ow

ev
er,

so
far

w
ith

ou
t
m
u
ch

su
ccess.

B
elow

w
e
p
resen

t
a
rad

ically
d
if-

feren
t
ap

p
roach

th
at

u
ses

ran
d
om

ization
.

5
.2

O
r
ig
in
a
l
F
a
st

M
IS

A
lg
o
rith

m
2
4
F
ast

M
IS

T
h
e
algorith

m
op

erates
in

sy
n
ch
ron

ou
s
rou

n
d
s,

g
rou

p
ed

in
to

p
h
ases.

A
sin

g
le

p
h
a
se

is
as

follow
s:

1
)
E
ach

n
o
d
e
v
m
a
rk
s
itself

w
ith

p
rob

a
b
ility

1
2
d
(v

) ,
w
h
ere

d
(v
)
is

th
e
cu

rren
t

d
egree

of
v
.

2
)
If

n
o
h
igh

er
d
eg
ree

n
eigh

b
or

of
v
is

also
m
arked

,
n
o
d
e
v
join

s
th
e
M
IS
.
If

a
h
igh

er
d
egree

n
eig

h
b
or

of
v
is

m
arked

,
n
o
d
e
v
u
n
m
ark

s
itself

again
.
(If

th
e

n
eigh

b
ors

h
ave

th
e
sam

e
d
egree,

ties
are

b
roken

arb
itrarily,

e.g.,
b
y
id
en
tifi

er).
3
)
D
elete

all
n
o
d
es

th
at

join
ed

th
e
M
IS

an
d
th
eir

n
eigh

b
o
rs,

as
th
ey

can
n
ot

join
th
e
M
IS

an
y
m
o
re.

R
e
m
a
rk

s:

•
C
orrectn

ess
in

th
e
sen

se
th
at

th
e
algorith

m
p
ro
d
u
ces

a
n
in
d
ep

en
d
en
t
set

is
rela

tiv
ely

sim
p
le:

S
tep

s
1
an

d
2
m
ake

su
re

th
at

if
a
n
o
d
e
v
join

s
th
e

M
IS
,
th
en

v
’s

n
eigh

b
ors

d
o
n
ot

join
th
e
M
IS

at
th
e
sam

e
tim

e.
S
tep

3
m
akes

su
re

th
at

v
’s

n
eigh

b
ors

w
ill

n
ever

join
th
e
M
IS
.

•
L
ikew

ise
th
e
alg

orith
m

even
tu
ally

p
ro
d
u
ces

a
M
IS
,
b
eca

u
se

th
e
n
o
d
e
w
ith

th
e
h
igh

est
d
egree

w
ill

m
a
rk

itself
a
t
som

e
p
o
in
t
in

S
tep

1.

•
S
o
th
e
on

ly
rem

ain
in
g
q
u
estion

is
h
ow

fast
th
e
algorith

m
term

in
ates.

T
o

u
n
d
erstan

d
th
is,

w
e
n
eed

to
d
ig

a
b
it

d
eep

er.

L
e
m
m
a
5
.4

(J
oin

in
g
M
IS
).

A
n
od
e
v
jo
in
s
th
e
M
IS

in
S
tep

2
w
ith

p
ro
ba
bility

p
≥

1
4
d
(v

) .

P
ro
of:

L
et

M
b
e
th
e
set

of
m
a
rked

n
o
d
es

in
S
tep

1.
L
et

H
(v
)
b
e
th
e
set

of
n
eigh

b
ors

o
f
v
w
ith

h
igh

er
d
egree,

or
sam

e
d
egree

an
d
h
igh

er
id
en
tifi

er.
U
sin

g
in
d
ep

en
d
en

ce
of

th
e
ran

d
om

ch
oices

of
v
an

d
n
o
d
es

in
H
(v
)
in

S
tep

1
w
e
get

P
[v

/∈
M
IS|v

∈
M

]
=

P
[∃
w

∈
H
(v
),w

∈
M

|v
∈
M

]

=
P
[∃
w

∈
H
(v
),w

∈
M

]

≤
∑

w
∈
H

(v
) P

[w
∈
M

]
=

∑

w
∈
H

(v
)

1

2
d
(w

)

≤
∑

w
∈
H

(v
)

1

2d
(v
)
≤

d
(v
)

2
d
(v
)
=

12
.

T
h
en

P
[v

∈
M
IS
]
=

P
[v

∈
M
IS|v

∈
M

]·
P
[v

∈
M

]≥
12
·

1

2
d
(v
)
.
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L
e
m
m
a
5
.5

(G
o
o
d
N
o
d
es).

A
n
od
e
v
is

ca
lled

g
o
o
d
if

∑

w
∈
N

(v
)

1

2d
(w

)
≥

16
.

O
th
erw

ise
w
e
ca
ll
v
a

b
a
d
n
od
e.

A
good

n
od
e
w
ill

be
rem

o
ved

in
S
tep

3
w
ith

p
ro
ba
bility

p
≥

13
6
.

P
ro
o
f:

L
et

n
o
d
e
v
b
e
g
o
o
d
.

In
tu
itively,

go
o
d

n
o
d
es

h
ave

lots
of

low
-d
egree

n
eig

h
b
ors,

th
u
s
ch
a
n
ces

a
re

h
ig
h
th
a
t
o
n
e
o
f
th
em

go
es

in
to

th
e
in
d
ep

en
d
en
t

set,
in

w
h
ich

ca
se

v
w
ill

b
e
rem

oved
in

S
tep

3
o
f
th
e
algorith

m
.

If
th
ere

is
a
n
eig

h
b
o
r
w

∈
N
(v
)
w
ith

d
eg
ree

at
m
ost

2
w
e
are

d
on

e:
W

ith
L
em

m
a
5
.4

th
e
p
ro
b
ab

ility
th
a
t
n
o
d
e
w

jo
in
s
th
e
M
IS

is
at

least
18
,
an

d
ou

r
g
o
o
d
n
o
d
e
w
ill

b
e
rem

oved
in

S
tep

3.

S
o
all

w
e
n
eed

to
w
o
rry

a
b
ou

t
is

th
a
t
a
ll
n
eigh

b
ors

h
ave

at
least

d
egree

3:

F
o
r
a
n
y
n
eig

h
b
o
r
w

o
f
v
w
e
h
ave

1
2
d
(w

) ≤
16
.
S
in
ce

∑

w
∈
N

(v
)

1

2d
(w

)
≥

16
th
ere

is
a

su
b
set

of
n
eig

h
b
o
rs

S
⊆

N
(v
)
su
ch

th
a
t
16
≤
∑

w
∈
S

1

2d
(w

)
≤

13

W
e
ca
n
n
ow

b
o
u
n
d
th
e
p
ro
b
ab

ility
th
a
t
n
o
d
e
v
w
ill

b
e
rem

oved
.
L
et

th
erefore

R
b
e
th
e
even

t
o
f
v
b
ein

g
rem

oved
.
A
g
a
in
,
if
a
n
eigh

b
or

of
v
join

s
th
e
M
IS

in
S
tep

2,
n
o
d
e
v
w
ill

b
e
rem

oved
in

S
tep

3
.
W
e
h
av
e

P
[R

]
≥

P
[∃
u
∈
S
,u

∈
M
IS
]

≥
∑u∈

S

P
[u

∈
M
IS
]−

∑

u
,w

∈
S
;u6=

w

P
[u

∈
M
IS

a
n
d
w

∈
M
IS
].

F
o
r
th
e
la
st

in
eq
u
ality

w
e
u
sed

th
e
in
clu

sio
n
-ex

clu
sion

p
rin

cip
le

tru
n
cated

after
th
e
seco

n
d
o
rd
er

term
s.

L
et

M
a
g
a
in

b
e
th
e
set

of
m
arked

n
o
d
es

after
S
tep

1
.
U
sin

g
P
[u

∈
M

]≥
P
[u

∈
M
IS
]
w
e
get

P
[R

]
≥

∑u∈
S

P
[u

∈
M
IS
]−

∑

u
,w

∈
S
;u6=

w

P
[u

∈
M

a
n
d

w
∈
M

]

≥
∑u∈

S

P
[u

∈
M
IS
]−
∑u∈

S

∑

w
∈
S

P
[u

∈
M

]·P
[w

∈
M

]

≥
∑u∈

S

1

4d
(u
) −

∑u∈
S

∑

w
∈
S

1

2d
(u
)

1

2
d
(w

)

≥
∑u∈

S

1

2d
(u
)

(

12
−
∑

w
∈
S

1

2d
(w

)

)

≥
16

(

12
−

13

)

=
136
.

✷

5
.2
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R
e
m
a
rk

s:

•
W
e
w
o
u
ld

b
e
alm

ost
fi
n
ish

ed
if
w
e
cou

ld
p
rove

th
at

m
a
n
y
n
o
d
es

a
re

go
o
d

in
each

p
h
ase.

U
n
fortu

n
ately

th
is

is
n
ot

th
e
case:

In
a
star-grap

h
,
for

in
stan

ce,
on

ly
a
sin

gle
n
o
d
e
is

go
o
d
!
W
e
n
eed

to
fi
n
d
a
w
ork

-arou
n
d
.

L
e
m
m
a

5
.6

(G
o
o
d
E
d
ges).

A
n
ed
ge

e
=

(u
,v
)
is

ca
lled

b
a
d
if

bo
th

u
a
n
d
v

a
re

ba
d
;
else

th
e
ed
ge

is
ca
lled

g
o
o
d
.
T
h
e
fo
llo

w
in
g
h
o
ld
s:

A
t
a
n
y
tim

e
a
t
lea

st
h
a
lf
o
f
th
e
ed
ges

a
re

good
.

P
ro
of:

F
or

th
e
p
ro
of

w
e
con

stru
ct

a
d
irected

au
x
iliary

grap
h
:
D
irect

each
ed

ge
tow

ard
s
th
e
h
igh

er
d
egree

n
o
d
e
(if

b
oth

n
o
d
es

h
ave

th
e
sam

e
d
egree

d
irect

it
tow

ard
s
th
e
h
igh

er
id
en
tifi

er).
N
ow

w
e
n
eed

a
little

h
elp

er
lem

m
a
b
efore

w
e
can

con
tin

u
e
w
ith

th
e
p
ro
of.

L
e
m
m
a

5
.7
.
A

ba
d
n
od
e
h
a
s
o
u
td
egree

(n
u
m
ber

o
f
ed
ges

po
in
tin

g
a
w
a
y
fro

m
ba
d
n
od
e)

a
t
lea

st
tw
ice

its
in
d
egree

(n
u
m
ber

o
f
ed
ges

po
in
tin

g
to
w
a
rd
s
ba
d
n
od
e).

P
ro
of:

F
or

th
e
sake

o
f
con

trad
iction

,
assu

m
e
th
at

a
b
ad

n
o
d
e
v
d
o
es

n
ot

h
ave

ou
td
egree

a
t
least

tw
ice

its
in
d
egree.

In
oth

er
w
ord

s,
at

least
on

e
th
ird

of
th
e

n
eigh

b
or

n
o
d
es

(let’s
call

th
em

S
)
h
ave

d
egree

at
m
ost

d
(v
).

B
u
t
th
en

∑

w
∈
N

(v
)

1

2d
(w

)
≥
∑

w
∈
S

1

2d
(w

)
≥
∑

w
∈
S

1

2d
(v
)
≥

d
(v
)

3

1

2
d
(v
)
=

16

w
h
ich

m
ean

s
v
is

go
o
d
,
a
con

tra
d
iction

.
✷

C
on

tin
u
in
g
th
e
p
ro
of

of
L
em

m
a
5.6:

A
ccord

in
g
to

L
em

m
a
5.7

th
e
n
u
m
b
er

of
ed

ges
d
irected

in
to

b
a
d
n
o
d
es

is
at

m
ost

h
alf

th
e
n
u
m
b
er

of
ed

ges
d
irected

ou
t

of
b
ad

n
o
d
es.

T
h
u
s,

th
e
n
u
m
b
er

of
ed

ges
d
irected

in
to

b
ad

n
o
d
es

is
at

m
ost

h
alf

th
e
n
u
m
b
er

of
ed

ges.
T
h
u
s,
at

least
h
alf

of
th
e
ed

ges
are

d
irected

in
to

go
o
d

n
o
d
es.

S
in
ce

th
ese

ed
ges

are
n
o
t
b
ad

,
th
ey

m
u
st

b
e
go

o
d
.

T
h
e
o
re

m
5
.8

(A
n
aly

sis
of

A
lgo

rith
m

24).
A
lgo

rith
m

2
4
term

in
a
tes

in
expected

tim
e
O
(log

n
).

P
ro
of:

W
ith

L
em

m
a
5.5

a
go

o
d

n
o
d
e
(an

d
th
erefore

a
go

o
d

ed
ge!)

w
ill

b
e

d
eleted

w
ith

con
stan

t
p
rob

ab
ility.

S
in
ce

at
least

h
alf

of
th
e
ed

ges
a
re

go
o
d

(L
em

m
a
5.6

)
a
con

sta
n
t
fractio

n
of

ed
ges

w
ill

b
e
d
eleted

in
each

p
h
ase.

M
ore

form
ally

:
W

ith
L
em

m
as

5.5
an

d
5.6

w
e
k
n
ow

th
at

a
t
least

h
a
lf
of

th
e

ed
ges

w
ill

b
e
rem

oved
w
ith

p
ro
b
ab

ility
a
t
least

1/
3
6.

L
et

R
b
e
th
e
n
u
m
b
er

of
ed

ges
to

b
e
rem

oved
.
U
sin

g
lin

earity
of

ex
p
ectation

(cf.
T
h
eo
rem

5.9)
w
e
k
n
ow

th
at

E
[R

]≥
m
/72,

m
b
ein

g
th
e
total

n
u
m
b
er

of
ed

ges
at

th
e
start

of
a
p
h
ase.

N
ow

let
p
:=

P
[R

≤
E
[R

]/
2].

B
ou

n
d
in
g
th
e
ex
p
ectation

y
ield

s

E
[R

]
=
∑

r

P
[R

=
r]·

r
≤

P
[R

≤
E
[R

]/2]·
E
[R

]/
2
+

P
[R

>
E
[R

]/2]·m

=
p·

E
[R

]/2
+
(1−

p
)·m

.

S
olv

in
g
for

p
w
e
get

p
≤

m
−

E
[R

]

m
−
E
[R

]/
2
<

m
−
E
[R

]/2

m
≤

1−
1/14

4.

In
oth

er
w
ord

s,
w
ith

p
rob

ab
ility

at
least

1
/
144

at
lea

st
m
/144

ed
ges

are
rem

oved
in

a
p
h
ase.

A
fter

ex
p
ected

O
(lo

g
m
)
p
h
ases

all
ed

ges
are

d
eleted

.
S
in
ce

m
≤

n
2

an
d
th
u
sO

(log
m
)
=

O
(log

n
)
th
e
T
h
eorem

follow
s.

✷
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R
e
m
a
rk

s:

•
W

ith
a
b
it
of

m
ore

m
a
th

o
n
e
ca
n
even

sh
ow

th
at

A
lgorith

m
24

term
in
ates

in
tim

e
O
(lo

g
n
)
“
w
ith

h
ig
h
p
ro
b
a
b
ility

”
.

5
.3

F
a
st

M
IS

v
2

A
lg
o
rith

m
2
5
F
a
st

M
IS

2

T
h
e
a
lgo

rith
m

o
p
era

tes
in

sy
n
ch
ron

o
u
s
rou

n
d
s,

grou
p
ed

in
to

p
h
ases.

A
sin

g
le

p
h
a
se

is
a
s
follow

s:
1
)
E
a
ch

n
o
d
e
v

ch
o
oses

a
ra
n
d
o
m

va
lu
e
r(v

)
∈

[0,1]
an

d
sen

d
s
it

to
its

n
eigh

b
ors.

2
)
If

r(v
)
<

r(w
)
fo
r
a
ll
n
eig

h
b
ors

w
∈

N
(v
),

n
o
d
e
v
en
ters

th
e
M
IS

an
d

in
fo
rm

s
its

n
eig

h
b
o
rs.

3
)
If

v
o
r
a
n
eig

h
b
o
r
o
f
v
en
tered

th
e
M
IS
,
v
term

in
ates

(v
an

d
all

ed
ges

a
d
ja
cen

t
to

v
are

rem
oved

fro
m

th
e
g
ra
p
h
),
o
th
erw

ise
v
en
ters

th
e
n
ex
t
p
h
ase.

R
e
m
a
rk

s:

•
C
o
rrectn

ess
in

th
e
sen

se
th
at

th
e
a
lg
o
rith

m
p
ro
d
u
ces

an
in
d
ep

en
d
en
t
set

is
sim

p
le:

S
tep

s
1
a
n
d
2
m
a
ke

su
re

th
a
t
if
a
n
o
d
e
v
join

s
th
e
M
IS
,
th
en

v
’s

n
eig

h
b
o
rs

d
o
n
o
t
jo
in

th
e
M
IS

a
t
th
e
sam

e
tim

e.
S
tep

3
m
akes

su
re

th
a
t
v
’s

n
eig

h
b
o
rs

w
ill

n
ever

jo
in

th
e
M
IS
.

•
L
ikew

ise
th
e
a
lg
o
rith

m
even

tu
a
lly

p
ro
d
u
ces

a
M
IS
,
b
ecau

se
th
e
n
o
d
e
w
ith

th
e
g
lo
b
ally

sm
a
llest

va
lu
e
w
ill

alw
ay

s
jo
in

th
e
M
IS
,
h
en

ce
th
ere

is
p
rogress.

•
S
o
th
e
o
n
ly

rem
a
in
in
g
q
u
estio

n
is

h
ow

fa
st

th
e
algorith

m
term

in
ates.

T
o

u
n
d
ersta

n
d
th
is,

w
e
n
eed

to
d
ig

a
b
it

d
eep

er.

•
O
u
r
p
ro
of

w
ill

rest
o
n
a
sim

p
le,

yet
p
ow

erfu
l
ob

servation
ab

ou
t
ex
p
ected

valu
es

o
f
ra
n
d
o
m

va
ria

b
les

th
a
t
m
a
y
n
o
t
be

in
d
epen

d
en

t:

T
h
e
o
re

m
5
.9

(L
in
ea
rity

o
f
E
x
p
ecta

tio
n
).

L
et

X
i ,

i
=

1,...,k
d
en

o
te

ra
n
d
o
m

va
ria

bles,
th
en

E

[

∑

i

X
i

]

=
∑

i

E
[X

i ].

P
roo

f.
It
is
su
ffi
cien

t
to

p
rove

E
[X

+
Y
]
=

E
[X

]+
E
[Y

]for
tw

o
ran

d
om

variab
les

X
a
n
d
Y
,
b
eca

u
se

th
en

th
e
sta

tem
en
t
fo
llow

s
b
y
in
d
u
ction

.
S
in
ce

P
[(X

,Y
)
=

(x
,y
)]

=
P
[X

=
x
]·P

[Y
=

y|X
=

x
]

=
P
[Y

=
y
]·

P
[X

=
x|Y

=
y
]

5
.3
.
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w
e
get

th
at

E
[X

+
Y
]

=
∑

(X
,Y

)=
(x

,y
) P

[(X
,Y

)
=

(x
,y
)]·

(x
+
y
)

=
∑

X
=
x

∑

Y
=
y

P
[X

=
x
]·P

[Y
=

y|X
=

x
]·

x

+
∑

Y
=
y

∑

X
=
x

P
[Y

=
y
]·
P
[X

=
x|Y

=
y
]·y

=
∑

X
=
x

P
[X

=
x
]·x

+
∑

Y
=
y

P
[Y

=
y
]·y

=
E
[X

]+
E
[Y

].

✷R
e
m
a
rk

s:

•
H
ow

can
w
e
p
rove

th
at

th
e
algorith

m
on

ly
n
eed

sO
(log

n
)
p
h
ases

in
ex
p
ec-

tation
?
It

w
ou

ld
b
e
great

if
th
is
alg

orith
m

m
a
n
aged

to
rem

ove
a
con

stan
t

fractio
n
of

n
o
d
es

in
each

p
h
a
se.

U
n
fortu

n
ately,

it
d
o
es

n
ot.

•
In
stea

d
w
e
w
ill

p
rove

th
at

th
e
n
u
m
b
er

of
ed
ges

d
ecreases

q
u
ick

ly.
A
gain

,
it
w
ou

ld
b
e
grea

t
if
an

y
sin

gle
ed

ge
w
as

rem
oved

w
ith

co
n
stan

t
p
ro
b
ab

ility
in

S
tep

3.
B
u
t
a
gain

,
u
n
fo
rtu

n
ately,

th
is

is
n
o
t
th
e
case.

•
M
ay
b
e
w
e
can

a
rgu

e
ab

ou
t
th
e
ex
p
ected

n
u
m
b
er

of
ed

ges
to

b
e
rem

oved
in

on
e
sin

gle
p
h
ase?

L
et’s

see:
A

n
o
d
e
v
en
ters

th
e
M
IS

w
ith

p
ro
b
ab

ility
1
/(d

(v
)
+

1),
w
h
ere

d
(v
)
is

th
e
d
eg
ree

of
n
o
d
e
v
.
B
y
d
oin

g
so,

n
ot

on
ly

are
v
’s

ed
ges

rem
ov
ed

,
b
u
t
in
d
eed

a
ll
th
e
ed

g
es

of
v
’s

n
eigh

b
ors

a
s
w
ell

–
gen

era
lly

th
ese

are
m
u
ch

m
ore

th
an

d
(v
)
ed

g
es.

S
o
th
ere

is
h
op

e,
b
u
t
w
e

n
eed

to
b
e
carefu

l:
If

w
e
d
o
th
is

th
e
m
ost

n
aive

w
ay,

w
e
w
ill

cou
n
t
th
e

sam
e
ed

g
e
m
an

y
tim

es.

•
H
ow

can
w
e
fi
x
th
is?

T
h
e
n
ice

ob
servation

is
th
at

it
is

en
ou

gh
to

cou
n
t

ju
st

so
m
e
of

th
e
rem

ov
ed

ed
ges.

G
iv
en

a
n
ew

M
IS

n
o
d
e
v
an

d
a
n
eigh

b
or

w
∈
N
(v
),

w
e
co
u
n
t
th
e
ed

ges
on

ly
if
r(v

)
<

r(x
)
for

a
ll
x
∈
N
(w

).
T
h
is

lo
ok

s
p
rom

isin
g
.
In

a
sta

r
grap

h
,
fo
r
in
stan

ce,
on

ly
th
e
sm

allest
ran

d
om

valu
e
can

b
e
accou

n
ted

fo
r
rem

ov
in
g
all

th
e
ed

ges
of

th
e
star.

L
e
m
m
a

5
.1
0

(E
d
ge

R
em

oval).
In

a
sin

gle
p
h
a
se,

w
e
rem

o
ve

a
t
lea

st
h
a
lf
o
f

th
e
ed
ges

in
expecta

tio
n
.

P
roo

f.
T
o
sim

p
lify

th
e
n
otation

,
at

th
e
start

of
ou

r
p
h
ase,

th
e
grap

h
is

sim
p
ly

G
=

(V
,E

).
In

ad
d
ition

,
to

ease
p
resen

ta
tion

,
w
e
rep

lace
each

u
n
d
irected

ed
ge

{v
,w}

b
y
th
e
tw

o
d
irected

ed
ges

(v
,w

)
an

d
(w

,v
).

S
u
p
p
ose

th
a
t
a
n
o
d
e
v
join

s
th
e
M
IS

in
th
is

p
h
ase,

i.e.,
r(v

)
<

r(w
)
for

all
n
eigh

b
ors

w
∈
N
(v
).

If
in

ad
d
ition

w
e
h
ave

r(v
)
<

r(x
)
for

a
ll
n
eigh

b
o
rs

x
of

a
n
eigh

b
or

w
of

v
,
w
e
call

th
is

even
t
(v

→
w
).

T
h
e
p
rob

ab
ility

of
even

t
(v

→
w
)

is
at

least
1
/(d

(v
)
+
d
(w

)),
sin

ce
d
(v
)
+
d
(w

)
is

th
e
m
ax

im
u
m

n
u
m
b
er

of
n
o
d
es

ad
jacen

t
to

v
or

w
(o
r
b
oth

).
A
s
v
join

s
th
e
M
IS
,
all

(d
irected

)
ed

ges
(w

,x
)

w
ith

x
∈
N
(w

)
w
ill

b
e
rem

oved
;
th
ere

are
d
(w

)
of

th
ese

ed
ges.

W
e
n
ow

cou
n
t
th
e
rem

oved
ed

ges.
W

h
eth

er
w
e
rem

ove
th
e
ed

ges
ad

jacen
t

to
w

b
ecau

se
of

even
t
(v

→
w
)
is

a
ran

d
o
m

variab
le

X
(v→

w
) .

If
even

t
(v

→
w
)
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C
H
A
P
T
E
R

5
.

M
A
X
IM

A
L
IN

D
E
P
E
N
D
E
N
T

S
E
T

o
ccu

rs,
X

(v→
w
)
h
a
s
th
e
va
lu
e
d
(w

),
if
n
o
t
it
h
a
s
th
e
valu

e
0.

F
or

each
u
n
d
irected

ed
ge

{
v
,w}

w
e
h
ave

tw
o
su
ch

va
ria

b
les,

X
(v→

w
)
an

d
X

(w
→

v
) .

D
u
e
to

T
h
eorem

5.9
,
th
e
ex
p
ected

va
lu
e
o
f
th
e
su
m

X
o
f
a
ll
th
ese

ran
d
om

variab
les

is
at

least

E
[X

]
=

∑

{
v
,w

}∈
E

E
[X

(v→
w
) ]+

E
[X

(w
→

v
) ]

=
∑

{
v
,w

}∈
E

P
[E
ven

t
(v

→
w
)]·

d
(w

)
+

P
[E
ven

t
(w

→
v
)]·d

(v
)

≥
∑

{
v
,w

}∈
E

d
(w

)

d
(v
)
+

d
(w

)
+

d
(v
)

d
(w

)
+

d
(v
)

=
∑

{
v
,w

}∈
E

1
=

|E
|.

In
oth

er
w
ord

s,
in

ex
p
ecta

tio
n
|E

|
d
irected

ed
ges

are
rem

oved
in

a
sin

gle
p
h
ase!

N
o
te

th
a
t
w
e
d
id

n
ot

d
o
u
b
le

co
u
n
t
a
n
y
ed

ge
rem

ovals,
as

a
d
irected

ed
ge

(v
,w

)
ca
n
o
n
ly

b
e
rem

oved
b
y
a
n
even

t
(u

→
v
).

T
h
e
even

t
(u

→
v
)
in
h
ib
its

a
co
n
cu

rren
t
ev
en
t
(u

′→
v
)
sin

ce
r(u

)
<

r(u
′)

for
all

u
′∈

N
(v
).

W
e
m
ay

h
ave

co
u
n
ted

an
u
n
d
irected

ed
ge

at
m
o
st

tw
ice

(on
ce

in
each

d
irection

).
S
o,

in
ex
p
ecta

tion
a
t
least

h
a
lf
o
f
th
e
u
n
d
irected

ed
g
es

are
rem

oved
.
✷

R
e
m
a
rk

s:

•
T
h
is

en
a
b
les

u
s
to

fo
llow

a
b
o
u
n
d
o
n
th
e
ex
p
ected

ru
n
n
in
g
tim

e
of

A
lgo-

rith
m

2
5
q
u
ite

ea
sily.

T
h
e
o
re

m
5
.1
1

(E
x
p
ected

ru
n
n
in
g
tim

e
o
f
A
lg
o
rith

m
25).

A
lgo

rith
m

2
5
ter-

m
in
a
tes

a
fter

a
t
m
o
st

3
lo
g
4
/
3
m

+
1
∈
O
(lo

g
n
)
p
h
a
ses

in
expecta

tio
n
.

P
ro
o
f:

T
h
e
p
ro
b
a
b
ility

th
a
t
in

a
sin

gle
p
h
a
se

a
t
least

a
q
u
arter

of
all

ed
ges

a
re

rem
oved

is
a
t
lea

st
1/

3
.
F
o
r
th
e
sa
k
e
o
f
co
n
trad

iction
,
assu

m
e
n
ot.

T
h
en

w
ith

p
ro
b
a
b
ility

less
th
a
n
1
/3

w
e
m
ay

b
e
lu
ck
y
a
n
d
m
an

y
(p
oten

tially
all)

ed
ges

a
re

rem
oved

.
W

ith
p
ro
b
a
b
ility

m
o
re

th
a
n
2/3

less
th
an

1/4
of

th
e
ed

ges
are

rem
oved

.
H
en

ce
th
e
ex
p
ected

fractio
n

of
rem

oved
ed

ges
is

strictly
less

th
an

1/
3·1

+
2
/
3·1/

4
=

1/2.
T
h
is

co
n
trad

icts
L
em

m
a
5.10.

H
en

ce,
a
t
lea

st
every

th
ird

p
h
a
se

is
“
go

o
d
”
an

d
rem

oves
at

least
a
q
u
arter

o
f
th
e
ed

g
es.

T
o
g
et

rid
o
f
a
ll
b
u
t
tw

o
ed

g
es

w
e
n
eed

log
4
/
3
m

go
o
d
p
h
ases

in
ex
p
ecta

tio
n
.
T
h
e
la
st

tw
o
ed

g
es

w
ill

certa
in
ly

b
e
rem

oved
in

th
e
n
ex
t
p
h
ase.

H
en

ce
a
to
tal

o
f
3
lo
g
4
/
3
m

+
1
p
h
a
ses

a
re

en
o
u
g
h
in

ex
p
ectation

.

R
e
m
a
rk

s:

•
S
o
m
etim

es
o
n
e
ex
p
ects

a
b
it

m
o
re

of
a
n
a
lgorith

m
:
N
ot

on
ly

sh
ou

ld
th
e

ex
p
ected

tim
e
to

term
in
a
te

b
e
go

o
d
,
b
u
t
th
e
a
lgorith

m
sh
ou

ld
a
lw
a
ys

term
in
a
te

q
u
ick

ly.
A
s
th
is

is
im

p
o
ssib

le
in

ran
d
om

ized
algorith

m
s
(after

a
ll,

th
e
ra
n
d
o
m

ch
o
ices

m
ay

b
e
“
u
n
lu
ck
y
”
a
ll
th
e
tim

e!),
research

ers
often

settle
fo
r
a
co
m
p
ro
m
ise,

an
d
ju
st

d
em

a
n
d
th
at

th
e
p
rob

ab
ility

th
at

th
e

alg
o
rith

m
d
o
es

n
o
t
term

in
a
te

in
th
e
sp
ecifi

ed
tim

e
can

b
e
m
ad

e
ab

su
rd
ly

sm
a
ll.

F
o
r
o
u
r
a
lg
o
rith

m
,
th
is

ca
n

b
e
d
ed

u
ced

from
L
em

m
a
5.10

an
d

an
o
th
er

sta
n
d
a
rd

to
o
l,
n
a
m
ely

C
h
ern

off
’s

B
ou

n
d
.

D
e
fi
n
itio

n
5
.1
2
(W

.h
.p
.).

W
e
sa
y
th
a
t
a
n
a
lgo

rith
m

term
in
a
tes

w
.h
.p
.
(w

ith
h
igh

p
ro
ba
bility)

w
ith

in
O
(t)

tim
e
if
it
d
oes

so
w
ith

p
ro
ba
bility

a
t
lea

st
1−

1/n
c

5
.4
.

A
P
P
L
IC

A
T
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N
S
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fo
r
a
n
y
ch
o
ice

o
f
c≥

1.
H
ere

c
m
a
y
a
ff
ect

th
e
co
n
sta

n
ts

in
th
e
B
ig-O

n
o
ta
tio

n
beca

u
se

it
is

co
n
sid

ered
a
“
tu
n
a
ble

co
n
sta

n
t”

a
n
d
u
su
a
lly

kep
t
sm

a
ll.

D
e
fi
n
itio

n
5
.1
3
(C

h
ern

off
’s

B
ou

n
d
).

L
et

X
=
∑

ki=
1
X

i
be

th
e
su
m

o
f
k
in
d
e-

pen
d
en

t
0−

1
ra
n
d
o
m

va
ria

bles.
T
h
en

C
h
ern

off
’s

b
ou

n
d
sta

tes
th
a
t
w
.h
.p
.

|X
−

E
[X

]|∈
O
(

log
n
+
√

E
[X

]log
n
)

.

C
o
ro

lla
ry

5
.1
4

(R
u
n
n
in
g
T
im

e
of

A
lg
orith

m
25

).
A
lgo

rith
m

2
5
term

in
a
tes

w
.h
.p
.
in

O
(log

n
)
tim

e.

P
ro
of:

In
T
h
eorem

5.1
1
w
e
u
sed

th
at

in
d
epen

d
en

tly
of

every
th
in
g
th
at

h
ap

p
en

ed
b
efore,

in
ea
ch

p
h
ase

w
e
h
ave

a
con

stan
t
p
rob

ab
ility

p
th
at

a
q
u
arter

of
th
e
ed

ges
are

rem
ov
ed

.
C
all

su
ch

a
p
h
ase

good
.
F
or

som
e
con

stan
ts

C
1
a
n
d
C

2 ,
let

u
s
ch
eck

after
C

1
log

n
+
C

2 ∈
O
(log

n
)
p
h
ases,

in
h
ow

m
an

y
p
h
ases

at
least

a
q
u
arter

of
th
e
ed

ges
h
ave

b
een

rem
oved

.
In

ex
p
ectation

,
th
ese

are
at

lea
st

p
(C

1
log

n
+
C

2 )

m
an

y.
N
ow

w
e
lo
ok

a
t
th
e
ran

d
om

variab
le

X
=
∑

C
1
lo
g
n
+
C

2

i=
1

X
i ,
w
h
ere

th
e
X

i

are
in
d
ep

en
d
en
t
0−

1
variab

les
b
ein

g
on

e
w
ith

ex
actly

p
rob

ab
ility

p
.
C
ertain

ly,
if

X
is

at
least

x
w
ith

som
e
p
rob

ab
ility,

th
en

th
e
p
rob

ab
ility

th
at

w
e
h
av
e

x
go

o
d
p
h
a
ses

can
on

ly
b
e
larger

(if
n
o
ed

ges
are

left,
certain

ly
“all”

of
th
e

rem
ain

in
g
ed

ges
are

rem
oved

).
T
o
X

w
e
can

ap
p
ly

C
h
ern

o
ff
’s

b
ou

n
d
.

If
C

1

an
d
C

2
are

ch
osen

large
en

ou
gh

,
th
ey

w
ill

overcom
e
th
e
con

stan
ts

in
th
e
B
ig-O

from
C
h
ern

o
ff
’s
b
ou

n
d
,
i.e.,

w
.h
.p
.
it
h
old

s
th
a
t|X

−
E
[X

]|≤
E
[X

]/
2,

im
p
ly
in
g

X
≥

E
[X

]/
2
.
C
h
o
osin

g
C

1
larg

e
en

ou
gh

,
w
e
w
ill

h
av
e
w
.h
.p
.
su
ffi
cien

tly
m
an

y
go

o
d
p
h
ases,

i.e.,
th
e
algorith

m
term

in
ates

w
.h
.p
.
in

O
(log

n
)
p
h
ases.

R
e
m
a
rk

s:

•
T
h
e
a
lgorith

m
can

b
e
im

p
roved

a
b
it

m
ore

ev
en

.
D
raw

in
g
ran

d
om

real
n
u
m
b
ers

in
each

p
h
ase

fo
r
in
stan

ce
is

n
ot

n
ecessary.

O
n
e
can

ach
ieve

th
e
sa
m
e
b
y
sen

d
in
g
on

ly
a
total

ofO
(log

n
)
ran

d
om

(an
d
as

m
a
n
y
n
on

-
ran

d
om

)
b
its

over
each

ed
ge.

•
O
n
e
o
f
th
e
m
ain

op
en

p
ro
b
lem

s
in

d
istrib

u
ted

com
p
u
tin

g
is

w
h
eth

er
on

e
can

b
eat

th
is

lo
garith

m
ic

tim
e,

or
a
t
least

ach
ieve

it
w
ith

a
d
eterm

in
istic
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a
lg
o
rith

m
.
D
istribu

ted
C
o
m
p
u
tin

g,
23(5-6):331–340,

2011.

[P
el00

]
D
av
id

P
eleg

.
D
istribu

ted
co
m
p
u
tin

g:
a
loca

lity-sen
sitive

a
p
p
roa

ch
.

S
o
ciety

for
In
d
u
stria

l
a
n
d
A
p
p
lied

M
ath

em
atics,

P
h
ilad

elp
h
ia,

P
A
,

U
S
A
,
20

0
0
.

[P
S
9
6
]
A
lessa

n
d
ro

P
an

co
n
esi

a
n
d
A
rav

in
d
S
rin

ivasan
.
O
n
th
e
C
om

p
lex

ity
o
f
D
istrib

u
ted

N
etw

o
rk

D
eco

m
p
osition

.
J
.
A
lgo

rith
m
s,

20(2):356–
3
7
4
,
1
9
9
6
.

[S
W

0
8
]
J
o
h
an

n
es

S
ch
n
eid

er
a
n
d
R
o
g
er

W
a
tten

h
ofer.

A
L
og-S

tar
D
istrib

-
u
ted

M
ax

im
a
l
In
d
ep

en
d
en
t
S
et

A
lgorith

m
for

G
row

th
-B

ou
n
d
ed

G
ra
p
h
s.

In
2
7
th

A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

T
o
ro
n
to
,
C
a
n
a
d
a
,
A
u
gu

st
2008.

B
IB

L
IO

G
R
A
P
H
Y

57

[W
W

04]
M
irjam

W
atten

h
o
fer

an
d

R
oger

W
atten

h
ofer.

D
istrib

u
ted

W
eigh

ted
M
atch

in
g.

In
1
8
th

A
n
n
u
a
l
C
o
n
feren

ce
o
n

D
istribu

ted
C
o
m
p
u
tin

g
(D

IS
C
),

A
m
sterd

a
m
,
N
eth

erla
n
d
s,

O
ctob

er
20

04.
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M
A
X
IM

A
L
IN

D
E
P
E
N
D
E
N
T

S
E
T

C
h
a
p
te
r
6

L
o
c
a
lity

L
o
w
e
r
B
o
u
n
d
s

In
C
h
ap

ter
1,

w
e
lo
oked

at
d
istrib

u
ted

a
lgorith

m
s
for

colorin
g.

In
p
a
rticu

lar,
w
e
saw

th
at

rin
gs

an
d
ro
oted

trees
can

b
e
colored

w
ith

3
colo

rs
in

log ∗
n
+
O
(1)

rou
n
d
s.

In
th
is

ch
ap

ter,
w
e
w
ill

recon
sid

er
th
e
d
istrib

u
ted

colorin
g
p
rob

lem
.

W
e
w
ill

lo
ok

at
a
classic

low
er

b
ou

n
d
th
at

sh
ow

s
th
at

th
e
resu

lt
of

C
h
ap

ter
1

is
tigh

t:
C
o
lorin

g
rin

g
s
(an

d
ro
o
ted

trees)
in
d
eed

req
u
ires

Ω
(log ∗

n
)
ro
u
n
d
s.

In
p
articu

lar,
w
e
w
ill

p
rove

a
low

er
b
ou

n
d
fo
r
colorin

g
in

th
e
fo
llow

in
g
settin

g:

•
W
e
co
n
sid

er
d
eterm

in
istic,

sy
n
ch
ron

ou
s
algorith

m
s.

•
M
essa

ge
size

an
d
lo
cal

com
p
u
tation

s
are

u
n
b
ou

n
d
ed

.

•
W
e
assu

m
e
th
at

th
e
n
etw

ork
is

a
d
irected

rin
g
w
ith

n
n
o
d
es.

•
N
o
d
es

h
av
e
u
n
iq
u
e
lab

els
(id

en
tifi

ers)
from

1
to

n
.

R
e
m
a
rk

s:

•
A

gen
eralization

of
th
e
low

er
b
ou

n
d
to

ran
d
om

ized
algo

rith
m
s
is
p
ossib

le.

•
E
x
cep

t
for

restrictin
g
to

d
eterm

in
istic

algorith
m
s,
all

th
e
con

d
itio

n
s
ab

ove
m
ake

a
low

er
b
ou

n
d

stro
n
ger:

A
n
y
low

er
b
ou

n
d

for
sy
n
ch
ron

o
u
s
algo-

rith
m
s
certain

ly
also

h
old

s
for

asy
n
ch
ron

ou
s
on

es.
A

low
er

b
ou

n
d
th
at

is
tru

e
if
m
essage

size
an

d
lo
cal

com
p
u
tation

s
are

n
ot

restricted
is
clearly

also
valid

if
w
e
req

u
ire

a
b
ou

n
d
on

th
e
m
ax

im
al

m
essage

size
or

th
e
am

ou
n
t

of
lo
ca
l
com

p
u
tation

s.
S
im

ilarly
also

assu
m
in
g
th
at

th
e
rin

g
is

d
irected

an
d
th
at

n
o
d
e
la
b
els

are
from

1
to

n
(in

stead
of

ch
o
osin

g
ID

s
from

a
m
ore

gen
era

l
d
om

ain
)
stren

gth
en

th
e
low

er
b
ou

n
d
.

•
In
stea

d
of

d
irectly

p
rov

in
g
th
at

3-colorin
g
a
rin

g
n
eed

s
Ω
(log ∗

n
)
rou

n
d
s,

w
e
w
ill

p
rove

a
sligh

tly
m
ore

gen
eral

statem
en
t.

W
e
w
ill

con
sid

er
d
eter-

m
in
istic

algorith
m
s
w
ith

tim
e
com

p
lex

ity
r
(for

arb
itra

ry
r)

an
d
d
erive

a
low

er
b
ou

n
d
on

th
e
n
u
m
b
er

of
colors

th
at

are
n
eed

ed
if
w
e
w
an

t
to

p
rop

-
erly

co
lor

an
n
-n
o
d
e
rin

g
w
ith

an
r-rou

n
d
algorith

m
.
A

3-colorin
g
low

er
b
ou

n
d
can

th
en

b
e
d
erived

b
y
tak

in
g
th
e
sm

a
llest

r
for

w
h
ich

an
r-rou

n
d

algorith
m

n
eed

s
3
or

few
er

colors.59
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L
O
C
A
L
IT

Y
L
O
W

E
R

B
O
U
N
D
S

A
lg
o
rith

m
2
7
S
y
n
ch
ro
n
o
u
s
A
lg
o
rith

m
:
C
an

o
n
ical

F
orm

1
:
In

r
ro
u
n
d
s:

se
n
d
com

p
lete

in
itia

l
sta

te
to

n
o
d
es

at
d
istan

ce
at

m
ost

r
2
:

/
/
d
o
a
ll
th
e
co
m
m
u
n
ica

tio
n
fi
rst

3
:
C
o
m
p
u
te

o
u
tp
u
t
b
a
sed

o
n
co
m
p
lete

in
form

a
tion

ab
ou

t
r-n

eigh
b
orh

o
o
d

4
:

/
/
d
o
a
ll
th
e
co
m
p
u
ta
tio

n
in

th
e
en

d

6
.1

L
o
c
a
lity

L
et

u
s
for

a
m
o
m
en
t
lo
o
k
a
t
d
istrib

u
ted

alg
o
rith

m
s
m
ore

gen
erally

(i.e.,
n
ot

o
n
ly

at
co
lo
rin

g
a
n
d
n
o
t
on

ly
at

rin
g
s).

A
ssu

m
e
th
at

in
itially,

all
n
o
d
es

on
ly

k
n
ow

th
eir

ow
n

la
b
el

(id
en
tifi

er)
a
n
d

p
oten

tia
lly

som
e
ad

d
ition

al
in
p
u
t.

A
s

in
fo
rm

a
tio

n
n
eed

s
a
t
lea

st
r
ro
u
n
d
s
to

travel
r
h
op

s,
after

r
rou

n
d
s,

a
n
o
d
e
v

ca
n
o
n
ly

lea
rn

a
b
o
u
t
oth

er
n
o
d
es

at
d
ista

n
ce

a
t
m
ost

r.
If
m
essage

size
an

d
lo
cal

co
m
p
u
ta
tio

n
s
are

n
o
t
restricted

,
it

is
in

fa
ct

n
o
t
h
ard

to
see,

th
at

in
r
rou

n
d
s,

a
n
o
d
e
v
can

ex
a
ctly

lea
rn

all
th
e
n
o
d
e
la
b
els

an
d

in
p
u
ts

u
p

to
d
istan

ce
r.

A
s
sh
ow

n
b
y
th
e
fo
llow

in
g
lem

m
a
,
th
is

a
llow

s
to

tran
sform

every
d
eterm

in
istic

r-ro
u
n
d
sy
n
ch
ro
n
o
u
s
a
lg
o
rith

m
in
to

a
sim

p
le

ca
n
on

ical
form

.

L
e
m
m
a

6
.1
.
If

m
essa

ge
size

a
n
d
loca

l
co
m
p
u
ta
tio

n
s
a
re

n
o
t
bo
u
n
d
ed
,
every

d
eterm

in
istic,

syn
ch
ro
n
o
u
s
r-ro

u
n
d
a
lgo

rith
m

ca
n
be

tra
n
sfo

rm
ed

in
to

a
n
a
lgo

-
rith

m
o
f
th
e
fo
rm

given
by

A
lgo

rith
m

2
7
(i.e.,

it
is

po
ssible

to
fi
rst

co
m
m
u
n
ica

te
fo
r
r
ro
u
n
d
s
a
n
d
th
en

d
o
a
ll
th
e
co
m
p
u
ta
tio

n
s
in

th
e
en

d
).

P
roo

f.
C
o
n
sid

er
so
m
e
r-rou

n
d
a
lg
o
rith

m
A
.
W
e
w
an

t
to

sh
ow

th
at

A
can

b
e

b
ro
u
g
h
t
to

th
e
ca
n
o
n
ical

fo
rm

g
iven

b
y
A
lgo

rith
m

27.
F
irst,

w
e
let

th
e
n
o
d
es

co
m
m
u
n
ica

te
fo
r
r
ro
u
n
d
s.

A
ssu

m
e
th
a
t
in

every
rou

n
d
,
every

n
o
d
e
sen

d
s
its

co
m
p
lete

sta
te

to
a
ll
of

its
n
eig

h
b
o
rs

(rem
em

b
er

th
at

th
ere

is
n
o
restriction

on
th
e
m
a
x
im

al
m
essa

ge
size).

B
y
in
d
u
ctio

n
,
a
fter

i
rou

n
d
s,
every

n
o
d
e
k
n
ow

s
th
e

in
itia

l
sta

te
o
f
a
ll
oth

er
n
o
d
es

at
d
ista

n
ce

a
t
m
ost

i.
H
en

ce,
after

r
rou

n
d
s,

a
n
o
d
e
v
h
as

th
e
co
m
b
in
ed

in
itia

l
k
n
ow

led
g
e
o
f
a
ll
th
e
n
o
d
es

in
its

r-n
eigh

b
orh

o
o
d
.

W
e
w
a
n
t
to

sh
ow

th
at

th
is

su
ffi
ces

to
lo
ca
lly

(a
t
n
o
d
e
v
)
sim

u
late

en
ou

gh
of

A
lg
orith

m
A

to
co
m
p
u
te

a
ll
th
e
m
essag

es
th
a
t
v
receives

in
th
e
r
com

m
u
n
ication

ro
u
n
d
s
o
f
a
reg

u
la
r
ex
ecu

tio
n
o
f
A
lg
orith

m
A
.

C
o
n
cretely,

w
e
p
rove

th
e
fo
llow

in
g
sta

tem
en
t
b
y

in
d
u
ction

on
i.

F
or

all
n
o
d
es

at
d
ista

n
ce

a
t
m
o
st

r−
i
+

1
fro

m
v
,
n
o
d
e
v
can

com
p
u
te

all
m
essages

of
th
e
fi
rst

i
rou

n
d
s
o
f
a
reg

u
la
r
ex
ecu

tio
n
ofA

.
N
ote

th
at

th
is

im
p
lies

th
at

v
ca
n
co
m
p
u
te

a
ll
th
e
m
essa

ges
it
receives

fro
m

its
n
eigh

b
ors

d
u
rin

g
all

r
rou

n
d
s.

B
eca

u
se

v
k
n
ow

s
th
e
in
itia

l
sta

te
o
f
all

n
o
d
es

in
th
e
r-n

eigh
b
orh

o
o
d
,
v
can

clea
rly

co
m
p
u
te

a
ll
m
essa

g
es

o
f
th
e
fi
rst

ro
u
n
d
(i.e.,

th
e
statem

en
t
is

tru
e
for

i
=

1
).

L
et

u
s
n
ow

co
n
sid

er
th
e
in
d
u
ctio

n
step

fro
m

i
to

i+
1.

B
y
th
e
in
d
u
ction

h
y
p
o
th
esis,

v
ca
n
co
m
p
u
te

th
e
m
essa

g
es

o
f
th
e
fi
rst

i
rou

n
d
s
of

all
n
o
d
es

in
its

(r−
i
+

1
)-n

eig
h
b
o
rh
o
o
d
.
It

ca
n
th
erefo

re
com

p
u
te

all
m
essages

th
at

are
received

b
y
n
o
d
es

in
th
e
(r−

i)-n
eig

h
b
o
rh
o
o
d
in

th
e
fi
rst

i
rou

n
d
s.

T
h
is

is
of

co
u
rse

ex
a
ctly

w
h
a
t
is
n
eed

ed
to

co
m
p
u
te

th
e
m
essages

of
rou

n
d
i
+
1
of

n
o
d
es

in
th
e
(r−

i)-n
eig

h
b
o
rh
o
o
d
.

6
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.
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R
e
m
a
rk

s:

•
It

is
straigh

tforw
ard

to
gen

eralize
th
e
can

on
ical

form
to

ran
d
om

ized
algo-

rith
m
s:

E
very

n
o
d
e
fi
rst

com
p
u
tes

a
ll
th
e
ran

d
om

b
its

it
n
eed

s
th
rou

gh
ou

t
th
e
alg

orith
m
.
T
h
e
ran

d
om

b
its

are
th
en

p
art

of
th
e
in
itial

state
o
f
a
n
o
d
e.

D
e
fi
n
itio

n
6
.2

(r-h
o
p
v
iew

).
W
e
ca
ll
th
e
co
llectio

n
o
f
th
e
in
itia

l
sta

tes
o
f
a
ll

n
od
es

in
th
e
r-n

eigh
bo
rh
ood

o
f
a
n
od
e
v
,
th
e
r-h

o
p
view

o
f
v
.

R
e
m
a
rk

s:

•
A
ssu

m
e
th
at

in
itially,

ev
ery

n
o
d
e
k
n
ow

s
its

d
egree,

its
lab

el
(id

en
tifi

er)
an

d
p
oten

tially
som

e
ad

d
ition

al
in
p
u
t.

T
h
e
r-h

op
v
iew

of
a
n
o
d
e
v
th
en

in
clu

d
es

th
e
com

p
lete

top
ology

of
th
e
r-n

eig
h
b
orh

o
o
d

(ex
clu

d
in
g
ed

ges
b
etw

een
n
o
d
es

a
t
d
istan

ce
r)

an
d
th
e
lab

els
an

d
ad

d
ition

al
in
p
u
ts

o
f
all

n
o
d
es

in
th
e
r-n

eigh
b
orh

o
o
d
.

B
ased

on
th
e
d
efi

n
ition

of
an

r-h
op

v
iew

,
w
e
can

state
th
e
follow

in
g
corollary

of
L
em

m
a
6
.1.

C
o
ro

lla
ry

6
.3
.
A

d
eterm

in
istic

r-ro
u
n
d
a
lgo

rith
m

A
is

a
fu
n
ctio

n
th
a
t
m
a
p
s

every
po
ssible

r-h
o
p
view

to
th
e
set

o
f
po
ssible

o
u
tp
u
ts.

P
roo

f.
B
y
L
em

m
a
6.1,

w
e
k
n
ow

th
at

w
e
can

tran
sform

A
lgorith

m
A

to
th
e

can
on

ical
fo
rm

given
b
y
A
lgorith

m
27.

A
fter

r
co
m
m
u
n
ication

rou
n
d
s,

every
n
o
d
e
v
k
n
ow

s
ex
actly

its
r-h

op
v
iew

.
T
h
is

in
form

a
tion

su
ffi
ces

to
com

p
u
te

th
e

ou
tp
u
t
of

n
o
d
e
v
.

R
e
m
a
rk

s:

•
N
ote

th
at

th
e
a
b
ove

coro
llary

im
p
lies

th
at

tw
o
n
o
d
es

w
ith

eq
u
al

r-h
op

v
iew

s
h
ave

to
co
m
p
u
te

th
e
sam

e
ou

tp
u
t
in

every
r-rou

n
d
algorith

m
.

•
F
or

co
lorin

g
algo

rith
m
s,
th
e
on

ly
in
p
u
t
of

a
n
o
d
e
v
is
its

lab
el.

T
h
e
r-h

op
v
iew

o
f
a
n
o
d
e
th
erefore

is
its

lab
eled

r-n
eigh

b
orh

o
o
d
.

•
If

w
e
on

ly
con

sid
er

rin
gs,

r-h
op

n
eigh

b
orh

o
o
d
s
are

p
articu

larly
sim

p
le.

T
h
e
la
b
eled

r-n
eigh

b
orh

o
o
d

of
a
n
o
d
e
v
(an

d
h
en

ce
its

r-h
op

v
iew

)
in

an
orien

ted
rin

g
is

sim
p
ly

a
(2
r
+

1)-tu
p
le

(ℓ−
r ,ℓ−

r
+
1 ,...,ℓ

0 ,...,ℓ
r )

of
d
istin

ct
n
o
d
e
la
b
els

w
h
ere

ℓ
0
is

th
e
lab

el
of

v
.
A
ssu

m
e
th
at

for
i
>

0,
ℓ
i

is
th
e
lab

el
of

th
e
i
t
h
clo

ck
w
ise

n
eigh

b
or

of
v
an

d
ℓ−

i
is

th
e
lab

el
of

th
e

i
t
h
cou

n
terclo

ck
w
ise

n
eigh

b
or

of
v
.
A

d
eterm

in
istic

colo
rin

g
algorith

m
for

orien
ted

rin
gs

th
erefore

is
a
fu
n
ctio

n
th
at

m
ap

s
(2
r
+

1)-tu
p
les

of
n
o
d
e

lab
els

to
colors.

•
C
on

sid
er

tw
o
r-h

op
v
iew

s
V
r
=

(ℓ−
r ,...,ℓ

r )
an

d
V
′r
=

(ℓ ′−
r ,...,ℓ ′r ).

If
ℓ ′i

=
ℓ
i+

1
for−

r≤
i≤

r−
1
an

d
if
ℓ ′r 6=

ℓ
i
for−

r≤
i≤

r,
th
e
r-h

op
v
iew

V
′r
can

b
e
th
e
r-h

op
v
iew

o
f
a
clo

ck
w
ise

n
eigh

b
or

of
a
n
o
d
e
w
ith

r-h
op

v
iew

V
r .

T
h
erefore,

every
algorith

m
A

th
at

com
p
u
tes

a
valid

colorin
g
n
eed

s
to

assign
d
iff
eren

t
colors

to
V
r
an

d
V
′r .

O
th
erw

ise,
th
ere

is
a
rin

g
lab

elin
g
for

w
h
ich

A
assign

s
th
e
sam

e
color

to
tw

o
ad

jacen
t
n
o
d
es.
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6
.2

T
h
e
N
e
ig
h
b
o
r
h
o
o
d
G
r
a
p
h

W
e
w
ill

n
ow

m
a
ke

th
e
a
b
ov
e
o
b
serva

tio
n
s
co
n
cern

in
g
colorin

gs
of

rin
gs

a
b
it

m
ore

form
a
l.
In
stea

d
of

th
in
k
in
g
of

a
n
r-ro

u
n
d
co
lorin

g
algorith

m
as

a
fu
n
ction

fro
m

a
ll
p
o
ssib

le
r-h

o
p
v
iew

s
to

co
lo
rs,

w
e
w
ill

u
se

a
sligh

tly
d
iff
eren

t
p
ersp

ective.
In
terestin

g
ly,

th
e
p
ro
b
lem

o
f
u
n
d
ersta

n
d
in
g
d
istrib

u
ted

colorin
g
algorith

m
s
can

itself
b
e
seen

as
a
cla

ssica
l
g
ra
p
h
co
lo
rin

g
p
ro
b
lem

.

D
e
fi
n
itio

n
6
.4

(N
eigh

b
o
rh
o
o
d
G
ra
p
h
).

F
o
r
a
given

fa
m
ily

o
f
n
etw

o
rk

gra
p
h
s

G
,
th
e
r-n

eigh
bo
rh
ood

gra
p
h
N

r (G
)
is

d
efi

n
ed

a
s
fo
llo

w
s.

T
h
e
n
od
e
set

o
fN

r (G
)

is
th
e
set

o
f
a
ll
po
ssible

la
beled

r-n
eigh

bo
rh
ood

s
(i.e.,

a
ll
po
ssible

r-h
o
p
view

s).
T
h
ere

is
a
n
ed
ge

betw
een

tw
o
la
beled

r-n
eigh

bo
rh
ood

s
V
r
a
n
d
V
′r
ifV

r
a
n
d
V
′r

ca
n
be

th
e
r-h

o
p
view

s
o
f
tw
o
a
d
ja
cen

t
n
od
es.

L
e
m
m
a
6
.5
.
F
o
r
a
given

fa
m
ily

o
f
n
etw

o
rk

gra
p
h
s
G
,
th
ere

is
a
n
r-ro

u
n
d
a
l-

go
rith

m
th
a
t
co
lo
rs

gra
p
h
s
o
fG

w
ith

c
co
lo
rs

iff
th
e
ch
ro
m
a
tic

n
u
m
ber

o
f
th
e

n
eigh

bo
rh
ood

gra
p
h
is

χ
(N

r (G
))≤

c.

P
roo

f.
W
e
h
ave

seen
th
at

a
co
lo
rin

g
alg

o
rith

m
is

a
fu
n
ction

th
at

m
ap

s
ev
ery

p
o
ssib

le
r-h

o
p
v
iew

to
a
colo

r.
H
en

ce,
a
colo

rin
g
algorith

m
assign

s
a
color

to
every

n
o
d
e
o
f
th
e
n
eig

h
b
o
rh
o
o
d
g
ra
p
h
N

r (G
).

If
tw

o
r-h

op
v
iew

sV
r
an

d
V
′r
can

b
e
th
e
r-h

o
p
v
iew

s
o
f
tw

o
a
d
ja
cen

t
n
o
d
es

u
an

d
v
(for

som
e
lab

eled
grap

h
in

G
),

every
correct

co
lorin

g
a
lgo

rith
m

m
u
st

a
ssig

n
d
iff
eren

t
colors

to
V
r
an

d
V
′r .

T
h
u
s,

sp
ecify

in
g
a
n
r-ro

u
n
d
co
lo
rin

g
a
lg
orith

m
for

a
fam

ily
of

n
etw

ork
grap

h
s

G
is

eq
u
iva

len
t
to

co
lo
rin

g
th
e
resp

ective
n
eig

h
b
orh

o
o
d
grap

h
N

r (G
).

In
stea

d
o
f
d
irectly

d
efi

n
in
g
th
e
n
eig

h
b
o
rh
o
o
d
grap

h
for

d
irected

rin
gs,

w
e

d
efi

n
e
d
irected

g
ra
p
h
sB

k
,n

th
a
t
a
re

closely
rela

ted
to

th
e
n
eigh

b
orh

o
o
d
grap

h
.

L
et

k
a
n
d
n
b
e
tw

o
p
o
sitiv

e
in
teg

ers
an

d
a
ssu

m
e
th
at

n
≥

k
.
T
h
e
n
o
d
e
set

of
B
k
,n

co
n
tain

s
a
ll
k
-tu

p
les

o
f
in
crea

sin
g
n
o
d
e
la
b
els

([n
]
=

{1,...,n}
):

V
[B

k
,n
]
=
{

(α
1 ,...,α

k )
:
α
i ∈

[n
],i

<
j→

α
i
<

α
j

}

(6.1)

F
o
r
α
=

(α
1 ,...,α

k )
a
n
d
β
=

(β
1 ,...,β

k )
th
ere

is
a
d
irected

ed
ge

from
α
to

β
iff

∀
i∈

{1,...,k−
1}

:
β
i
=

α
i+

1 .
(6.2)

L
e
m
m
a
6
.6
.
V
iew

ed
a
s
a
n
u
n
d
irected

gra
p
h
,
th
e
gra

p
h
B
2
r
+
1
,n

is
a
su
bgra

p
h

o
f
th
e
r-n

eigh
bo
rh
ood

gra
p
h
o
f
d
irected

n
-n
od
e
rin

gs
w
ith

n
od
e
la
bels

fro
m

[n
].

P
roo

f.
T
h
e
cla

im
fo
llow

s
d
irectly

fro
m

th
e
o
b
serva

tion
s
regard

in
g
r-h

op
v
iew

s
of

n
o
d
es

in
a
d
irected

rin
g
fro

m
S
ectio

n
6
.1
.
T
h
e
set

of
k
-tu

p
les

of
in
creasin

g
n
o
d
e

la
b
els

is
a
su
b
set

o
f
th
e
set

o
f
k
-tu

p
les

o
f
d
istin

ct
n
o
d
e
lab

els.
T
w
o
n
o
d
es

of
B
2
r
+
1
,n

a
re

co
n
n
ected

b
y
a
d
irected

ed
g
e
iff

th
e
tw

o
corresp

on
d
in
g
r-h

op
v
iew

s
are

co
n
n
ected

b
y
a
d
irected

ed
g
e
in

th
e
n
eig

h
b
o
rh
o
o
d
grap

h
.
N
ote

th
at

if
th
ere

is
a
n
ed

g
e
b
etw

een
α
a
n
d
β
in

B
k
,n
,
α
1 6=

β
k
b
ecau

se
th
e
n
o
d
e
lab

els
in

α
an

d
β
a
re

in
crea

sin
g
.

T
o
d
eterm

in
e
a
low

er
b
o
u
n
d
o
n
th
e
n
u
m
b
er

of
colors

an
r-rou

n
d
algorith

m
n
eed

s
fo
r
d
irected

n
-n
o
d
e
rin

g
s,
it
th
erefo

re
su
ffi
ces

to
d
eterm

in
e
a
low

er
b
ou

n
d

on
th
e
ch
ro
m
atic

n
u
m
b
er

o
fB

2
r
+
1
,n
.
T
o
o
b
ta
in

su
ch

a
low

er
b
ou

n
d
,
w
e
n
eed

th
e
follow

in
g
d
efi

n
itio

n
.

6
.2
.

T
H
E

N
E
IG

H
B
O
R
H
O
O
D

G
R
A
P
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D
e
fi
n
itio

n
6
.7

(D
ilin

e
G
rap

h
).

T
h
e
d
irected

lin
e
gra

p
h
(d
ilin

e
gra

p
h
)
D
L
(G

)
o
f
a
d
irected

gra
p
h
G

=
(V

,E
)
is

d
efi

n
ed

a
s
fo
llo

w
s.

T
h
e
n
od
e
set

o
fD

L
(G

)
is

V
[D

L
(G

)]
=

E
.
T
h
ere

is
a
d
irected

ed
ge
((w

,x
),(y

,z
)
)

betw
een

(w
,x

)∈
E

a
n
d

(y
,z
)∈

E
iff

x
=

y
,
i.e.,

if
th
e
fi
rst

ed
ge

en
d
s
w
h
ere

th
e
seco

n
d
o
n
e
sta

rts.

L
e
m
m
a
6
.8
.
If

n
>

k
,
th
e
gra

p
h
B
k
+
1
,n

ca
n
be

d
efi

n
ed

recu
rsively

a
s
fo
llo

w
s:

B
k
+
1
,n

=
D
L
(B

k
,n
).

P
roo

f.
T
h
e
ed

ges
of

B
k
,n

are
p
airs

of
k
-tu

p
les

α
=

(α
1 ,...,α

k )
a
n
d

β
=

(β
1 ,...,β

k )
th
at

satisfy
C
on

d
ition

s
(6.1

)
an

d
(6.2

).
B
ecau

se
th
e
la
st

k
−

1
lab

els
in

α
are

eq
u
al

to
th
e
fi
rst

k
−

1
la
b
els

in
β
,
th
e
p
air

(α
,β

)
can

b
e
rep

-
resen

ted
b
y
a
(k

+
1)-tu

p
le

γ
=

(γ
1 ,...,γ

k
+
1 )

w
ith

γ
1
=

α
1 ,

γ
i
=

β
i−

1
=

α
i

for
2
≤

i
≤

k
,
an

d
γ
k
+
1
=

β
k .

B
ecau

se
th
e
lab

els
in

α
an

d
th
e
lab

els
in

β
are

in
creasin

g,
th
e
la
b
els

in
γ
are

in
crea

sin
g
as

w
ell.

T
h
e
tw

o
grap

h
s
B
k
+
1
,n

an
d
D
L
(B

k
,n
)
th
erefo

re
h
av
e
th
e
sam

e
n
o
d
e
sets.

T
h
ere

is
an

ed
ge

b
etw

een
tw

o
n
o
d
es

(α
1 ,β

1 )
an

d
(α

2 ,β
2 )

ofD
L
(B

k
,n
)
if
β
1
=

α
2 .

T
h
is

is
eq
u
ivalen

t
to

req
u
irin

g
th
at

th
e
tw

o
corresp

o
n
d
in
g
(k

+
1)-tu

p
les

γ
1
an

d
γ
2
are

n
eig

h
b
ors

in
B
k
+
1
,n
,
i.e.,

th
at

th
e
last

k
lab

els
of

γ
1
are

eq
u
al

to
th
e
fi
rst

k
lab

els
o
f
γ
2 .

T
h
e
follow

in
g
lem

m
a
estab

lish
es

a
u
sefu

l
con

n
ection

b
etw

een
th
e
ch
rom

atic
n
u
m
b
ers

of
a
d
irected

grap
h
G

an
d
its

d
ilin

e
grap

h
D
L
(G

).

L
e
m
m
a

6
.9
.
F
o
r
th
e
ch
ro
m
a
tic

n
u
m
bers

χ
(G

)
a
n
d
χ
(D

L
(G

))
o
f
a
d
irected

gra
p
h
G

a
n
d
its

d
ilin

e
gra

p
h
,
it
h
o
ld
s
th
a
t

χ
(D

L
(G

)
)≥

lo
g
2

(χ
(G

)
).

P
roo

f.
G
iven

a
c-colorin

g
ofD

L
(G

),
w
e
sh
ow

h
ow

to
con

stru
ct

a
2
c
colorin

g
of

G
.

T
h
e
claim

o
f
th
e
lem

m
a
th
en

follow
s
b
ecau

se
th
is
im

p
lies

th
at

χ
(G

)≤
2
χ
(D

L
(G

)).
A
ssu

m
e
th
at

w
e
a
re

giv
en

a
c-colorin

g
ofD

L
(G

).
A

c-colorin
g
of

th
e
d
ilin

e
grap

h
D
L
(G

)
can

b
e
seen

as
a
colorin

g
of

th
e
ed

ges
of

G
su
ch

th
at

n
o
tw

o
ad

jacen
t
ed

ges
h
ave

th
e
sam

e
color.

F
or

a
n
o
d
e
v
of

G
,
let

S
v
b
e
th
e
set

of
colors

of
its

ou
tgoin

g
ed

ges.
L
et

u
an

d
v
b
e
tw

o
n
o
d
es

su
ch

th
at

G
co
n
tain

s
a

d
irected

ed
g
e
(u
,v
)
from

u
to

v
an

d
let

x
b
e
th
e
co
lor

of
(u
,v
).

C
learly,

x
∈
S
u

b
ecau

se
(u
,v
)
is

an
o
u
tgoin

g
ed

ge
of

u
.
B
ecau

se
a
d
jacen

t
ed

ges
h
ave

d
iff
eren

t
colors,

n
o
o
u
tgoin

g
ed

ge
(v
,w

)
of

v
can

h
ave

color
x
.
T
h
erefore

x
6∈

S
v .

T
h
is

im
p
lies

th
at

S
u
6=

S
v .

W
e
can

th
erefore

u
se

th
ese

color
sets

to
ob

tain
a
v
ertex

colorin
g
of

G
,
i.e.,

th
e
color

of
u
is

S
u
a
n
d
th
e
co
lor

of
v
is

S
v .

B
ecau

se
th
e

n
u
m
b
er

of
p
ossib

le
su
b
sets

of
[c]

is
2
c,

th
is

y
ield

s
a
2
c-colorin

g
of

G
.

L
et

log
(i)

x
b
e
th
e
i-fold

ap
p
lication

o
f
th
e
b
ase-2

logarith
m

to
x
:

log
(1

)
x
=

log
2
x
,

log
(i+

1
)
x
=

log
2 (log

(i)
x
).

R
em

em
b
er

from
C
h
ap

ter
1
th
at

log ∗
x
=

1
if
x
≤

2,
log ∗

x
=

1
+
m
in{

i
:
log

(i)
x
≤

2}.

F
or

th
e
ch
ro
m
atic

n
u
m
b
er

ofB
k
,n
,
w
e
ob

tain

L
e
m
m
a
6
.1
0
.
F
o
r
a
ll
n
≥

1
,
χ
(B

1
,n
)
=

n
.
F
u
rth

er,
fo
r
n
≥

k
≥

2,
χ
(B

k
,n
)≥

log
(k−

1
)
n
.
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P
roo

f.
F
or

k
=

1
,B

k
,n

is
th
e
com

p
lete

g
ra
p
h
o
n
n
n
o
d
es

w
ith

a
d
irected

ed
ge

from
n
o
d
e
i
to

n
o
d
e
j
iff

i
<

j.
T
h
erefo

re,
χ
(B

1
,n
)
=

n
.
F
or

k
>

2,
th
e
claim

fo
llow

s
b
y
in
d
u
ctio

n
an

d
L
em

m
a
s
6
.8

a
n
d
6
.9
.

T
h
is
fi
n
a
lly

a
llow

s
u
s
to

sta
te

a
low

er
b
o
u
n
d
o
n
th
e
n
u
m
b
er

of
rou

n
d
s
n
eed

ed
to

colo
r
a
d
irected

rin
g
w
ith

3
co
lo
rs.

T
h
e
o
re

m
6
.1
1
.
E
very

d
eterm

in
istic,

d
istribu

ted
a
lgo

rith
m

to
co
lo
r
a
d
irected

rin
g
w
ith

3
o
r
less

co
lo
rs

n
eed

s
a
t
lea

st
(lo

g ∗
n
)/2−

1
ro
u
n
d
s.

P
roo

f.
U
sin

g
th
e
co
n
n
ectio

n
b
etw

een
B
k
,n

a
n
d
th
e
n
eigh

b
orh

o
o
d
grap

h
for

d
i-

rected
rin

g
s,

it
su
ffi
ces

to
sh
ow

th
a
t
χ
(B

2
r
+
1
,n
)
>

3
for

all
r
<

(log ∗
n
)/2−

1.

F
ro
m

L
em

m
a
6
.1
0
,
w
e
k
n
ow

th
a
t
χ
(B

2
r
+
1
,n
)≥

lo
g
(2

r
)
n
.
T
o
ob

tain
log

(2
r
)
n
≤

2,

w
e
n
eed

r≥
(lo

g ∗
n
)/2−

1
.
B
eca

u
se

lo
g
2
3
<

2
,
w
e
th
erefore

h
ave

log
(2

r
)
n
>

3
if
r
<

lo
g ∗

n
/
2−

1
.

C
o
ro

lla
ry

6
.1
2
.
E
very

d
eterm

in
istic,

d
istribu

ted
a
lgo

rith
m

to
co
m
p
u
te

a
n
M
IS

o
f
a
d
irected

rin
g
n
eed

s
a
t
lea

st
lo
g ∗

n
/
2−

O
(1)

ro
u
n
d
s.

R
e
m
a
rk

s:

•
It

is
stra

ig
h
tforw

a
rd

to
see

th
at

a
lso

fo
r
a
con

stan
t
c
>

3,
th
e
n
u
m
b
er

of
rou

n
d
s
n
eed

ed
to

co
lo
r
a
rin

g
w
ith

c
o
r
less

colors
is

log ∗
n
/2−

O
(1).

•
T
h
ere

b
a
sica

lly
(u
p
to

a
d
d
itive

con
sta

n
ts)

is
a
gap

of
a
factor

of
2
b
etw

een
th
e
lo
g ∗

n
+
O
(1
)
u
p
p
er

b
o
u
n
d
o
f
C
h
a
p
ter

1
an

d
th
e
log ∗

n
/
2−

O
(1)

low
er

b
o
u
n
d

o
f
th
is

ch
a
p
ter.

It
is

p
o
ssib

le
to

sh
ow

th
at

th
e
low

er
b
ou

n
d

is
tig

h
t,
even

fo
r
u
n
d
irected

rin
g
s
(fo

r
d
irected

rin
gs,

th
is
w
ill

b
e
p
art

of
th
e

ex
ercises).

•
A
ltern

a
tively,

th
e
low

er
b
o
u
n
d
ca
n
a
lso

b
e
p
resen

ted
as

an
ap

p
lication

of
R
a
m
sey

’s
th
eo
ry.

R
a
m
sey

’s
th
eo
ry

is
b
est

in
tro

d
u
ced

w
ith

an
ex
am

p
le:

A
ssu

m
e
yo
u
h
o
st

a
p
a
rty,

a
n
d
you

w
a
n
t
to

in
v
ite

p
eop

le
su
ch

th
at

th
ere

a
re

n
o
th
ree

p
eop

le
w
h
o
m
u
tu
a
lly

k
n
ow

ea
ch

oth
er,

an
d
n
o
th
ree

p
eop

le
w
h
ich

a
re

m
u
tu
a
l
stra

n
g
ers.

H
ow

m
a
n
y
p
eop

le
can

you
in
v
ite?

T
h
is

is
a
n
ex
a
m
p
le

o
f
R
a
m
sey

’s
th
eo
rem

,
w
h
ich

say
s
th
at

for
an

y
given

in
teger

c,
a
n
d
a
n
y
given

in
teg

ers
n
1 ,...,n

c ,
th
ere

is
a
R
am

sey
n
u
m
b
er

R
(n

1 ,...,n
c ),

su
ch

th
a
t
if
th
e
ed

g
es

o
f
a
co
m
p
lete

grap
h
w
ith

R
(n

1 ,...,n
c )

n
o
d
es

are
co
lo
red

w
ith

c
d
iff
eren

t
co
lo
rs,

th
en

fo
r
so
m
e
color

i
th
e
grap

h
con

tain
s

so
m
e
co
m
p
lete

su
b
g
ra
p
h
of

co
lor

i
o
f
size

n
i .

T
h
e
sp
ecial

case
in

th
e
p
arty

ex
a
m
p
le

is
lo
ok

in
g
fo
r
R
(3
,3
).

•
R
a
m
sey

th
eo
ry

is
m
o
re

g
en

eral,
a
s
it

d
ea
ls

w
ith

h
y
p
ered

ges.
A

n
orm

al
ed

g
e
is

essen
tia

lly
a
su
b
set

o
f
tw

o
n
o
d
es;

a
h
y
p
ered

ge
is

a
su
b
set

of
k

n
o
d
es.

T
h
e
p
a
rty

ex
a
m
p
le

ca
n

b
e
ex
p
la
in
ed

in
th
is

con
tex

t:
W
e
h
ave

(h
y
p
er)ed

g
es

o
f
th
e
form

{
i,j},

w
ith

1
≤

i,j≤
n
.
C
h
o
osin

g
n
su
ffi
cien

tly
la
rg
e,

co
lo
rin

g
th
e
ed

g
es

w
ith

tw
o
co
lo
rs

m
u
st

ex
h
ib
it

a
set

S
of

3
ed

ges
{i,j}

⊂
{v

1 ,v
2 ,v

3 }
,
su
ch

th
a
t
a
ll
ed

ges
in

S
h
ave

th
e
sam

e
color.

T
o
p
rove

o
u
r
co
lo
rin

g
low

er
b
ou

n
d
u
sin

g
R
a
m
sey

th
eory,

w
e
form

all
h
y
p
ered

ges
of

size
k
=

2r
+
1
,
a
n
d
co
lo
r
th
em

w
ith

3
co
lo
rs.

C
h
o
osin

g
n
su
ffi
cien

tly
large,

th
ere

m
u
st

b
e
a
set

S
=

{v
1 ,...,v

k
+
1 }

of
k
+

1
id
en
tifi

ers,
su
ch

th
at

all
k
+
1
h
y
p
ered

g
es

co
n
sistin

g
o
f
k
n
o
d
es

fro
m

S
h
ave

th
e
sam

e
color.

N
ote

B
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L
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th
at

b
oth

{
v
1 ,...,v

k }
an

d
{v

2 ,...,v
k
+
1 }

are
in

th
e
set

S
,
h
en

ce
th
ere

w
ill

b
e
tw

o
n
eigh

b
orin

g
v
iew

s
w
ith

th
e
sam

e
color.

R
am

sey
th
eory

sh
ow

s
th
at

in
th
is
case

n
w
ill

grow
as

a
p
ow

er
tow

er
(tetration

)
in

k
.
T
h
u
s,
if
n
is
so

large
th
at

k
is
sm

aller
th
a
n
som

e
fu
n
ction

grow
in
g
like

log ∗
n
,
th
e
colorin

g
algorith

m
can

n
o
t
b
e
correct.

•
T
h
e
n
eigh

b
orh

o
o
d

grap
h

con
cep

t
can

b
e
u
sed

m
ore

g
en

erally
to

stu
d
y

d
istrib

u
ted

grap
h
colorin

g
.
It

can
for

in
stan

ce
b
e
u
sed

to
sh
ow

th
at

w
ith

a
sin

gle
rou

n
d
(every

n
o
d
e
sen

d
s
its

id
en
tifi

er
to

all
n
eigh

b
ors)

it
is
p
ossib

le
to

colo
r
a
grap

h
w
ith

(1
+

o(1))∆
2
ln

n
colors,

an
d
th
a
t
every

on
e-rou

n
d

algorith
m

n
eed

s
at

least
Ω
(∆

2/
log

2
∆

+
log

lo
g
n
)
colors.

•
O
n
e
m
ay

also
ex
ten

d
th
e
p
ro
of

to
oth

er
p
rob

lem
s,

for
in
stan

ce
on

e
m
ay

sh
ow

th
at

a
con

stan
t
ap

p
rox

im
ation

of
th
e
m
in
im

u
m

d
o
m
in
atin

g
set

p
rob

-
lem

on
u
n
it
d
isk

grap
h
s
costs

at
lea

st
log-star

tim
e.

•
U
sin

g
r-h

op
v
iew

s
an

d
th
e
fact

th
at

n
o
d
es

w
ith

eq
u
al

r-h
op

v
iew

s
h
av
e
to

m
ake

th
e
sam

e
d
ecision

s
is

th
e
b
asic

p
rin

cip
le

b
eh

in
d
alm

ost
all

lo
cality

low
er

b
o
u
n
d
s
(in

fact,
w
e
a
re

n
ot

aw
are

of
a
lo
cality

low
er

b
ou

n
d
th
at

d
o
es

n
ot

u
se

th
is

p
rin

cip
le).

U
sin

g
th
is

b
asic

tech
n
iq
u
e
(b
u
t
a
com

p
letely

d
if-

feren
t
p
ro
of

oth
erw

ise),
it
is
for

in
stan

ce
p
ossib

le
to

sh
ow

th
at

co
m
p
u
tin

g
an

M
IS

(an
d
m
an

y
oth

er
p
rob

lem
s)

in
a
gen

eral
grap

h
req

u
ires

at
least

Ω
( √

lo
g
n
)
an

d
Ω
(log

∆
)
rou

n
d
s.

C
h
a
p
te
r
N
o
te
s

T
h
e
low

er
b
ou

n
d
p
ro
o
f
in

th
is

ch
ap

ter
is

b
y
L
in
ial

[L
in
92],

p
rov

in
g
asy

m
p
totic

op
tim

ality
o
f
th
e
tech

n
iq
u
e
of

C
h
ap

ter
1.

T
h
is

p
ro
of

can
also

b
e
fou

n
d

in
C
h
ap

ter
7.5

of
[P
el00

].
T
h
e
low

er
b
ou

n
d
is
also

tru
e
for

ran
d
om

ized
alg

orith
m
s

[N
ao91].

R
ecen

tly,
th
is

low
er

b
ou

n
d
tech

n
iq
u
e
w
as

ad
ap

ted
to

oth
er

p
rob

lem
s

[C
H
W

08,
L
W

08].
In

som
e
sen

se,
L
in
ial’s

sem
in
al

w
ork

raised
th
e
q
u
estion

of
w
h
at

can
b
e
com

p
u
ted

in
O
(1
)
tim

e
[N

S
93],

essen
tially

startin
g
d
istrib

u
ted

com
p
lex

ity
th
eory.

M
ore

recen
tly,

u
sin

g
a
d
iff
eren

t
argu

m
en
t,

K
u
h
n
et

al.
[K

M
W

04]
m
an

aged
to

sh
ow

m
ore

su
b
stan

tial
low

er
b
ou

n
d
s
fo
r
a
n
u
m
b
er

of
com

b
in
atorial

p
rob

lem
s

in
clu

d
in
g
m
in
im

u
m

v
ertex

cover
(M

V
C
),
m
in
im

u
m

d
om

in
atin

g
set

(M
D
S
),
m
ax

-
im

al
m
atch

in
g,

or
m
ax

im
al

in
d
ep

en
d
en
t
set

(M
IS
).
M
ore

con
cretely,

K
u
h
n
et

al.
sh
ow

ed
th
at

all
th
ese

p
rob

lem
s
n
eed

p
oly

logarith
m
ic
tim

e
(for

a
p
oly

log
arith

m
ic

ap
p
rox

im
ation

,
in

case
of

ap
p
rox

im
ation

p
rob

lem
s
su
ch

as
M
V
C
an

d
M
D
S
).
F
or

recen
t
su
rvey

s
regard

in
g
lo
cality

low
er

b
ou

n
d
s
w
e
refer

to
e.g.

[K
M
W

10
,
S
u
o
12].

R
am

sey
th
eory

w
a
s
started

b
y
F
ran

k
P
.
R
am

sey
w
ith

h
is
1930

article
called

“O
n
a
p
rob

lem
of

form
al

logic”
[R

am
30].

F
or

an
in
tro

d
u
ction

to
R
am

sey
th
eory

w
e
refer

to
e.g.

[N
R
90

,
L
R
03].

B
ib
lio

g
r
a
p
h
y

[C
H
W

08]
A
.
C
zy
grin

ow
,
M
.
H
a
ń
ćkow

iak
,
an

d
W

.
W
aw

rzy
n
iak

.
F
ast

D
istrib

-
u
ted

A
p
p
rox

im
ation

s
in

P
lan

a
r
G
rap

h
s.

In
P
roceed

in
gs

o
f
th
e
2
2
n
d

In
tern

a
tio

n
a
l
S
ym

po
siu

m
o
n
D
istribu

ted
C
o
m
p
u
tin

g
(D

IS
C
),

2008.
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C
H
A
P
T
E
R

6
.

L
O
C
A
L
IT

Y
L
O
W

E
R

B
O
U
N
D
S

[K
M
W

0
4
]
F
.
K
u
h
n
,
T
.
M
o
scib

ro
d
a
,
a
n
d

R
.
W
a
tten

h
ofer.

W
h
at

C
an

n
ot

B
e

C
o
m
p
u
ted

L
o
ca
lly

!
In

P
roceed

in
gs

o
f
th
e
2
3
rd

A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

J
u
ly

2004.

[K
M
W

1
0
]
F
a
b
ia
n
K
u
h
n
,
T
h
o
m
a
s
M
o
scib

ro
d
a
,
a
n
d
R
oger

W
atten

h
ofer.

L
o
cal

C
o
m
p
u
tatio

n
:

L
ow

er
a
n
d

U
p
p
er

B
o
u
n
d
s.

C
o
R
R
,
ab

s/1011.5470,
2
0
1
0
.

[L
in
92

]
N
.
L
in
ia
l.
L
o
ca
lity

in
D
istrib

u
ted

G
ra
p
h
A
lgorith

m
s.

S
IA

M
J
o
u
rn
a
l

o
n
C
o
m
p
u
tin

g,
21

(1
)(1

):1
9
3
–2

0
1
,
F
eb

ru
ary

1992.

[L
R
0
3
]
B
ru
ce

M
.
L
a
n
d
m
a
n
a
n
d
A
a
ron

R
o
b
ertson

.
R
a
m
sey

T
h
eo
ry

o
n
th
e

In
tegers.

A
m
erica

n
M
a
th
em

a
tica

l
S
o
ciety,

2003.

[L
W

08
]
C
h
risto

p
h
L
en

zen
a
n
d
R
og

er
W
a
tten

h
ofer.

L
ev
eragin

g
L
in
ial’s

L
o-

ca
lity

L
im

it.
In

2
2
n
d
In
tern

a
tio

n
a
l
S
ym

po
siu

m
o
n
D
istribu

ted
C
o
m
-

p
u
tin

g
(D

IS
C
),

A
rca

ch
o
n
,
F
ra
n
ce,

S
ep

tem
b
er

2008.

[N
ao

9
1
]
M
o
n
i
N
a
o
r.
A
L
ow

er
B
o
u
n
d
o
n
P
ro
b
a
b
ilistic

A
lg
orith

m
s
for

D
istrib

u
-

tive
R
in
g
C
o
lo
rin

g
.
S
IA

M
J
.
D
iscrete

M
a
th
.,
4(3):409–412,

1991.

[N
R
90

]
J
a
roslav

N
esetril

a
n
d
V
o
jtech

R
o
d
l,
ed

itors.
M
a
th
em

a
tics

o
f
R
a
m
sey

T
h
eo
ry.

S
p
rin

g
er

B
erlin

H
eid

elb
erg

,
1
990.

[N
S
9
3
]
M
o
n
i
N
a
o
r
a
n
d
L
a
rry

S
to
ck
m
eyer.

W
h
at

can
b
e
com

p
u
ted

lo
cally

?
In

P
roceed

in
gs

o
f
th
e
tw
en

ty-fi
fth

a
n
n
u
a
l
A
C
M

sym
po
siu

m
o
n
T
h
eo
ry

o
f
co
m
p
u
tin

g,
S
T
O
C

’9
3
,
p
a
ges

1
8
4
–
1
9
3,

N
ew

Y
ork

,
N
Y
,
U
S
A
,
1993.

A
C
M
.

[P
el0

0
]
D
av
id

P
eleg

.
D
istribu

ted
co
m
p
u
tin

g:
a
loca

lity-sen
sitive

a
p
p
roa

ch
.

S
o
ciety

fo
r
In
d
u
stria

l
a
n
d
A
p
p
lied

M
ath

em
atics,

P
h
ilad

elp
h
ia,

P
A
,

U
S
A
,
2
0
0
0
.

[R
a
m
3
0
]
F
.
P
.
R
a
m
sey.

O
n
a
p
ro
b
lem

in
fo
rm

al
logic.

P
roc.

L
o
n
d
o
n
M
a
th
.

S
oc.

(3
),

3
0
:2
6
4
–
2
8
6
,
1
9
3
0.

[S
u
o
1
2
]
J
u
k
ka

S
u
om

ela
.

S
u
rv
ey

of
L
o
cal

A
lgorith

m
s.

h
ttp

:/
/
w
w
w
.cs.h

elsin
k
i.fi

/
lo
ca
l-su

rvey
/,

2012.

C
h
a
p
te
r
7

A
ll-to

-A
ll
C
o
m
m
u
n
ic
a
tio

n

In
th
e
p
rev

iou
s
ch
ap

ters,
w
e
h
ave

m
ostly

con
sid

ered
com

m
u
n
ication

o
n
a
p
ar-

ticu
lar

grap
h
G

=
(V

,E
),

w
h
ere

an
y
tw

o
n
o
d
es

u
a
n
d
v
can

on
ly

com
m
u
n
icate

d
irectly

if{u
,v}

∈
E
.
T
h
is
is

h
ow

ever
n
o
t
alw

ay
s
th
e
b
est

w
ay

to
m
o
d
el

a
n
et-

w
ork

.
In

th
e
In
tern

et,
for

ex
am

p
le,

every
m
ach

in
e
(n
o
d
e)

is
ab

le
to

“d
irectly

”
com

m
u
n
icate

w
ith

every
oth

er
m
ach

in
e
v
ia

a
series

of
rou

ters.
If
every

n
o
d
e
in

a
n
etw

ork
can

com
m
u
n
icate

d
irectly

w
ith

all
oth

er
n
o
d
es,

m
an

y
p
rob

lem
s
ca
n

b
e
solved

ea
sily.

F
or

ex
am

p
le,

assu
m
e
w
e
h
ave

n
servers,

ea
ch

h
ostin

g
an

ar-
b
itrary

n
u
m
b
er

of
(n
u
m
eric)

elem
en
ts.

If
all

servers
are

in
terested

in
o
b
tain

in
g

th
e
m
ax

im
u
m

of
all

elem
en
ts,

a
ll
servers

can
sim

u
ltan

eou
sly,

i.e.,
in

o
n
e
com

-
m
u
n
ication

rou
n
d
,
sen

d
th
eir

lo
cal

m
ax

im
u
m

elem
en
t
to

all
o
th
er

serv
ers.

O
n
ce

th
ese

m
ax

im
a
are

received
,
each

serv
er

k
n
ow

s
th
e
g
lob

al
m
ax

im
u
m
.

N
ote

th
a
t
w
e
can

again
u
se

grap
h
th
eory

to
m
o
d
el

th
is

a
ll-to

-a
ll

com
m
u
-

n
ication

scen
ario:

T
h
e
com

m
u
n
ication

grap
h

is
sim

p
ly

th
e
com

p
lete

grap
h

K
n
:=

(V
,
(

V2

)).
If

each
n
o
d
e
ca
n
sen

d
its

en
tire

lo
cal

state
in

a
sin

gle
m
essage,

th
en

all
p
ro
b
lem

s
cou

ld
b
e
solved

in
1
com

m
u
n
ication

rou
n
d

in
th
is

m
o
d
el!

S
in
ce

allow
in
g
u
n
b
ou

n
d
ed

m
essages

is
n
o
t
realistic

in
m
ost

p
ractical

scen
arios,

w
e
restrict

th
e
m
essa

ge
size:

A
ssu

m
in
g
th
at

all
n
o
d
e
id
en
tifi

ers
an

d
all

oth
er

variab
les

in
th
e
sy
stem

(su
ch

a
s
th
e
n
u
m
eric

elem
en
ts

in
th
e
ex
am

p
le

ab
ov
e)

can
b
e
d
escrib

ed
u
sin

g
O
(log

n
)
b
its,

each
n
o
d
e
can

on
ly

sen
d
a
m
essag

e
of

size
O
(log

n
)
b
its

to
all

oth
er

n
o
d
es

(m
essages

to
d
iff
eren

t
n
eigh

b
ors

can
b
e
d
iff
er-

en
t).

In
oth

er
w
ord

s,
on

ly
a
co
n
stan

t
n
u
m
b
er

of
id
en
tifi

ers
(an

d
elem

en
ts)

can
b
e
p
acked

in
to

a
sin

gle
m
essage.

T
h
u
s,

in
th
is

m
o
d
el,

th
e
lim

itin
g
factor

is
th
e

am
ou

n
t
of

in
form

ation
th
at

can
b
e
tran

sm
itted

in
a
fi
x
ed

am
ou

n
t
of

tim
e.

T
h
is

is
fu
n
d
am

en
tally

d
iff
eren

t
from

th
e
m
o
d
el

w
e
stu

d
ied

b
efore

w
h
ere

n
o
d
es

are
restricted

to
lo
cal

in
fo
rm

ation
a
b
ou

t
th
e
n
etw

ork
g
rap

h
.

In
th
is

ch
ap

ter,
w
e
stu

d
y
o
n
e
p
articu

lar
p
rob

lem
in

th
is

m
o
d
el,

th
e
com

-
p
u
tation

of
a
m
in
im

u
m

sp
an

n
in
g
tree

(M
S
T
),

i.e.,
w
e
w
ill

again
lo
o
k
at

th
e

con
stru

ction
of

a
b
asic

n
etw

ork
stru

ctu
re.

L
et

u
s
fi
rst

rev
iew

th
e
d
efi

n
ition

of
a

m
in
im

u
m

sp
an

n
in
g
tree

from
C
h
ap

ter
3.

W
e
assu

m
e
th
at

each
ed

ge
e
is
assign

ed
a
w
eigh

t
ω
e .

D
e
fi
n
itio

n
7
.1

(M
S
T
).

G
iven

a
w
eigh

ted
gra

p
h
G

=
(V

,E
,ω

).
T
h
e
M
S
T

o
f
G

is
a
spa

n
n
in
g
tree

T
m
in
im

izin
g
ω
(T

),
w
h
ere

ω
(H

)
=
∑

e∈
H
ω
e
fo
r
a
n
y
su
bgra

p
h

H
⊆

G
.
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L
L
C
O
M
M
U
N
IC

A
T
IO

N

R
e
m
a
rk

s:

•
S
in
ce

w
e
h
ave

a
co
m
p
lete

co
m
m
u
n
ica

tio
n
g
rap

h
,
th
e
grap

h
h
as
(

n2

)

ed
ges

in
th
e
b
eg
in
n
in
g.

•
A
s
in

C
h
a
p
ter

3
,
w
e
a
ssu

m
e
th
a
t
n
o
tw

o
ed

g
es

of
th
e
grap

h
h
ave

th
e
sam

e
w
eig

h
t.

R
eca

ll
th
a
t
th
is

a
ssu

m
p
tio

n
en

su
res

th
at

th
e
M
S
T

is
u
n
iq
u
e.

R
eca

ll
a
lso

th
a
t
th
is
sim

p
lifi

ca
tio

n
is
n
o
t
essen

tial
as

on
e
can

alw
ay
s
b
reak

ties
b
y
u
sin

g
th
e
ID

s
o
f
a
d
ja
cen

t
vertices.

F
o
r
sim

p
licity,

w
e
a
ssu

m
e
th
a
t
w
e
h
ave

a
sy
n
ch
ron

ou
s
m
o
d
el

(as
w
e
are

o
n
ly

in
terested

in
th
e
tim

e
co
m
p
lex

ity,
o
u
r
a
lg
o
rith

m
can

b
e
m
ad

e
asy

n
ch
ro-

n
o
u
s
u
sin

g
sy
n
ch
ro
n
izer

α
a
t
n
o
a
d
d
itio

n
a
l
cost

(cf.
C
h
ap

ter
12).

A
s
u
su
al,

in
every

ro
u
n
d
,
every

n
o
d
e
ca
n
sen

d
a
(p
o
ten

tia
lly

d
iff
eren

t)
m
essage

to
each

of
its

n
eig

h
b
o
rs.

In
p
a
rticu

la
r,

n
o
te

th
at

th
e
m
essage

d
elay

is
1
for

ev
ery

ed
ge

e
in
d
ep

en
d
en
t
o
f
th
e
w
eig

h
t
ω
e .

A
s
m
en
tio

n
ed

b
efore,

every
m
essage

can
con

tain
a
con

sta
n
t
n
u
m
b
er

o
f
n
o
d
e
ID

s
a
n
d
ed

g
e
w
eig

h
ts

(an
d
O
(log

n
)
ad

d
ition

al
b
its).

R
e
m
a
rk

s:

•
N
o
te

th
a
t
for

g
ra
p
h
s
o
f
a
rb
itra

ry
d
iam

eter
D
,
if
th
ere

are
n
o
b
ou

n
d
s
on

th
e

n
u
m
b
er

o
f
m
essag

es
sen

t,
o
n
th
e
m
essa

g
e
size,

an
d
on

th
e
am

ou
n
t
of

lo
cal

com
p
u
ta
tio

n
s,
th
ere

is
a
stra

ig
h
tforw

a
rd

g
en

eric
algorith

m
to

com
p
u
te

an
M
S
T

in
tim

e
D
:
In

every
ro
u
n
d
,
every

n
o
d
e
sen

d
s
its

com
p
lete

state
to

all
its

n
eig

h
b
o
rs.

A
fter

D
ro
u
n
d
s,
every

n
o
d
e
k
n
ow

s
th
e
w
h
ole

grap
h
an

d
can

com
p
u
te

a
n
y
g
ra
p
h
stru

ctu
re

lo
cally

w
ith

o
u
t
an

y
fu
rth

er
com

m
u
n
ication

.

•
In

g
en

era
l,
th
e
d
ia
m
eter

D
is

a
lso

a
n
o
b
v
iou

s
low

er
b
ou

n
d
for

th
e
tim

e
n
eed

ed
to

co
m
p
u
te

an
M
S
T
.
In

a
w
eig

h
ted

rin
g,

e.g.,
it

takes
tim

e
D

to
fi
n
d
th
e
h
eav

iest
ed

g
e.

In
fa
ct,

o
n
th
e
rin

g
,
tim

e
D

is
req

u
ired

to
com

p
u
te

a
n
y
sp
a
n
n
in
g
tree.

In
th
is
ch
a
p
ter,

w
e
a
re

n
o
t
co
n
cern

ed
w
ith

low
er

b
ou

n
d
s,
w
e
w
an

t
to

give
an

a
lg
o
rith

m
th
a
t
co
m
p
u
tes

th
e
M
S
T

a
s
q
u
ick

ly
a
s
p
ossib

le
in
stead

!
W
e
again

u
se

th
e
fo
llow

in
g
lem

m
a
th
a
t
is

p
roven

in
C
h
ap

ter
3
.

L
e
m
m
a
7
.2
.
F
o
r
a
given

gra
p
h
G

let
T
be

a
n
M
S
T
,
a
n
d
let

T
′⊆

T
be

a
su
bgra

p
h

(a
lso

kn
o
w
n
a
s
a
fra

gm
en

t)
o
f
th
e
M
S
T
.
E
d
ge

e
=

(u
,v
)
is

a
n
o
u
tgo

in
g
ed
ge

o
f

T
′
if
u
∈
T

′
a
n
d
v
6∈
T

′
(o
r
vice

versa
).

L
et

th
e
m
in
im

u
m

w
eigh

t
o
u
tgo

in
g
ed
ge

o
f
th
e
fra

gm
en

t
T

′
be

th
e
so
-ca

lled
blu

e
ed
ge

b(T
′).

T
h
en

T
′∪

b(T
′)⊆

T
.

L
em

m
a
7.2

lea
d
s
to

a
stra

ig
h
tfo

rw
a
rd

d
istrib

u
ted

M
S
T

algorith
m
.
W
e
start

w
ith

an
em

p
ty

g
ra
p
h
,
i.e.,

every
n
o
d
e
is
a
frag

m
en
t
of

th
e
M
S
T
.
T
h
e
algorith

m
con

sists
o
f
p
h
a
ses.

In
every

p
h
a
se,

w
e
a
d
d
th
e
b
lu
e
ed

ge
b(T

′)
of

every
ex
istin

g
frag

m
en
t
T

′
to

th
e
M
S
T
.
A
lg
o
rith

m
2
8
sh
ow

s
h
ow

th
e
d
escrib

ed
sim

p
le

M
S
T

co
n
stru

ctio
n
can

b
e
ca
rried

o
u
t
in

a
n
etw

o
rk

o
f
d
iam

eter
1.

T
h
e
o
re

m
7
.3
.
O
n
a
co
m
p
lete

gra
p
h
,
A
lgo

rith
m

2
8
co
m
p
u
tes

a
n
M
S
T

in
tim

e
O
(log

n
).

P
roo

f.
T
h
e
a
lgo

rith
m

is
co
rrect

b
eca

u
se

o
f
L
em

m
a
7.2.

E
v
ery

n
o
d
e
on

ly
n
eed

s
to

sen
d
a
sin

g
le

m
essag

e
to

a
ll
its

n
eig

h
b
o
rs

in
every

p
h
ase

(lin
e
4).

A
ll
oth

er
co
m
p
u
ta
tio

n
s
ca
n
b
e
d
o
n
e
lo
ca
lly

w
ith

o
u
t
sen

d
in
g
oth

er
m
essages.

In
p
articu

lar,
th
e
b
lu
e
ed

g
e
of

a
g
iven

fra
g
m
en
t
is

th
e
lig

h
test

ed
ge

sen
t
b
y
an

y
n
o
d
e
of

th
at

69

A
lg
o
rith

m
2
8
S
im

p
le

M
S
T

C
o
n
stru

ctio
n
(at

n
o
d
e
v
)

1
:
//

all
n
o
d
es

alw
ay
s
k
n
ow

all
cu

rren
t
M
S
T
ed

ges
an

d
th
u
s
a
ll
M
S
T
fra

gm
en
ts

2
:
w
h
ile

v
h
as

n
eigh

b
or

u
in

d
iff
eren

t
fragm

en
t
d
o

3
:

fi
n
d
low

est-w
eig

h
t
ed

ge
e
b
etw

een
v
an

d
a
n
o
d
e
u
in

a
d
iff
eren

t
fragm

en
t

4
:

se
n
d
e
to

all
n
o
d
es

5
:

d
eterm

in
e
b
lu
e
ed

ges
of

a
ll
fragm

en
ts

6
:

ad
d
b
lu
e
ed

ges
of

all
frag

m
en
ts

to
M
S
T
,
u
p
d
ate

fragm
en
ts

7
:
e
n
d
w
h
ile

fragm
en
t.

B
ecau

se
every

n
o
d
e
a
lw
ay
s
k
n
ow

s
th
e
cu

rren
t
M
S
T

(an
d
all

cu
rren

t
fragm

en
ts),

lin
es

5
an

d
6
can

b
e
p
erform

ed
lo
cally.

In
every

p
h
ase,

every
fragm

en
t
con

n
ects

to
at

least
on

e
oth

er
fragm

en
t.

T
h
e

m
in
im

u
m

fragm
en
t
size

th
erefo

re
at

least
d
ou

b
les

in
every

p
h
ase.

T
h
u
s,

th
e

n
u
m
b
er

of
p
h
ases

is
a
t
m
ost

log
2
n
.

R
e
m
a
rk

s:

•
A
lgorith

m
28

d
o
es

essen
tia

lly
th
e
sa
m
e
th
in
g
a
s
th
e
G
H
S
algorith

m
(A

lgo-
rith

m
15)

d
iscu

ssed
in

C
h
ap

ter
3.

B
ecau

se
w
e
n
ow

h
ave

a
com

p
lete

grap
h

an
d
th
u
s
every

n
o
d
e
can

com
m
u
n
icate

w
ith

every
oth

er
n
o
d
e,

th
in
gs

get
sim

p
ler

(an
d
also

m
u
ch

fa
ster).

•
A
lgorith

m
28

d
o
es

n
ot

m
a
ke

u
se

of
th
e
fact

th
at

a
n
o
d
e
can

sen
d
d
iff
eren

t
m
essa

ges
to

d
iff
eren

t
n
o
d
es.

M
ak

in
g
u
se

of
th
is
p
ossib

ility
w
ill

allow
u
s
to

sign
ifi
can

tly
red

u
ce

th
e
ru
n
n
in
g
tim

e
of

th
e
a
lgorith

m
.

O
u
r
goa

l
is

n
ow

to
im

p
rove

A
lgorith

m
28.

W
e
assu

m
e
th
at

every
n
o
d
e
h
as

a
u
n
iq
u
e
id
en
tifi

er.
B
y
sen

d
in
g
its

ow
n
id
en
tifi

er
to

all
oth

er
n
o
d
es,

ev
ery

n
o
d
e

k
n
ow

s
th
e
id
en
tifi

ers
of

all
oth

er
n
o
d
es

a
fter

on
e
ro
u
n
d
.
L
et

ℓ(F
)
b
e
th
e
n
o
d
e

w
ith

th
e
sm

allest
id
en
tifi

er
in

fragm
en
t
F
.
W
e
call

ℓ(F
)
th
e
lead

er
of

fragm
en
t

F
.
In

ord
er

to
im

p
rove

th
e
ru
n
n
in
g
tim

e
of

A
lgorith

m
28,

w
e
n
eed

to
b
e
ab

le
to

con
n
ect

every
frag

m
en
t
to

m
ore

th
an

on
e
oth

er
fragm

en
t
in

a
sin

gle
p
h
ase.

A
lgorith

m
2
9
sh
ow

s
h
ow

th
e
n
o
d
es

can
lea

rn
ab

ou
t
th
e
k
=

|F
|
ligh

test
o
u
tgoin

g
ed

ges
of

each
fragm

en
t
F

(in
co
n
stan

t
tim

e!).
G
iven

th
is

set
E

′
of

ed
ges,

each
n
o
d
e
can

lo
ca
lly

d
ecid

e
w
h
ich

ed
ges

can
safely

b
e
ad

d
ed

to
th
e
con

stru
cted

tree
b
y
callin

g
th
e
su
b
rou

tin
e
A
d
d
E
d
ges

(A
lgorith

m
30).

N
ote

th
at

th
e
set

of
received

ed
ges

E
′
in

lin
e
14

is
th
e
sam

e
for

all
n
o
d
es.

S
in
ce

all
n
o
d
es

k
n
ow

all
cu

rren
t
fragm

en
ts,

all
n
o
d
es

ad
d
th
e
sam

e
set

of
ed

ges!
A
lgorith

m
30

u
ses

th
e
ligh

test
ou

tgoin
g
ed

ge
th
a
t
con

n
ects

tw
o
fragm

en
ts

(to
a
larger

su
p
er-fragm

en
t)

as
lon

g
as

it
is
sa
fe

to
ad

d
th
is
ed

ge,
i.e.,

as
lon

g
as

it
is

clear
th
at

th
is
ed

ge
is
a
b
lu
e
ed

ge.
A

(su
p
er-)fragm

en
t
th
at

h
as

ou
tgoin

g
ed
ges

in
E

′
th
at

a
re

su
rely

b
lu
e
ed

ges
is

called
sa
fe.

A
s
w
e
w
ill

see,
a
su
p
er-fragm

en
t

F
is
safe

if
a
ll
th
e
orig

in
al

fragm
en
ts

th
at

m
ake

u
p
F

are
still

in
cid

en
t
to

at
least

on
e
ed

ge
in

E
′
th
at

h
a
s
n
ot

yet
b
een

con
sid

ered
.
In

ord
er

to
d
eterm

in
e
w
h
eth

er
all

ligh
test

o
u
tgoin

g
ed

ges
in

E
′
th
at

are
in
cid

en
t
to

a
certain

fragm
en
t
F

h
ave

b
een

p
ro
cessed

,
a
cou

n
ter

c(F
)
is

m
ain

ta
in
ed

(see
lin

e
2).

If
an

ed
ge

in
cid

en
t

to
tw

o
(d
istin

ct)
frag

m
en
ts

F
i
an

d
F
j
is

p
ro
cessed

,
b
oth

c(F
i )

an
d
c(F

j )
are

d
ecrem

en
ted

b
y
1
(see

L
in
e
8).
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L
L
C
O
M
M
U
N
IC

A
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N

A
lg
o
rith

m
2
9
F
a
st

M
S
T

co
n
stru

ctio
n
(a
t
n
o
d
e
v
)

1
:
/
/
a
ll
n
od
es

a
lw
a
ys

kn
o
w
a
ll
cu
rren

t
M
S
T

ed
ges

a
n
d
th
u
s
a
ll
M
S
T

fra
gm

en
ts

2
:
re

p
e
a
t

3
:

F
:=

fra
g
m
en
t
o
f
v
;

4
:

∀
F

′6=
F
,
co
m
p
u
te

m
in
-w

eig
h
t
ed

g
e
e
F

′
co
n
n
ectin

g
v
to

F
′

5
:

∀
F

′6=
F
,
se
n
d
e
F

′
to

ℓ(F
′)

6
:

if
v
=

ℓ(F
)
th

e
n

7
:

∀
F

′6=
F
,
d
eterm

in
e
m
in
-w

eig
h
t
ed

ge
e
F
,F

′
b
etw

een
F

an
d
F

′

8
:

k
:=

|F
|

9
:

E
(F

)
:=

k
ligh

test
ed

g
es

a
m
o
n
g
e
F
,F

′
for

F
′6=

F
1
0
:

se
n
d
sen

d
ea
ch

ed
g
e
in

E
(F

)
to

a
d
iff
eren

t
n
o
d
e
in

F
/
/
fo
r
sim

p
licity

a
ssu

m
e
th
a
t
v
a
lso

sen
d
s
a
n
ed
ge

to
itself

1
1
:

e
n
d
if

1
2
:

se
n
d
ed

g
e
receiv

ed
fro

m
ℓ(F

)
to

a
ll
n
o
d
es

1
3
:

/
/
th
e
fo
llo

w
in
g
o
pera

tio
n
s
a
re

perfo
rm

ed
loca

lly
by

ea
ch

n
od
e

1
4
:

E
′
:=

ed
g
es

received
b
y
oth

er
n
o
d
es

1
5
:

A
d
d
E
d
g
es(E

′)
1
6
:
u
n
til

a
ll
n
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cto
r
an

d
th
e
a
d
m
in
istra

tor
of

th
e
clu

b
,
b
oth

h
ap

p
en

to
h
av
e
m
an

y
frien

d
s
am

on
g
clu

b
m
em

b
ers.

A
t
so
m
e
p
oin

t,
a
d
isp

u
te

cau
sed

th
e
clu

b
to

sp
lit

in
to

tw
o.

C
an

you
p
red

ict
h
ow

th
e
clu

b
p
a
rtition

ed
?

(If
n
ot,

ju
st

search
th
e
In
tern

et
for

Z
ach

ary
an

d
K
arate.)
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S
m
a
ll
W

o
r
ld

N
e
tw

o
r
k
s

B
ack

in
1
9
2
9
,
F
rig

yes
K
a
rin

th
y
p
u
b
lish

ed
a
vo
lu
m
e
of

sh
ort

stories
th
at

p
os-

tu
la
ted

th
a
t
th
e
w
orld

w
a
s
“sh

rin
k
in
g
”
b
eca

u
se

h
u
m
an

b
ein

gs
w
ere

con
n
ected

m
o
re

a
n
d

m
o
re.

S
o
m
e
cla

im
th
a
t
h
e
w
a
s
in
sp
ired

b
y
rad

io
n
etw

ork
p
ion

eer
G
u
g
lielm

o
M
a
rco

n
i’s

1
9
0
9
N
o
b
el

P
rize

sp
eech

.
D
esp

ite
p
h
y
sical

d
istan

ce,
th
e

g
row

in
g
d
en

sity
o
f
h
u
m
a
n
“n

etw
o
rk
s”

ren
d
ers

th
e
actu

al
so
cial

d
istan

ce
sm

aller
a
n
d
sm

a
ller.

A
s
a
resu

lt,
it
is
b
elieved

th
a
t
a
n
y
tw

o
in
d
iv
id
u
als

can
b
e
con

n
ected

th
ro
u
g
h
a
t
m
o
st

fi
ve

(o
r
so)

a
cq
u
ain

ta
n
ces,

i.e.,
w
ith

in
six

h
op

s.
T
h
e
to
p
ic

w
as

h
o
t
in

th
e
1
9
6
0
s.

F
o
r
in
sta

n
ce,

in
1964,

M
arsh

all
M
cL

u
h
an

coin
ed

th
e
m
eta

p
h
o
r
“
G
lo
b
a
l
V
illa

g
e”
.
H
e
w
ro
te:

“A
s
electrically

con
tracted

,
th
e
glo

b
e
is
n
o
m
o
re

th
a
n
a
v
illa

g
e”
.
H
e
a
rg
u
es

th
at

d
u
e
to

th
e
alm

ost
in
stan

ta-
n
eo
u
s
rea

ction
tim

es
o
f
n
ew

(“
electric”

)
tech

n
o
lo
g
ies,

each
in
d
iv
id
u
al

in
ev
itab

ly
feels

th
e
co
n
seq

u
en

ces
o
f
h
is
a
ctio

n
s
a
n
d
th
u
s
a
u
tom

atically
d
eep

ly
p
articip

ates
in

th
e
g
lob

a
l
so
ciety.

M
cL

u
h
an

u
n
d
ersto

o
d
w
h
a
t
w
e
n
ow

can
d
irectly

ob
serve

–
rea

l
a
n
d
v
irtu

a
l
w
o
rld

a
re

m
ov
in
g
to
g
eth

er.
H
e
realized

th
at

th
e
tran

sm
ission

m
ed

iu
m
,
ra
th
er

th
a
n
th
e
tran

sm
itted

in
fo
rm

a
tio

n
is

at
th
e
core

of
ch
an

ge,
as

ex
p
ressed

b
y
h
is

fa
m
o
u
s
p
h
rase

“
th
e
m
ed

iu
m

is
th
e
m
essage”.

T
h
is

id
ea

h
a
s
b
een

fo
llow

ed
a
rd
en
tly

in
th
e
1960s

b
y
several

so
ciologists,

fi
rst

b
y
M
ich

a
el

G
u
rev

ich
,
la
ter

b
y
S
ta
n
ley

M
ilg

ram
.
M
ilgram

w
an

ted
to

k
n
ow

th
e
averag

e
p
ath

len
g
th

b
etw

een
tw

o
“
ra
n
d
o
m
”
h
u
m
an

s,
b
y
u
sin

g
variou

s
ex
-

p
erim

en
ts,

g
en

era
lly

u
sin

g
ran

d
o
m
ly

ch
o
sen

in
d
iv
id
u
als

from
th
e
U
S
M
id
w
est

a
s
sta

rtin
g
p
oin

ts,
a
n
d
a
sto

ck
b
rok

er
liv

in
g
in

a
su
b
u
rb

of
B
oston

as
target.

T
h
e
sta

rtin
g
p
o
in
ts

w
ere

given
n
a
m
e,

a
d
d
ress,

o
ccu

p
ation

,
p
lu
s
som

e
p
erson

al
in
fo
rm

atio
n
a
b
o
u
t
th
e
ta
rg
et.

T
h
ey

w
ere

a
sked

to
sen

d
a
letter

to
th
e
target.

H
ow

ever,
th
ey

w
ere

n
o
t
a
llow

ed
to

d
irectly

sen
d
th
e
letter,

rath
er,

th
ey

h
ad

to
p
ass

it
to

so
m
eb

o
d
y
th
ey

k
n
ew

o
n
fi
rst-n

a
m
e
b
a
sis

an
d
th
at

th
ey

th
ou

gh
t
to

h
ave

a
h
ig
h
er

p
ro
b
ab

ility
to

k
n
ow

th
e
ta
rg
et

p
erson

.
T
h
is
p
ro
cess

w
as

rep
eated

,
u
n
til

som
eb

o
d
y
k
n
ew

th
e
ta
rg
et

p
erso

n
,
a
n
d
co
u
ld

d
eliver

th
e
letter.

S
h
ortly

a
fter

sta
rtin

g
th
e
ex
p
erim

en
t,
letters

h
av
e
b
een

received
.
M
ost

letters
w
ere

lost
d
u
rin

g
th
e
p
ro
cess,

b
u
t
if
th
ey

arriv
ed

,
th
e
avera

ge
p
ath

len
gth

w
as

ab
ou

t
5.5.

T
h
e
o
b
serva

tio
n
th
at

th
e
en
tire

p
o
p
u
la
tio

n
is

co
n
n
ected

b
y
sh
ort

acq
u
ain

tan
ce

ch
a
in
s
g
o
t
la
ter

p
o
p
u
larized

b
y
th
e
term

s
“
six

d
eg
rees

of
sep

aration
”
an

d
“sm

all
w
o
rld

”.
S
tatisticia

n
s
tried

to
ex
p
la
in

M
ilg

ra
m
’s

ex
p
erim

en
ts,

b
y
essen

tially
giv

in
g

n
etw

ork
m
o
d
els

th
a
t
a
llow

ed
fo
r
sh
o
rt

d
ia
m
eters,

i.e.,
each

n
o
d
e
is

con
n
ected

to
ea
ch

o
th
er

n
o
d
e
b
y
o
n
ly

a
few

h
o
p
s.

U
n
til

to
d
ay

th
ere

is
a
th
riv

in
g
research

co
m
m
u
n
ity

in
sta

tistica
l
p
h
y
sics

th
a
t
tries

to
u
n
d
erstan

d
n
etw

ork
p
rop

erties
th
a
t
a
llow

fo
r
“sm

all
w
o
rld

”
eff

ects.
O
n
e
o
f
th
e
key

w
o
rd
s
in

th
is
a
rea

a
re

p
ow

er-law
grap

h
s,
n
etw

ork
s
w
h
ere

n
o
d
e

d
eg
rees

a
re

d
istrib

u
ted

a
cco

rd
in
g
to

a
p
ow

er-law
d
istrib

u
tion

,
i.e.,

th
e
n
u
m
b
er

of
n
o
d
es

w
ith

d
eg
ree

δ
is

p
ro
p
ortio

n
a
l
to

δ −
α
,
for

som
e
α

>
1.

S
u
ch

p
ow

er-
law

g
rap

h
s
h
ave

b
een

w
itn

essed
in

m
an

y
a
p
p
lication

areas,
ap

art
from

so
cial

n
etw

o
rk
s
a
lso

in
th
e
w
eb

,
o
r
in

b
iolo

g
y
o
r
p
h
y
sics.

O
b
v
io
u
sly,

tw
o
p
ow

er-law
g
ra
p
h
s
m
ig
h
t
lo
o
k
an

d
b
eh

ave
com

p
letely

d
iff
er-

en
tly,

even
if
α
an

d
th
e
n
u
m
b
er

o
f
ed

g
es

is
ex
a
ctly

th
e
sam

e.
O
n
e
w
ell-k

n
ow

n
m
o
d
el

tow
a
rd
s
th
is
en

d
is
th
e
W
atts-S

trogatz
m
o
d
el.

W
atts

a
n
d
S
tro

g
a
tz

arg
u
ed

th
a
t
so
cial

n
etw

o
rk
s
sh
o
u
ld

b
e
m
o
d
eled

b
y
a
com

b
in
ation

of
tw

o
n
etw

o
rk
s:

A
s
th
e
b
a
sis

w
e
ta
ke

a
n
etw

o
rk

th
at

h
as

a
large

clu
ster

co
effi

cien
t

...

8
.1
.

S
M
A
L
L
W
O
R
L
D

N
E
T
W
O
R
K
S

77

D
e
fi
n
itio

n
8
.1
.
T
h
e
clu

ster
coeffi

cien
t
o
f
a
n
etw

o
rk

is
d
efi

n
ed

by
th
e
p
ro
ba
bility

th
a
t
tw
o
frien

d
s
o
f
a
n
od
e
a
re

likely
to

be
frien

d
s
a
s
w
ell,

a
vera

ged
o
ver

a
ll
th
e

n
od
es.

...,
th
en

w
e
au

gm
en
t
su
ch

a
grap

h
w
ith

ran
d
o
m

lin
k
s,

every
n
o
d
e
for

in
-

stan
ce

p
oin

ts
to

a
con

stan
t
n
u
m
b
er

of
oth

er
n
o
d
es,

ch
osen

u
n
iform

ly
at

ran
d
om

.
T
h
is
au

gm
en
tation

rep
resen

ts
a
cq
u
ain

tan
ces

th
at

con
n
ect

n
o
d
es

to
p
arts

of
th
e

n
etw

ork
th
a
t
w
ou

ld
o
th
erw

ise
b
e
far

aw
ay.

R
e
m
a
rk

s:

•
W

ith
o
u
t
fu
rth

er
in
form

a
tion

,
k
n
ow

in
g
th
e
clu

ster
co
effi

cien
t
is

of
q
u
es-

tion
ab

le
valu

e:
A
ssu

m
e
w
e
arran

ge
th
e
n
o
d
es

in
a
grid

.
T
ech

n
ically,

if
w
e
con

n
ect

each
n
o
d
e
to

its
fou

r
closest

n
eigh

b
ors,

th
e
grap

h
h
a
s
clu

ster
co
effi

cien
t
0,

sin
ce

th
ere

a
re

n
o
tria

n
gles;

if
w
e
in
stead

con
n
ect

ea
ch

n
o
d
e

w
ith

its
eigh

t
closest

n
eig

h
b
ors,

th
e
clu

ster
co
effi

cien
t
is

3/7.
T
h
e
clu

s-
ter

co
effi

cien
t
is

q
u
ite

d
iff
eren

t,
ev
en

th
ou

gh
b
oth

n
etw

ork
s
h
ave

sim
ilar

ch
aracteristics.

T
h
is

is
in
terestin

g,
b
u
t
n
ot

en
o
u
gh

to
rea

lly
u
n
d
erstan

d
w
h
a
t
is

goin
g
on

.
F
or

M
ilgram

’s
ex
p
erim

en
ts

to
w
ork

,
it

is
n
ot

su
ffi
cien

t
to

con
n
ect

th
e
n
o
d
es

in
a

certain
w
ay.

In
ad

d
ition

,
th
e
n
o
d
es

th
em

selves
n
eed

to
k
n
ow

h
ow

to
forw

ard
a
m
essage

to
on

e
of

th
eir

n
eig

h
b
ors,

even
th
ou

gh
th
ey

can
n
ot

k
n
ow

w
h
eth

er
th
at

n
eigh

b
or

is
really

closer
to

th
e
target.

In
oth

er
w
ord

s,
n
o
d
es

are
n
ot

ju
st

follow
in
g
p
h
y
sical

law
s,

b
u
t
th
ey

m
ake

d
ecision

s
th
em

selves.
L
et

u
s
co
n
sid

er
an

artifi
cial

n
etw

ork
w
ith

n
o
d
es

o
n
a
grid

to
p
ology,

p
lu
s
som

e
ad

d
ition

al
ran

d
om

lin
k
s
p
er

n
o
d
e.

In
a
q
u
an

titative
stu

d
y
it
w
as

sh
ow

n
th
at

th
e

ran
d
om

lin
k
s
n
eed

a
sp
ecifi

c
d
istan

ce
d
istrib

u
tion

to
allow

for
effi

cien
t
greed

y
rou

tin
g.

T
h
is

d
istrib

u
tion

m
ark

s
th
e
sw

eet
sp
ot

for
an

y
n
av
igab

le
n
etw

ork
.

D
e
fi
n
itio

n
8
.2

(A
u
gm

en
ted

G
rid

).
W
e
ta
ke

n
=

m
2
n
od
es

(i,j)
∈

V
=

{
1,...,m

}
2
th
a
t
a
re

id
en

tifi
ed

w
ith

th
e
la
ttice

po
in
ts

o
n
a
n
m

×
m

grid
.
W
e

d
efi

n
e
th
e
d
ista

n
ce

betw
een

tw
o
n
od
es

(i,j)
a
n
d
(k
,ℓ)

a
s
d
((i,j),(k

,ℓ)
)

=
|k

−
i|
+

|ℓ−
j|

a
s
th
e
d
ista

n
ce

betw
een

th
em

o
n

th
e
m

×
m

la
ttice.

T
h
e
n
etw

o
rk

is
m
od
eled

u
sin

g
a
pa
ra
m
eter

α
≥

0
.
E
a
ch

n
od
e
u

h
a
s
a
d
irected

ed
ge

to
ev-

ery
la
ttice

n
eigh

bo
r.

T
h
ese

a
re

th
e
lo
cal

con
tacts

o
f
a
n
od
e.

In
a
d
d
itio

n
,
ea
ch

n
od
e
a
lso

h
a
s
a
n

a
d
d
itio

n
a
l
ra
n
d
o
m

lin
k
(th

e
lon

g
-ran

ge
co
n
tact).

F
o
r
a
ll

u
a
n
d
v
,
th
e
lo
n
g-ra

n
ge

co
n
ta
ct

o
f
u
po
in
ts

to
n
od
e
v
w
ith

p
ro
ba
bility

p
ro
po
rtio

n
a
l

to
d
(u
,v
) −

α
,
i.e.,

w
ith

p
ro
ba
bility

d
(u
,v
) −

α
/
∑

w
∈
V
\{

u}
d
(u
,w

) −
α
.
F
igu

re
8
.2

illu
stra

tes
th
e
m
od
el.

R
e
m
a
rk

s:

•
T
h
e
n
etw

ork
m
o
d
el

h
as

th
e
follow

in
g
geograp

h
ic

in
terp

retation
:
n
o
d
es

(in
d
iv
id
u
als)

live
on

a
grid

an
d
k
n
ow

th
eir

n
eigh

b
ors

on
th
e
grid

.
F
u
rth

er,
each

n
o
d
e
h
as

som
e
ad

d
ition

al
acq

u
ain

tan
ces

th
rou

gh
o
u
t
th
e
n
etw

ork
.

•
T
h
e
p
aram

eter
α

con
trols

h
ow

th
e
ad

d
ition

a
l
n
eigh

b
o
rs

are
d
istrib

u
ted

across
th
e
grid

.
If

α
=

0,
lon

g-ra
n
ge

con
ta
cts

are
ch
osen

u
n
ifo

rm
ly

at
ran

d
om

(as
in

th
e
W
atts-S

trogatz
m
o
d
el).

A
s
α

in
creases,

lon
g-ran

ge
con

tacts
b
ecom

e
sh
orter

o
n
av
erage.

In
th
e
ex
trem

e
case,

if
α
→

∞
,
all

lon
g-ran

ge
con

ta
cts

are
to

im
m
ed

ia
te

n
eigh

b
o
rs

on
th
e
grid

.
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F
ig
u
re

8
.2
:
A
u
g
m
en
ted

g
rid

w
ith

m
=

6

•
It

ca
n

b
e
sh
ow

n
th
a
t
a
s
lon

g
a
s
α

≤
2
,
th
e
d
iam

eter
of

th
e
resu

ltin
g

g
ra
p
h
is
p
o
ly
lo
g
a
rith

m
ic

in
n
(p
o
ly
n
o
m
ial

in
log

n
)
w
ith

h
igh

p
rob

ab
ility.

In
p
a
rticu

la
r,

if
th
e
lo
n
g
-ra

n
g
e
co
n
ta
cts

a
re

ch
osen

u
n
iform

ly
at

ran
d
om

(α
=

0
),
th
e
d
ia
m
eter

isO
(lo

g
n
).

S
in
ce

th
e
a
u
g
m
en
ted

g
rid

co
n
ta
in
s
ra
n
d
om

lin
k
s,

w
e
d
o
n
ot

k
n
ow

an
y
th
in
g

fo
r
su
re

ab
ou

t
h
ow

th
e
ra
n
d
o
m

lin
k
s
a
re

d
istrib

u
ted

.
In

th
eory,

all
lin

k
s
cou

ld
p
o
in
t
to

th
e
sa
m
e
n
o
d
e!

H
ow

ever,
th
is
is
a
lm

o
st

certain
ly

n
ot

th
e
case.

F
orm

ally
th
is

is
ca
p
tu
red

b
y
th
e
term

w
ith

h
igh

p
ro
ba
bility.

D
e
fi
n
itio

n
8
.3

(W
ith

H
ig
h
P
ro
b
a
b
ility

).
S
o
m
e
p
ro
ba
bilistic

even
t
is

sa
id

to
occu

r
w
ith

h
ig
h
p
ro
b
a
b
ility

(w
.h
.p
.),

if
it

h
a
p
pen

s
w
ith

a
p
ro
ba
bility

p
≥

1−
1/

n
c,

w
h
ere

c
is

a
co
n
sta

n
t.

T
h
e
co
n
sta

n
t
c
m
a
y
be

ch
o
sen

a
rbitra

rily,
bu
t
it
is

co
n
sid

ered
co
n
sta

n
t
w
ith

respect
to

B
ig-O

n
o
ta
tio

n
.

R
e
m
a
rk

s:

•
F
o
r
in
sta

n
ce,

a
ru
n
n
in
g
tim

e
b
o
u
n
d

o
f
c
log

n
or

e
c
!log

n
+

5000c
w
ith

p
ro
b
a
b
ility

a
t
lea

st
1−

1
/
n
c
w
ou

ld
b
eO

(lo
g
n
)
w
.h
.p
.,
b
u
t
a
ru
n
n
in
g
tim

e
of

n
c
w
o
u
ld

n
o
t
b
e
O
(n
)
w
.h
.p
.
sin

ce
c
m
ig
h
t
also

b
e
50.

•
T
h
is
d
efi

n
itio

n
is
v
ery

p
ow

erfu
l,
a
s
an

y
p
o
ly
n
om

ial
(in

n
)
n
u
m
b
er

of
state-

m
en
ts

th
a
t
h
o
ld

w
.h
.p
.
a
lso

h
o
ld
s
w
.h
.p
.
a
t
th
e
sam

e
tim

e,
regard

less
of

a
n
y
d
ep

en
d
en

cies
b
etw

een
ran

d
o
m

va
ria

b
les!
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T
h
e
o
re

m
8
.4
.
T
h
e
d
ia
m
eter

o
f
th
e
a
u
gm

en
ted

grid
w
ith

α
=

0
isO

(log
n
)
w
ith

h
igh

p
ro
ba
bility.

P
roo

f
S
ketch

.
F
or

sim
p
licity,

w
e
w
ill

on
ly

sh
ow

th
at

w
e
can

reach
a
target

n
o
d
e

t
startin

g
from

som
e
sou

rce
n
o
d
e
s.

H
ow

ever,
it
can

b
e
sh
ow

n
th
at

(essen
tially

)
each

of
th
e
in
term

ed
ia
te

claim
s
h
old

s
w
ith

h
igh

p
rob

ab
ility,

w
h
ich

th
en

b
y
m
ean

s
of

th
e
u
n
ion

b
ou

n
d
y
ield

s
th
at

a
ll

of
th
e
claim

s
h
o
ld

sim
u
lta

n
eou

sly
w
ith

h
igh

p
rob

ab
ility

for
a
ll
p
airs

of
n
o
d
es

(see
ex
ercises).

L
et

N
s
b
e
th
e
⌈log

n⌉-h
op

n
eigh

b
orh

o
o
d
of

sou
rce

s
on

th
e
grid

,
co
n
tain

in
g

Ω
(log

2
n
)
n
o
d
es.

E
ach

of
th
e
n
o
d
es

in
N

s
h
as

a
ran

d
om

lin
k
,
p
rob

ab
ly

lead
in
g

to
d
istan

t
p
arts

of
th
e
grap

h
.
A
s
lon

g
as

w
e
h
ave

reach
ed

on
ly

o(n
)
n
o
d
es,

an
y

n
ew

ran
d
om

lin
k
w
ill

w
ith

p
rob

ab
ility

1−
o(1)

lead
to

a
n
o
d
e
for

w
h
ich

n
on

e
of

its
grid

n
eig

h
b
ors

h
as

b
een

v
isited

y
et.

T
h
u
s,
in

ex
p
ectation

w
e
fi
n
d
alm

ost|N
s |

n
ew

n
o
d
es

w
h
ose

n
eigh

b
ors

are
“fresh

”.
U
sin

g
th
eir

grid
lin

k
s,

w
e
w
ill

reach
(4−

o(1))|N
s |
m
ore

n
o
d
es

w
ith

in
on

e
m
ore

h
op

.
If
b
ad

lu
ck

strikes,
it
co
u
ld

still
h
ap

p
en

th
at

m
an

y
of

th
ese

lin
k
s
lead

to
a
few

n
o
d
es,

alread
y
v
isited

n
o
d
es,

or
n
o
d
es

th
at

are
v
ery

close
to

ea
ch

oth
er.

B
u
t
th
at

is
v
ery

u
n
likely,

as
w
e
h
ave

lots
of

ran
d
om

ch
oices!

In
d
eed

,
it

can
b
e
sh
ow

n
th
at

n
ot

on
ly

in
ex
p
ectation

,
b
u
t
w
ith

h
ig
h
p
rob

ab
ility

(5−
o(1))|N

s |
m
an

y
n
o
d
es

are
rea

ch
ed

th
is

w
ay

(see
ex
ercises).
B
ecau

se
all

th
e
n
ew

n
o
d
es

h
ave

(so
far

u
n
u
sed

)
ran

d
om

lin
k
s,
w
e
ca
n
rep

eat
th
is
reason

in
g
in
d
u
ctively,

im
p
ly
in
g
th
at

th
e
n
u
m
b
er

of
n
o
d
es

grow
s
b
y
(at

least)
a
con

stan
t
factor

for
every

tw
o
h
op

s.
T
h
u
s,

after
O
(log

n
)
h
op

s,
w
e
w
ill

h
ave

reach
ed

n
/
log

n
n
o
d
es

(w
h
ich

is
still

sm
all

com
p
ared

to
n
).

F
in
ally,

con
sid

er
th
e

ex
p
ected

n
u
m
b
er

of
lin

k
s
from

th
ese

n
o
d
es

th
at

en
ter

th
e
(lo

g
n
)-n

eigh
b
orh

o
o
d

of
som

e
ta
rg
et

n
o
d
e
t
w
ith

resp
ect

to
th
e
grid

.
S
in
ce

th
is
n
eig

h
b
orh

o
o
d
con

sists
of

Ω
(log

2
n
)
n
o
d
es,

in
ex
p
ectation

Ω
(log

n
)
lin

k
s
com

e
close

en
ou

gh
to

target
t.

T
h
is

is
la
rge

en
ou

g
h
to

alm
o
st

gu
aran

tee
th
at

th
is

h
ap

p
en

s
(see

ex
ercises).

S
u
m
m
in
g
every

th
in
g
u
p
,
w
e
still

u
sed

m
erely

O
(log

n
)
h
op

s
in

total
to

get
from

s
to

t.

T
h
is

sh
ow

s
th
at

fo
r
α
=

0
(an

d
in

fact
for

all
α
≤

2),
th
e
resu

ltin
g
n
etw

ork
h
as

a
sm

all
d
iam

eter.
R
ecall

h
ow

ever
th
at

w
e
also

w
an

ted
th
e
n
etw

o
rk

to
b
e

n
av
igab

le.
F
or

th
is,

w
e
con

sid
er

a
sim

p
le
g
reed

y
rou

tin
g
strategy

(A
lgorith

m
31).

A
lg
o
rith

m
3
1
G
reed

y
R
ou

tin
g

1
:
w
h
ile

n
ot

at
d
estin

ation
d
o

2
:

go
to

a
n
eigh

b
o
r
w
h
ich

is
closest

to
d
estin

atio
n
(con

sid
erin

g
grid

d
istan

ce
on

ly
)

3
:
e
n
d
w
h
ile

L
e
m
m
a
8
.5
.
In

th
e
a
u
gm

en
ted

grid
,
A
lgo

rith
m

3
1
fi
n
d
s
a
ro
u
tin

g
pa
th

o
f
len

gth
a
t
m
o
st

2(m
−

1)∈
O
( √

n
).

P
roo

f.
B
eca

u
se

of
th
e
grid

,
th
ere

is
alw

ay
s
a
n
eig

h
b
or

w
h
ich

is
closer

to
th
e

d
estin

ation
.
S
in
ce

w
ith

each
h
o
p
w
e
red

u
ce

th
e
d
istan

ce
to

th
e
target

at
least

b
y
on

e
in

on
e
of

th
e
tw

o
grid

d
im

en
sion

s,
w
e
w
ill

reach
th
e
d
estin

atio
n
w
ith

in
2(m

−
1)

step
s.
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T
h
is

is
n
o
t
rea

lly
w
h
a
t
M
ilg

ra
m
’s

ex
p
erim

en
t
p
rom

ises.
W
e
w
an

t
to

k
n
ow

h
ow

m
u
ch

th
e
a
d
d
itio

n
a
l
ra
n
d
o
m

lin
k
s
sp
eed

u
p
th
e
p
ro
cess.

T
o
th
is

en
d
,
w
e

fi
rst

n
eed

to
u
n
d
ersta

n
d
h
ow

likely
it

is
th
a
t
th
e
ran

d
om

lin
k
of

n
o
d
e
u
p
oin

ts
to

n
o
d
e
v
,
in

term
s
o
f
th
eir

grid
d
ista

n
ce

d
(u
,v
),

th
e
n
u
m
b
er

of
n
o
d
es

n
,
an

d
th
e
co
n
sta

n
t
p
a
ram

eter
α
.

L
e
m
m
a
8
.6
.
N
od
e
u
’s

ra
n
d
o
m

lin
k
po
in
ts

to
a
n
od
e
v
w
ith

p
ro
ba
bility

•
Θ
(1
/(d

(u
,v
)
α
m

2−
α
))

if
α
<

2.

•
Θ
(1
/(d

(u
,v
)
2
lo
g
n
))

if
α
=

2,

•
Θ
(1
/
d
(u
,v
)
α
)
if
α
>

2
.

M
o
reo

ver,
if

α
>

2,
th
e
p
ro
ba
bility

to
see

a
lin

k
o
f
len

gth
a
t
lea

st
d

is
in

Θ
(1/d

α−
2).

P
roo

f.
F
o
r
a
co
n
sta

n
t
α
6=

2
,
w
e
h
ave

th
a
t

∑

w
∈
V
\{

u}

1

d
(u
,w

)
α
∈

m
∑r
=
1

Θ
(r)

r
α

=
Θ

(
∫

m

r
=
1

1

r
α−

1
d
r

)

=
Θ

(
[

r
2−

α

2−
α

]

m1

)

.

If
α
<

2
,
th
is

g
ives

Θ
(m

2−
α
),
if
α
>

2
,
it

is
in

Θ
(1).

If
α
=

2,
w
e
get

∑

w
∈
V
\{

u}

1

d
(u
,w

)
α
∈

m
∑r
=
1

Θ
(r)

r
2

=
Θ
(1)·

m
∑r
=
1

1r
=

Θ
(log

m
)
=

Θ
(log

n
).

M
u
ltip

ly
in
g
w
ith

d
(u
,v
)
α
y
ield

s
th
e
fi
rst

th
ree

b
ou

n
d
s.

F
or

th
e
last

statem
en
t,

co
m
p
u
te

∑

v∈
V

d
(u

,v
)≥

d

Θ
(1/

d
(u
,v
)
α
)
=

Θ

(
∫

m

r
=
d

rr
α

d
r

)

=
Θ

(
[

r
2−

α

2−
α

]

md

)

=
Θ
(1/d

α−
2).

R
e
m
a
rk

s:

•
If

α
>

2
,
a
cco

rd
in
g
to

th
e
lem

m
a
,
th
e
p
ro
b
ab

ility
to

see
a
ran

d
om

lin
k

of
len

g
th

a
t
lea

st
d
=

m
1
/
(α−

1
)
is

Θ
(1/

d
α−

2)
=

Θ
(1/m

(α−
2
)/

(α−
1
)).

In
ex
p
ecta

tio
n
w
e
h
ave

to
ta
ke

Θ
(m

(α−
2
)/

(α−
1
))

h
op

s
u
n
til

w
e
see

a
ran

d
om

lin
k
o
f
len

g
th

a
t
lea

st
d
.
W

h
en

ju
st

fo
llow

in
g
lin

k
s
of

len
gth

less
th
an

d
,

it
ta
kes

m
o
re

th
a
n
m
/
d
=

m
/
m

1
/
(α−

1
)
=

m
(α−

2
)/

(α−
1
)
h
op

s.
In

oth
er

w
o
rd
s,

in
ex
p
ecta

tio
n
,
eith

er
w
ay

w
e
n
eed

at
least

m
(α−

2
)/

(α−
1
)
=

m
Ω
(1

)

h
o
p
s
to

th
e
d
estin

a
tion

.

•
If

α
<

2
,
th
ere

is
a
(slig

h
tly

m
o
re

co
m
p
lica

ted
)
argu

m
en
t.

F
irst

w
e
d
raw

a
b
o
rd
er

a
ro
u
n
d
th
e
n
o
d
es

in
d
istan

ce
m

(2−
α
)/

3
to

th
e
target.

W
ith

in
th
is

b
o
rd
er

th
ere

a
re

a
b
o
u
t
m

2
(2−

α
)/

3
m
a
n
y
n
o
d
es

in
th
e
target

area.
A
ssu

m
e

th
a
t
th
e
so
u
rce

is
o
u
tsid

e
th
e
ta
rg
et

a
rea

.
S
tartin

g
at

th
e
sou

rce,
th
e
p
rob

-
a
b
ility

to
fi
n
d
a
ran

d
o
m

lin
k
th
at

lea
d
s
d
irectly

in
sid

e
th
e
target

area
is

a
cco

rd
in
g
to

th
e
lem

m
a
a
t
m
o
st

m
2
(2−

α
)/

3·Θ
(1
/m

2−
α
))

=
Θ
(1
/m

(2−
α
)/

3).
In

oth
er

w
o
rd
s,
u
n
til

w
e
fi
n
d
a
ra
n
d
o
m

lin
k
th
at

lead
s
in
to

th
e
target

area,

8
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in
ex
p
ectation

,
w
e
h
ave

to
d
o
Θ
(m

(2−
α
)/

3)
h
op

s.
T
h
is

is
to
o
slow

,
an

d
ou

r
greed

y
strategy

is
p
ro
b
ab

ly
faster,

as
th
an

k
s
to

h
av
in
g
α

<
2
th
ere

are
m
an

y
lon

g-ran
ge

lin
k
s.

H
ow

ever,
it

m
ean

s
th
at

w
e
w
ill

p
rob

ab
ly

en
-

ter
th
e
b
ord

er
o
f
th
e
targ

et
area

on
a
regu

la
r
grid

lin
k
.
O
n
ce

in
sid

e
th
e

target
area,

aga
in

th
e
p
ro
b
ab

ility
o
f
sh
ort-cu

ttin
g
ou

r
trip

b
y
a
ran

d
om

lon
g-ran

ge
lin

k
is

Θ
(1/m

(2−
α
)/

3),
so

w
e
p
rob

ab
ly

ju
st

follow
grid

lin
k
s,

m
(2−

α
)/

3
=

m
Ω
(1

)
m
an

y
o
f
th
em

.

•
In

su
m
m
ary,

if
α
6=

2,
ou

r
greed

y
rou

tin
g
alg

orith
m

ta
kes

m
Ω
(1

)
=

n
Ω
(1

)

ex
p
ected

h
op

s
to

reach
th
e
d
estin

ation
.
T
h
is
is
p
oly

n
om

ial
in

th
e
n
u
m
b
er

of
n
o
d
es

n
,
an

d
th
e
so
cial

n
etw

ork
can

h
ard

ly
b
e
called

a
“sm

all
w
orld

”.

•
M
ay
b
e
w
e
can

g
et

a
p
oly

logarith
m
ic

b
ou

n
d
o
n
n
if
w
e
set

α
=

2?

D
e
fi
n
itio

n
8
.7

(P
h
ase).

C
o
n
sid

er
ro
u
tin

g
fro

m
so
u
rce

s
to

ta
rget

t
a
n
d
a
ssu

m
e

th
a
t
w
e
a
re

a
t
so
m
e
in
term

ed
ia
te

n
od
e
w
.
W
e
sa
y
th
a
t
w
e
a
re

in
p
h
a
se

j
a
t
n
od
e

w
if

th
e
la
ttice

d
ista

n
ce

d
(w

,t)
to

th
e
ta
rget

n
od
e
t
is

betw
een

2
j
<

d
(w

,t)≤
2
j
+
1.

R
e
m
a
rk

s:

•
E
n
u
m
eratin

g
th
e
p
h
ases

in
d
ecreasin

g
ord

er
is
u
sefu

l,
as

n
otation

b
ecom

es
less

cu
m
b
ersom

e.

•
T
h
ere

are
⌈log

m
⌉∈

O
(log

n
)
p
h
ases.

L
e
m
m
a

8
.8
.
A
ssu

m
e
th
a
t
w
e
a
re

in
p
h
a
se

j
a
t
n
od
e
w

w
h
en

ro
u
tin

g
fro

m
s

to
t.

T
h
e
p
ro
ba
bility

fo
r
gettin

g
(a
t
lea

st)
to

p
h
a
se

j−
1
in

o
n
e
step

is
a
t
lea

st
Ω
(1
/
log

n
).

P
roo

f.
L
et

B
j
b
e
th
e
set

of
n
o
d
es

x
w
ith

d
(x
,t)≤

2
j.

W
e
get

from
p
h
ase

j
to

(at
least)

p
h
ase

j−
1
if
th
e
lon

g-ran
ge

co
n
tact

of
n
o
d
e
w

p
o
in
ts

to
so
m
e
n
o
d
e

in
B

j .
N
ote

th
at

w
e
alw

ay
s
m
a
ke

p
rogress

w
h
ile

follow
in
g
th
e
greed

y
rou

tin
g

p
ath

.
T
h
erefore,

w
e
h
av
e
n
ot

seen
n
o
d
e
w

b
efore

an
d
th
e
lon

g-ran
ge

co
n
tact

of
w

p
oin

ts
to

a
ran

d
om

n
o
d
e
th
a
t
is

in
d
ep

en
d
en
t
of

an
y
th
in
g
seen

on
th
e
p
ath

from
s
to

w
.

F
or

all
n
o
d
es

x
∈
B

j ,
w
e
h
ave

d
(w

,x
)≤

d
(w

,t)
+
d
(x
,t)≤

2
j
+
1
+
2
j
<

2
j
+
2.

H
en

ce,
for

each
n
o
d
e
x
∈
B

j ,
th
e
p
rob

ab
ility

th
at

th
e
lon

g-ran
ge

con
tact

of
w

p
oin

ts
to

x
is

Ω
(1/2

2
j
+
4
log

n
).

F
u
rth

er,
th
e
n
u
m
b
er

of
n
o
d
es

in
B

j
is

at
least

(2
j)

2/2
=

2
2
j−

1.
H
en

ce,
th
e
p
ro
b
ab

ility
th
at

som
e
n
o
d
e
in

B
j
is
th
e
lo
n
g
ran

ge
con

tact
of

w
is

at
least

Ω

(|B
j |·

1

2
2
j
+
4
log

n

)

=
Ω

(

2
2
j−

1

2
2
j
+
4
log

n

)

=
Ω

(

1

lo
g
n

)

.

T
h
e
o
re

m
8
.9
.
C
o
n
sid

er
th
e
greed

y
ro
u
tin

g
pa
th

fro
m

a
n
od
e
s
to

a
n
od
e
t
o
n

a
n
a
u
gm

en
ted

grid
w
ith

pa
ra
m
eter

α
=

2
.
T
h
e
expected

len
gth

o
f
th
e
pa
th

is
O
(log

2
n
).

P
roo

f.
W
e
a
lread

y
ob

served
th
at

th
e
total

n
u
m
b
er

of
p
h
ases

is
O
(log

n
)
(th

e
d
istan

ce
to

th
e
target

is
h
alved

w
h
en

w
e
go

from
p
h
ase

j
to

p
h
ase

j−
1).

A
t

each
p
oin

t
d
u
rin

g
th
e
rou

tin
g
p
ro
cess,

th
e
p
rob

ab
ility

of
p
ro
ceed

in
g
to

th
e
n
ex
t

p
h
ase

is
at

least
Ω
(1
/
log

n
).

L
et

X
j
b
e
th
e
n
u
m
b
er

of
step

s
in

p
h
ase

j.
B
ecau

se
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th
e
p
rob

a
b
ility

fo
r
en

d
in
g
th
e
p
h
a
se

is
Ω
(1
/
log

n
)
in

each
step

,
in

ex
p
ectation

w
e
n
eed

O
(lo

g
n
)
step

s
to

p
ro
ceed

to
th
e
n
ex
t
p
h
a
se,

i.e.,
E
[X

j ]∈
O
(log

n
).

L
et

X
=
∑

j
X

j
b
e
th
e
to
ta
l
n
u
m
b
er

o
f
step

s
o
f
th
e
rou

tin
g
p
ro
cess.

B
y
lin

earity
of

ex
p
ecta

tio
n
,
w
e
h
ave

E
[X

]
=
∑

j

E
[X

j ]∈
O
(log

2
n
).

R
e
m
a
rk

s:

•
O
n
e
ca
n
sh
ow

th
a
t
th
e
O
(log

2
n
)
resu

lt
a
lso

h
old

s
w
.h
.p
.

•
In

rea
l
w
o
rld

so
cia

l
n
etw

o
rk
s,

th
e
p
a
ra
m
eter

α
w
as

evalu
ated

ex
p
erim

en
-

ta
lly.

T
h
e
a
ssu

m
p
tio

n
is

th
a
t
yo
u

a
re

co
n
n
ected

to
th
e
geograp

h
ically

clo
sest

n
o
d
es,

a
n
d
th
en

h
ave

so
m
e
ra
n
d
o
m

lon
g-ran

ge
con

tacts.
F
or

F
ace-

b
o
o
k
g
ra
n
d
p
a
L
iveJ

ou
rn
a
l
it
w
a
s
sh
ow

n
th
a
t
α
is
n
ot

really
2,

b
u
t
rath

er
a
ro
u
n
d
1
.2
5.

8
.2

P
r
o
p
a
g
a
tio

n
S
tu

d
ie
s

In
n
etw

o
rk
s,
n
o
d
es

m
ay

in
fl
u
en

ce
ea
ch

o
th
er’s

b
eh

av
ior

an
d
d
ecision

s.
T
h
ere

are
m
a
n
y
a
p
p
lica

tio
n
s
w
h
ere

n
o
d
es

in
fl
u
en

ce
th
eir

n
eigh

b
ors,

e.g.,
th
ey

m
ay

im
p
act

th
eir

op
in
io
n
s,

o
r
th
ey

m
ay

b
ia
s
w
h
a
t
p
ro
d
u
cts

th
ey

b
u
y,

or
th
ey

m
ay

p
ass

on
a
d
isea

se.
O
n
a
b
ea
ch

(m
o
d
eled

a
s
a
lin

e
seg

m
en
t),

it
is

b
est

to
p
lace

an
ice

cream
sta

n
d
rig

h
t
in

th
e
m
id
d
le

of
th
e
seg

m
en
t,
b
ecau

se
you

w
ill

b
e
ab

le
to

“con
trol”

th
e
b
ea
ch

m
o
st

ea
sily.

W
h
a
t
a
b
o
u
t
th
e
seco

n
d
stan

d
,
w
h
ere

sh
ou

ld
it

settle?
T
h
e
a
n
sw

er
g
en

era
lly

d
ep

en
d
s
on

th
e
m
o
d
el,

b
u
t
assu

m
in
g
th
at

p
eop

le
w
ill

b
u
y

ice
crea

m
from

th
e
stan

d
th
a
t
is
closer,

it
sh
o
u
ld

g
o
righ

t
n
ex
t
to

th
e
fi
rst

stan
d
.

R
u
m
o
rs

ca
n

sp
rea

d
su
rp
risin

g
ly

fa
st

th
ro
u
g
h

so
cial

n
etw

ork
s.

T
rad

ition
-

a
lly

th
is

h
a
p
p
en

s
b
y
w
o
rd

o
f
m
o
u
th
,
b
u
t
w
ith

th
e
em

ergen
ce

of
th
e
In
tern

et
a
n
d
its

p
o
ssib

ilities
n
ew

w
ay
s
o
f
ru
m
o
r
p
ro
p
a
g
a
tion

are
availab

le.
P
eop

le
w
rite

em
a
il,

u
se

in
sta

n
t
m
essen

g
ers

o
r
p
u
b
lish

th
eir

th
o
u
gh

ts
in

a
b
log.

M
an

y
factors

in
fl
u
en

ce
th
e
d
issem

in
a
tio

n
o
f
ru
m
o
rs.

It
is
esp

ecially
im

p
ortan

t
w
h
ere

in
a
n
et-

w
o
rk

a
ru
m
o
r
is
in
itia

ted
an

d
h
ow

co
n
v
in
cin

g
it
is.

F
u
rth

erm
ore

th
e
u
n
d
erly

in
g

n
etw

o
rk

stru
ctu

re
d
ecid

es
h
ow

fa
st

th
e
in
fo
rm

a
tion

can
sp
read

an
d
h
ow

m
an

y
p
eo
p
le

a
re

rea
ch
ed

.
M
o
re

g
en

erally,
w
e
ca
n
sp
ea
k
of

d
iff
u
sion

of
in
form

ation
in

n
etw

ork
s.

T
h
e
a
n
a
ly
sis

o
f
th
ese

d
iff
u
sio

n
p
ro
cesses

can
b
e
u
sefu

l
for

v
iral

m
ar-

ketin
g
,
e.g

.,
to

ta
rg
et

a
few

in
fl
u
en
tia

l
p
eo
p
le

to
in
itiate

m
ark

etin
g
cam

p
aign

s.
A

com
p
a
n
y
m
ay

w
ish

to
d
istrib

u
te

th
e
ru
m
o
r
o
f
a
n
ew

p
ro
d
u
ct

v
ia

th
e
m
ost

in
fl
u
en
tial

in
d
iv
id
u
a
ls

in
p
o
p
u
la
r
so
cia

l
n
etw

o
rk
s
su
ch

as
F
aceb

o
ok

.
A

secon
d

co
m
p
a
n
y
m
ig
h
t
w
a
n
t
to

in
tro

d
u
ce

a
co
m
p
etin

g
p
ro
d
u
ct

an
d
h
as

h
en

ce
to

select
w
h
ere

to
seed

th
e
in
fo
rm

a
tio

n
to

b
e
d
issem

in
a
ted

.
R
u
m
or

sp
read

in
g
is

q
u
ite

sim
ila

r
to

o
u
r
ice

crea
m

sta
n
d
p
rob

lem
.

M
o
re

fo
rm

a
lly,

w
e
m
ay

stu
d
y

p
ro
p
a
g
a
tio

n
p
rob

lem
s
in

grap
h
s.

G
iven

a
g
ra
p
h
,
a
n
d
tw

o
p
layers.

L
et

th
e
fi
rst

p
layer

ch
o
ose

a
seed

n
o
d
e
u
1 ;

afterw
ard

s
let

th
e
seco

n
d
p
layer

ch
o
o
se

a
seed

n
o
d
e
u
2 ,

w
ith

u
2 6=

u
1 .

T
h
e
goal

of
th
e
gam

e
is

to
m
ax

im
ize

th
e
n
u
m
b
er

o
f
n
o
d
es

th
a
t
a
re

clo
ser

to
on

e’s
ow

n
seed

n
o
d
e.

In
m
a
n
y
g
ra
p
h
s
it
is
a
n
ad

va
n
ta
g
e
to

ch
o
ose

fi
rst.

In
a
star

grap
h
for

in
stan

ce
th
e
fi
rst

p
layer

ca
n
ch
o
o
se

th
e
cen

ter
n
o
d
e
o
f
th
e
star,

con
trollin

g
all

b
u
t
on

e

B
IB

L
IO

G
R
A
P
H
Y

83

n
o
d
e.

In
so
m
e
oth

er
grap

h
s,

th
e
secon

d
p
layer

can
at

least
score

even
.
B
u
t
is

th
ere

a
grap

h
w
h
ere

th
e
secon

d
p
layer

h
a
s
an

ad
va
n
tage?

T
h
e
o
re

m
8
.1
0
.
In

a
tw
o
p
la
yer

ru
m
o
r
ga
m
e
w
h
ere

bo
th

p
la
yers

select
o
n
e
n
od
e

to
in
itia

te
th
eir

ru
m
o
r
in

th
e
gra

p
h
,
th
e
fi
rst

p
la
yer

d
oes

n
o
t
a
lw
a
ys

w
in
.

P
roo

f.
S
ee

F
igu

re
8.3

for
an

ex
am

p
le

w
h
ere

th
e
secon

d
p
layer

w
ill

alw
ay
s
w
in
,

regard
less

o
f
th
e
d
ecision

th
e
fi
rst

p
layer.

If
th
e
fi
rst

p
layer

ch
o
oses

th
e
n
o
d
e
x
0

in
th
e
cen

ter,
th
e
seco

n
d
p
layer

can
select

x
1 .

C
h
oice

x
1
w
ill

b
e
ou

tw
itted

b
y
x
2 ,

an
d
x
2
itself

can
b
e
a
n
sw

ered
b
y
z
1 .

A
ll
oth

er
stra

tegies
are

eith
er

sy
m
m
etric,

or
ev
en

less
p
rom

isin
g
for

th
e
fi
rst

p
layer.

x
1

x
2

y
2

y
1 z

1

x
0

y
2 z
2

F
igu

re
8.3:

C
ou

n
ter

ex
am

p
le.

C
h
a
p
te
r
N
o
te
s

A
sim

p
le

form
of

a
so
cial

n
etw

ork
is
th
e
fa
m
ou

s
stab

le
m
arria

ge
p
rob

lem
[D

S
62]

in
w
h
ich

a
stab

le
m
atch

in
g
b
ip
a
rtite

grap
h
h
as

to
b
e
fou

n
d
.
T
h
ere

ex
ists

a
great

m
an

y
of

variation
s
w
h
ich

are
b
a
sed

on
th
is
in
itial

p
rob

lem
,
e.g

.,
[K

C
82,

K
M
V
94,

E
O
06,

F
K
P
S
10,

H
o
e1
1].

S
o
cial

n
etw

ork
s
like

F
aceb

o
ok

,
T
w
itter

an
d
oth

ers
h
ave

grow
n
very

fast
in

th
e
last

years
an

d
h
en

ce
sp
u
rred

in
terest

to
research

th
em

.
H
ow

u
sers

in
fl
u
en

ce
o
th
er

u
sers

h
as

b
een

stu
d
ied

b
oth

from
a
th
eoretical

p
oin

t
of

v
iew

[K
K
T
03]

an
d
in

p
ractice

[C
H
B
G
10].

T
h
e
stru

ctu
re

of
th
ese

n
etw

ork
s

can
b
e
m
easu

red
an

d
stu

d
ied

[M
M
G

+
07].

M
ore

th
an

h
alf

of
th
e
u
sers

in
so
cial

n
etw

ork
s
sh
are

m
ore

in
form

atio
n
th
an

th
ey

ex
p
ect

to
[L
G
K
M
11].

T
h
e
sm

a
ll
w
orld

p
h
en

om
en

o
n
th
at

w
e
p
resen

ted
in

th
is

ch
ap

ter
is

a
n
aly

zed
b
y
K
lein

b
erg

[K
le00].

A
gen

era
l
overv

iew
is

in
[D

J
1
0].

T
h
is

ch
a
p
ter

h
as

b
een

w
ritten

in
colla

b
oration

w
ith

M
ich

ael
K
u
h
n
.

B
ib
lio

g
r
a
p
h
y

[C
H
B
G
10]

M
eeyou

n
g
C
h
a,

H
a
m
ed

H
ad

d
ad

i,
F
ab

ŕıcio
B
en

even
u
to,

an
d
P
.
K
r-

ish
n
a
G
u
m
m
ad

i.
M
easu

rin
g
U
ser

In
fl
u
en

ce
in

T
w
itter:

T
h
e
M
illion

F
ollow

er
F
allacy.

In
IC

W
S
M
,
2010.
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[D
J
1
0
]
E
a
sley

D
av
id

a
n
d
K
lein

b
erg

J
o
n
.
N
etw

o
rks,

C
ro
w
d
s,

a
n
d
M
a
rkets:

R
ea
so
n
in
g
A
bo
u
t
a
H
igh

ly
C
o
n
n
ected

W
o
rld

.
C
am

b
rid

ge
U
n
iversity

P
ress,

N
ew

Y
o
rk
,
N
Y
,
U
S
A
,
2
0
10

.

[D
S
6
2
]
D
.
G
a
le

an
d
L
.S
.
S
h
a
p
ley.

C
o
lleg

e
A
d
m
ission

an
d
th
e
S
tab

ility
of

M
a
rria

g
e.

A
m
erica

n
M
a
th
em

a
tica

l
M
o
n
th
ly,

69(1):9–15,
1962.

[E
O
0
6]

F
ed

erico
E
ch
en

iq
u
e
a
n
d
J
o
rg
e
O
v
ied

o.
A
th
eory

of
stab

ility
in

m
an

y
-

to-m
a
n
y
m
a
tch

in
g
m
a
rkets.

T
h
eo
retica

l
E
co
n
o
m
ics,

1(2):233–273,
2
0
0
6
.

[F
K
P
S
1
0
]
P
a
trik

F
lo
réen

,
P
etteri

K
a
sk
i,

V
a
len

tin
P
olish

ch
u
k
,
an

d
J
u
k
ka

S
u
o
m
ela

.
A
lm

o
st

S
ta
b
le
M
a
tch

in
g
s
b
y
T
ru
n
catin

g
th
e
G
ale-S

h
ap

ley
A
lg
orith

m
.
A
lgo

rith
m
ica

,
5
8
(1
):1

0
2
–118,

2010.

[H
o
e1
1
]
M
artin

H
o
efer.

L
o
ca
l
M
a
tch

in
g
D
y
n
am

ics
in

S
o
cial

N
etw

ork
s.

A
u
-

to
m
a
ta

L
a
n
gu
a
ges

a
n
d
P
rogra

m
m
in
g,

p
ages

113–124,
2011.

[K
a
r2
9
]
F
rig

y
es

K
a
rin

th
y.

C
h
a
in
-L
in
k
s,

1
9
2
9
.

[K
C
8
2]

A
lex

an
d
er

S
.
K
elso

a
n
d
V
in
cen

t
P
.
C
raw

ford
.
J
ob

M
atch

in
g,

C
oali-

tio
n
F
orm

a
tio

n
,
a
n
d
G
ross

S
u
b
stitu

tes.
E
co
n
o
m
etrica

,
50(6):1483–

1
50

4
,
19

8
2
.

[K
K
T
0
3]

D
av
id

K
em

p
e,

J
o
n
M
.
K
lein

b
erg,

a
n
d
É
va

T
ard

os.
M
ax

im
izin

g
th
e

sp
read

o
f
in
fl
u
en

ce
th
ro
u
g
h
a
so
cia

l
n
etw

ork
.
In

K
D
D
,
2003.

[K
le0

0
]
J
on

M
.
K
lein

b
erg

.
T
h
e
sm

all-w
o
rld

p
h
en

om
en

on
:

an
algorith

m
p
ersp

ective.
In

S
T
O
C
,
2
0
00

.

[K
M
V
9
4
]
S
a
m
ir
K
h
u
ller,

S
tep

h
en

G
.
M
itch

ell,
a
n
d
V
ijay

V
.
V
aziran

i.
O
n
-lin

e
a
lg
o
rith

m
s
fo
r
w
eig

h
ted

b
ip
a
rtite

m
atch

in
g
an

d
stab

le
m
arriages.

T
h
eo
retica

l
C
o
m
p
u
ter

S
cien

ce,
1
2
7
:255–267,

M
ay

1994.

[L
G
K
M
1
1
]
Y
ab

in
g
L
iu
,
K
rish

n
a
P
.
G
u
m
m
a
d
i,

B
alan

ch
an

d
er

K
rish

n
am

u
rth

y,
a
n
d
A
la
n
M
islove.

A
n
a
ly
zin

g
F
a
ceb

o
ok

p
rivacy

settin
gs:

U
ser

ex
-

p
ectatio

n
s
v
s.

rea
lity.

In
P
roceed

in
gs

o
f
th
e
1
1
th

A
C
M
/
U
S
E
N
IX

In
tern

et
M
ea
su
rem

en
t
C
o
n
feren

ce
(IM

C
’1
1
),

B
erlin

,
G
erm

an
y,

N
ovem

b
er

2
0
1
1
.

[M
cL

6
4
]
M
arsh

all
M
cL

u
h
a
n
.
U
n
d
ersta

n
d
in
g
m
ed
ia
:
T
h
e
exten

sio
n
s
o
f
m
a
n
.

M
cG

raw
-H

ill,
N
ew

Y
ork

,
1
9
6
4
.

[M
il6

7
]
S
ta
n
ley

M
ilg

ra
m
.
T
h
e
S
m
a
ll
W
o
rld

P
rob

lem
.
P
sych

o
logy

T
od
a
y,

2
:6
0
–
6
7,

1
9
67

.

[M
M
G

+
0
7
]
A
la
n
M
islove,

M
a
ssim

ilia
n
o
M
a
rco

n
,
P
.
K
rish

n
a
G
u
m
m
ad

i,
P
eter

D
ru
sch

el,
a
n
d
B
o
b
b
y
B
h
a
tta

ch
a
rjee.

M
easu

rem
en
t
an

d
an

aly
sis

of
o
n
lin

e
so
cia

l
n
etw

o
rk
s.

In
In
tern

et
M
ea
su
rem

en
t
C
o
m
feren

ce,
2007.

[W
S
9
8
]
D
u
n
ca
n
J
.
W
a
tts

a
n
d
S
teven

H
.
S
trogatz.

C
ollective

d
y
n
am

ics
of

/
‘sm

all-w
o
rld

/
’
n
etw

o
rk
s.

N
a
tu
re,

3
9
3(6684):440–442,

ju
n
1998.

[Z
ac7

7]
W

W
Z
a
ch
ary.

A
n
in
form

a
tio

n
fl
ow

m
o
d
el

for
con

fl
ict

an
d
fi
ssion

in
sm

a
ll
g
ro
u
p
s.

J
o
u
rn
a
l
o
f
A
n
th
ro
po
logica

l
R
esea

rch
,
33(4):452–473,

1
97

7
.

C
h
a
p
te
r
9

S
h
a
r
e
d
M

e
m
o
r
y

9
.1

In
tr
o
d
u
c
tio

n

In
d
istrib

u
ted

com
p
u
tin

g,
variou

s
d
iff
eren

t
m
o
d
els

ex
ist.

S
o
fa
r,
th
e
fo
cu

s
of

th
e

cou
rse

w
as

on
lo
osely

-cou
p
led

d
istrib

u
ted

sy
stem

s
su
ch

as
th
e
In
tern

et,
w
h
ere

n
o
d
es

asy
n
ch
ron

ou
sly

com
m
u
n
icate

b
y
ex
ch
an

gin
g
m
essages.

T
h
e
“o

p
p
osite”

m
o
d
el

is
a
tigh

tly
-co

u
p
led

p
arallel

com
p
u
ter

w
h
ere

n
o
d
es

access
a
com

m
on

m
em

ory
totally

sy
n
ch
ron

ou
sly

—
in

d
istrib

u
ted

com
p
u
tin

g
su
ch

a
sy
stem

is
ca
lled

a
P
arallel

R
an

d
om

A
ccess

M
ach

in
e
(P

R
A
M
).

A
th
ird

m
a
jor

m
o
d
el

is
som

eh
ow

b
etw

een
th
ese

tw
o
ex
trem

es,
th
e
sh
a
red

m
em

o
ry

m
o
d
el.

In
a
sh
ared

m
em

ory
sy
stem

,
asy

n
ch
ron

ou
s
p
ro
cesses

(o
r
p
ro
ces-

sors)
com

m
u
n
icate

v
ia

a
com

m
o
n
m
em

ory
area

of
sh
ared

variab
les

or
registers:

D
e
fi
n
itio

n
9
.1

(S
h
a
red

M
em

o
ry
).

A
sh
a
red

m
em

o
ry

system
is

a
system

th
a
t

co
n
sists

o
f
a
syn

ch
ro
n
o
u
s
p
rocesses

th
a
t
a
ccess

a
co
m
m
o
n
(sh

a
red

)
m
em

o
ry.

A
p
rocess

ca
n
a
to
m
ica

lly
a
ccess

a
register

in
th
e
sh
a
red

m
em

o
ry

th
ro
u
gh

a
set

o
f

p
red

efi
n
ed

o
pera

tio
n
s.

A
n
a
to
m
ic

m
od
ifi
ca
tio

n
a
p
pea

rs
to

th
e
rest

o
f
th
e
system

in
sta

n
ta
n
eo
u
sly.

A
pa
rt

fro
m

th
is

sh
a
red

m
em

o
ry,

p
rocesses

ca
n
a
lso

h
a
ve

so
m
e

loca
l
(p
riva

te)
m
em

o
ry.

R
e
m
a
rk

s:

•
V
ariou

s
sh
ared

m
em

ory
sy
stem

s
ex
ist.

A
m
ain

d
iff
eren

ce
is
h
ow

th
ey

allow
p
ro
cesses

to
access

th
e
sh
ared

m
em

ory.
A
ll
sy
stem

s
ca
n
atom

ica
lly

read
or

w
rite

a
sh
ared

register
R
.
M
ost

sy
stem

s
d
o
allow

fo
r
ad

van
ced

a
to
m
ic

read
-m

o
d
ify

-w
rite

(R
M
W

)
op

eratio
n
s,

for
ex
a
m
p
le:

–
test-an

d
-set(R

):
t
:=

R
;
R

:=
1
;
retu

rn
t

–
fetch

-an
d
-a
d
d
(R

,x
):

t
:=

R
;
R

:=
R
+
x
;
retu

rn
t

–
com

p
are-an

d
-sw

ap
(R

,x
,y
):

if
R

=
x
th
en

R
:=

y
;
retu

rn
tru

e
;
else

retu
rn

fa
lse

;
en

d
if;

–
lo
ad

-lin
k
(R

)/store-co
n
d
ition

al(R
,x

):
L
o
ad

-lin
k
retu

rn
s
th
e
cu

rren
t

valu
e
of

th
e
sp
ecifi

ed
register

R
.
A

su
b
seq

u
en
t
store-con

d
ition

al
to

th
e
sam

e
register

w
ill

store
a
n
ew

valu
e
x

(an
d
retu

rn
tru

e
)
on

ly
if
n
o
u
p
d
a
tes

h
ave

o
ccu

rred
to

th
at

reg
ister

sin
ce

th
e
load

-lin
k
.
If

a
n
y
u
p
d
ates

h
ave

o
ccu

rred
,
th
e
store-con

d
ition

al
is
gu

aran
teed

to
fail

85



86
C
H
A
P
T
E
R

9
.

S
H
A
R
E
D

M
E
M
O
R
Y

(a
n
d
retu

rn
fa
lse

),
even

if
th
e
va
lu
e
read

b
y
th
e
load

-lin
k
h
as

sin
ce

b
een

resto
red

.

•
T
h
e
p
ow

er
of

R
M
W

o
p
era

tio
n
s
ca
n
b
e
m
ea
su
red

w
ith

th
e
so-called

co
n
sen

su
s-

n
u
m
ber

:
T
h
e
co
n
sen

su
s-n

u
m
b
er

k
o
f
a
R
M
W

op
eration

d
efi

n
es

w
h
eth

er
on

e
ca
n

so
lve

con
sen

su
s
fo
r
k

p
ro
cesses.

T
est-an

d
-set

for
in
stan

ce
h
a
s

co
n
sen

su
s-n

u
m
b
er

2
(o
n
e
ca
n
so
lv
e
co
n
sen

su
s
w
ith

2
p
ro
cesses,

b
u
t
n
ot

3
),
w
h
erea

s
th
e
co
n
sen

su
s-n

u
m
b
er

of
co
m
p
a
re-an

d
-sw

ap
is
in
fi
n
ite.

It
can

b
e
sh
ow

n
th
a
t
th
e
p
ow

er
o
f
a
sh
a
red

m
em

o
ry

sy
stem

is
d
eterm

in
ed

b
y
th
e

con
sen

su
s-n

u
m
b
er

(“
u
n
iversa

lity
o
f
co
n
sen

su
s”.)

T
h
is

in
sigh

t
h
as

a
re-

m
a
rka

b
le

th
eoretica

l
a
n
d
p
ra
ctica

l
im

p
a
ct.

In
p
ractice

for
in
stan

ce,
after

th
is

w
a
s
k
n
ow

n
,
h
a
rd
w
a
re

d
esig

n
ers

sto
p
p
ed

d
evelop

in
g
sh
ared

m
em

ory
sy
stem

s
su
p
p
o
rtin

g
w
ea
k
R
M
W

o
p
era

tio
n
s.

•
M
a
n
y
o
f
th
e
resu

lts
d
eriv

ed
in

th
e
m
essa

g
e
p
assin

g
m
o
d
el

h
ave

an
eq
u
iva-

len
t
in

th
e
sh
a
red

m
em

o
ry

m
o
d
el.

C
o
n
sen

su
s
for

in
stan

ce
is

trad
ition

ally
stu

d
ied

in
th
e
sh
a
red

m
em

o
ry

m
o
d
el.

•
W

h
erea

s
p
ro
g
ra
m
m
in
g
a
m
essa

ge
p
a
ssin

g
sy
stem

is
rath

er
trick

y
(in

p
artic-

u
la
r
if
fa
u
lt-to

lera
n
ce

h
a
s
to

b
e
in
teg

ra
ted

),
p
rogram

m
in
g
a
sh
ared

m
em

-
o
ry

sy
stem

is
gen

era
lly

co
n
sid

ered
ea
sier,

a
s
p
rogram

m
ers

are
given

access
to

g
lo
b
a
l
va
ria

b
les

d
irectly

a
n
d
d
o
n
ot

n
eed

to
w
orry

ab
ou

t
ex
ch
an

gin
g

m
essa

ges
co
rrectly.

B
eca

u
se

o
f
th
is,

even
d
istrib

u
ted

sy
stem

s
w
h
ich

p
h
y
s-

ica
lly

co
m
m
u
n
ica

te
b
y

ex
ch
a
n
g
in
g
m
essa

g
es

can
often

b
e
p
rogram

m
ed

th
ro
u
g
h
a
sh
a
red

m
em

ory
m
id
d
lew

a
re,

m
a
k
in
g
th
e
p
rogram

m
er’s

life
eas-

ier.

•
W
e
w
ill

m
o
st

likely
fi
n
d
th
e
g
en

era
l
sp
irit

of
sh
ared

m
em

ory
sy
stem

s
in

u
p
co
m
in
g
m
u
lti-co

re
a
rch

itectu
res.

A
s
fo
r
p
rogram

m
in
g
sty

le,
th
e
m
u
lti-

core
com

m
u
n
ity

seem
s
to

fav
o
r
a
n
a
ccelera

ted
version

of
sh
ared

m
em

ory,
tra

n
sa
ctio

n
a
l
m
em

o
ry.

•
F
ro
m

a
m
essa

g
e
p
a
ssin

g
p
ersp

ective,
th
e
sh
ared

m
em

ory
m
o
d
el

is
like

a
b
ip
a
rtite

g
ra
p
h
:
O
n
o
n
e
sid

e
yo
u
h
av
e
th
e
p
ro
cesses

(th
e
n
o
d
es)

w
h
ich

p
retty

m
u
ch

b
eh

ave
lik

e
n
o
d
es

in
th
e
m
essage

p
assin

g
m
o
d
el

(asy
n
ch
ro-

n
o
u
s,

m
ay
b
e
fa
ilu

res).
O
n
th
e
o
th
er

sid
e
you

h
ave

th
e
sh
ared

registers,
w
h
ich

ju
st

w
o
rk

p
erfectly

(n
o
fa
ilu

res,
n
o
d
elay

).

9
.2

M
u
tu

a
l
E
x
c
lu
sio

n

A
cla

ssic
p
ro
b
lem

in
sh
a
red

m
em

ory
sy
stem

s
is
m
u
tu
al

ex
clu

sion
.
W
e
are

given
a
n
u
m
b
er

o
f
p
ro
cesses

w
h
ich

o
cca

sio
n
a
lly

n
eed

to
access

th
e
sam

e
resou

rce.
T
h
e

resou
rce

m
ay

b
e
a
sh
a
red

va
ria

b
le,

o
r
a
m
o
re

g
en

eral
ob

ject
su
ch

as
a
d
ata

stru
ctu

re
o
r
a
sh
a
red

p
rin

ter.
T
h
e
catch

is
th
a
t
on

ly
on

e
p
ro
cess

at
th
e
tim

e
is

a
llow

ed
to

a
ccess

th
e
reso

u
rce.

M
o
re

fo
rm

a
lly

:

D
e
fi
n
itio

n
9
.2

(M
u
tu
a
l
E
x
clu

sio
n
).

W
e
a
re

given
a
n
u
m
ber

o
f
p
rocesses,

ea
ch

execu
tin

g
th
e
fo
llo

w
in
g
cod

e
sectio

n
s:

<
E
n
try>

→
<
C
ritica

l
S
ectio

n
>

→
<
E
xit>

→
<
R
em

a
in
in
g
C
od
e>

A
m
u
tu
a
l
exclu

sio
n
a
lgo

rith
m

co
n
sists

o
f
cod

e
fo
r
en

try
a
n
d
exit

sectio
n
s,

su
ch

th
a
t
th
e
fo
llo

w
in
g
h
o
ld
s

9
.2
.

M
U
T
U
A
L
E
X
C
L
U
S
IO

N
87

•
M
u
tu
a
l
E
xclu

sio
n
:
A
t
a
ll
tim

es
at

m
ost

on
e
p
rocess

is
in

th
e
critica

l
sec-

tio
n
.

•
N
o
d
ea
d
lock:

If
so
m
e
p
rocess

m
a
n
a
ges

to
get

to
th
e
en

try
sectio

n
,
la
ter

som
e
(po

ssibly
d
iff
eren

t)
p
rocess

w
ill

get
to

th
e
critica

l
sectio

n
.

S
o
m
etim

es
w
e
in

a
d
d
itio

n
a
sk

fo
r

•
N
o
locko

u
t:

If
so
m
e
p
rocess

m
a
n
a
ges

to
get

to
th
e
en

try
sectio

n
,
la
ter

th
e

sam
e
p
rocess

w
ill

get
to

th
e
critica

l
sectio

n
.

•
U
n
o
bstru

cted
exit:

N
o
p
rocess

ca
n
get

stu
ck

in
th
e
exit

sectio
n
.

U
sin

g
R
M
W

p
rim

itives
on

e
can

b
u
ild

m
u
tu
al

ex
clu

sion
algorith

m
s
q
u
ite

easily.
A
lgorith

m
3
2
sh
ow

s
a
n
ex
am

p
le

w
ith

th
e
test-an

d
-set

p
rim

itive.

A
lg
o
rith

m
3
2
M
u
tu
al

E
x
clu

sion
:
T
est-a

n
d
-S
et

In
p
u
t:

S
h
a
red

register
R

:=
0

<
E
n
try

>
1
:
re

p
e
a
t

2
:

r
:=

test-an
d
-set(R

)
3
:
u
n
til

r
=

0
<
C
ritic

a
l
S
e
c
tio

n
>

4
:
...

<
E
x
it>

5
:
R

:=
0

<
R
e
m
a
in
d
e
r
C
o
d
e
>

6
:
...

T
h
e
o
re

m
9
.3
.
A
lgo

rith
m

3
2
so
lves

th
e
m
u
tu
a
l
exclu

sio
n
p
ro
blem

a
s
in

D
efi

n
i-

tio
n
9
.2
.

P
roo

f.
M
u
tu
al

ex
clu

sion
follow

s
d
irectly

from
th
e
test-an

d
-set

d
efi

n
ition

:
In
i-

tially
R

is
0
.
L
et

p
i
b
e
th
e
i
t
h
p
ro
cess

to
su
ccessfu

lly
ex
ecu

te
th
e
test-an

d
-set,

w
h
ere

su
ccessfu

lly
m
ean

s
th
at

th
e
resu

lt
of

th
e
test-an

d
-set

is
0.

T
h
is

h
ap

p
en

s
at

tim
e
t
i .

A
t
tim

e
t ′i

p
ro
cess

p
i
resets

th
e
sh
ared

register
R

to
0.

B
etw

een
t
i

an
d
t ′i
n
o
oth

er
p
ro
cess

can
su
ccessfu

lly
test-an

d
-set,

h
en

ce
n
o
oth

er
p
ro
cess

can
en
ter

th
e
critical

section
con

cu
rren

tly.
P
rov

in
g
n
o
d
ead

lo
ck

w
ork

s
sim

ilar:
O
n
e
of

th
e
p
ro
cesses

loiterin
g
in

th
e

en
try

sectio
n
w
ill

su
ccessfu

lly
test-an

d
-set

as
so
on

as
th
e
p
ro
cess

in
th
e
critical

section
ex
ited

.
S
in
ce

th
e
ex
it
section

on
ly

con
sists

of
a
sin

gle
in
stru

ction
(n
o
p
oten

tial
in
fi
-

n
ite

lo
op

s)
w
e
h
ave

u
n
ob

stru
cted

ex
it.

R
e
m
a
rk

s:

•
N
o
lo
ckou

t,
on

th
e
oth

er
h
an

d
,
is

n
ot

given
b
y
th
is

algo
rith

m
.
E
ven

w
ith

on
ly

tw
o
p
ro
cesses

th
ere

are
asy

n
ch
ron

ou
s
ex
ecu

tion
s
w
h
ere

alw
ay
s
th
e

sam
e
p
ro
cess

w
in
s
th
e
test-an

d
-set.

•
A
lgorith

m
32

ca
n
b
e
ad

ap
ted

to
gu

aran
tee

fairn
ess

(n
o
lo
ck
ou

t),
essen

tially
b
y
o
rd
erin

g
th
e
p
ro
cesses

in
th
e
en
try

section
in

a
q
u
eu

e.
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•
A

n
a
tu
ra
l
q
u
estio

n
is
w
h
eth

er
on

e
ca
n
a
ch
ieve

m
u
tu
al

ex
clu

sion
w
ith

on
ly

rea
d
s
a
n
d
w
rites,

th
a
t
is
w
ith

o
u
t
a
d
va
n
ced

R
M
W

op
eration

s.
T
h
e
an

sw
er

is
y
es!

O
u
r
rea

d
/
w
rite

m
u
tu
a
l
ex
clu

sio
n
a
lg
o
rith

m
is
fo
r
tw

o
p
ro
cesses

p
0
an

d
p
1
on

ly.
In

th
e
rem

a
rk
s
w
e
d
iscu

ss
h
ow

it
ca
n
b
e
ex
ten

d
ed

.
T
h
e
gen

eral
id
ea

is
th
at

p
ro
cess

p
i
h
as

to
m
a
rk

its
d
esire

to
en
ter

th
e
critical

section
in

a
“w

an
t”

register
W

i
b
y
settin

g
W

i
:=

1.
O
n
ly

if
th
e
o
th
er

p
ro
cess

is
n
ot

in
terested

(W
1−

i
=

0)
a
ccess

is
g
ra
n
ted

.
T
h
is
h
ow

ever
is
to
o
sim

p
le

sin
ce

w
e
m
ay

ru
n
in
to

a
d
ead

lo
ck
.

T
h
is
d
ea
d
lo
ck

(a
n
d
a
t
th
e
sa
m
e
tim

e
a
lso

lo
cko

u
t)

is
resolved

b
y
ad

d
in
g
a
p
riority

va
ria

b
le

Π
.
S
ee

A
lg
o
rith

m
3
3
.

A
lg
o
rith

m
3
3
M
u
tu
al

E
x
clu

sion
:
P
eterso

n
’s

A
lgorith

m

In
itia

liz
a
tio

n
:
S
h
a
red

reg
isters

W
0 ,W

1 ,Π
,
a
ll
in
itially

0.
C
o
d
e
fo
r
p
ro

c
e
ss

p
i
,
i
=

{0
,1}

<
E
n
try

>
1
:
W

i
:=

1
2
:
Π

:=
1−

i
3
:
re

p
e
a
t
u
n
til

Π
=

i
o
r
W

1−
i
=

0
<
C
ritic

a
l
S
e
c
tio

n
>

4
:
...

<
E
x
it>

5
:
W

i
:=

0
<
R
e
m
a
in
d
e
r
C
o
d
e
>

6
:
...

R
e
m
a
rk

s:

•
N
o
te

th
a
t
lin

e
3
in

A
lg
o
rith

m
33

rep
resen

ts
a
“sp

in
lo
ck
”
or

“b
u
sy
-w

ait”,
sim

ila
rly

to
th
e
lin

es
1
-3

in
A
lg
o
rith

m
3
2.

T
h
e
o
re

m
9
.4
.
A
lgo

rith
m

3
3
so
lves

th
e
m
u
tu
a
l
exclu

sio
n
p
ro
blem

a
s
in

D
efi

n
i-

tio
n
9
.2
.

P
roo

f.
T
h
e
sh
a
red

va
ria

b
le
Π

eleg
a
n
tly

g
ra
n
ts

p
rio

rity
to

th
e
p
ro
cess

th
at

p
asses

lin
e
2
fi
rst.

If
b
oth

p
ro
cesses

a
re

co
m
p
etin

g
,
o
n
ly

p
ro
cess

p
Π

can
access

th
e

critica
l
sectio

n
b
eca

u
se

of
Π
.
T
h
e
o
th
er

p
ro
cess

p
1−

Π
can

n
ot

access
th
e
critical

sectio
n
b
eca

u
se

W
Π
=

1
(a
n
d
Π

6=
1−

Π
).

T
h
e
on

ly
oth

er
reason

to
access

th
e

critical
sectio

n
is

b
eca

u
se

th
e
o
th
er

p
ro
cess

is
in

th
e
rem

ain
d
er

co
d
e
(th

at
is,

n
o
t
in
terested

).
T
h
is

p
rov

es
m
u
tu
a
l
ex
clu

sio
n
!

N
o
d
ea
d
lo
ck

co
m
es

d
irectly

w
ith

Π
:
P
ro
cess

p
Π

gets
d
irect

access
to

th
e

critical
sectio

n
,
n
o
m
a
tter

w
h
a
t
th
e
o
th
er

p
ro
cess

d
o
es.

S
in
ce

th
e
ex
it
sectio

n
on

ly
co
n
sists

o
f
a
sin

gle
in
stru

ction
(n
o
p
oten

tial
in
fi
-

n
ite

lo
o
p
s)

w
e
h
ave

u
n
o
b
stru

cted
ex
it.

T
h
a
n
k
s
to

th
e
sh
a
red

va
ria

b
le

Π
a
lso

n
o
lo
ckou

t
(fairn

ess)
is

ach
ieved

:
If

a
p
ro
cess

p
i
lo
ses

ag
a
in
st

its
co
m
p
etito

r
p
1−

i
in

lin
e
2,

it
w
ill

h
ave

to
w
ait

u
n
til

th
e
co
m
p
etito

r
resets

W
1−

i
:=

0
in

th
e
ex
it

section
.
If

p
ro
cess

p
i
is

u
n
lu
ck
y
it

w
ill

n
o
t
ch
eck

W
1−

i
=

0
ea
rly

en
ou

g
h
b
efo

re
p
ro
cess

p
1−

i
sets

W
1−

i
:=

1
again

in
lin

e
1
.
H
ow

ever,
a
s
so
o
n
a
s
p
1−

i
h
its

lin
e
2
,
p
ro
cess

p
i
gets

th
e
p
riority

d
u
e

to
Π
,
a
n
d
can

en
ter

th
e
critica

l
section

.

9
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R
e
m
a
rk

s:

•
E
x
ten

d
in
g
P
eterson

’s
A
lgo

rith
m

to
m
ore

th
an

2
p
ro
cesses

can
b
e
d
on

e
b
y

a
tou

rn
am

en
t
tree,

like
in

ten
n
is.

W
ith

n
p
ro
cesses

every
p
ro
cess

n
eed

s
to

w
in

lo
g
n
m
atch

es
b
efore

it
can

en
ter

th
e
critical

sectio
n
.
M
ore

p
recisely,

each
p
ro
cess

sta
rts

at
th
e
b
ottom

lev
el

of
a
b
in
ary

tree,
an

d
p
ro
ceed

s
to

th
e
p
a
ren

t
lev

el
if
w
in
n
in
g
.
O
n
ce

w
in
n
in
g
th
e
ro
ot

of
th
e
tree

it
can

en
ter

th
e
critical

section
.
T
h
an

k
s
to

th
e
p
riority

variab
les

Π
a
t
each

n
o
d
e
of

th
e

b
in
ary

tree,
w
e
in
h
erit

all
th
e
p
rop

erties
of

D
efi

n
ition

9
.2.

9
.3

S
to
r
e
&

C
o
lle

c
t

9
.3
.1

P
r
o
b
le
m

D
e
fi
n
itio

n

In
th
is

section
,
w
e
w
ill

lo
ok

at
a
secon

d
sh
ared

m
em

ory
p
ro
b
lem

th
a
t
h
as

an
elegan

t
solu

tion
.
In
fo
rm

ally,
th
e
p
rob

lem
can

b
e
stated

as
follow

s.
T
h
ere

are
n

p
ro
cesses

p
1 ,...,p

n
.

E
very

p
ro
cess

p
i
h
as

a
read

/w
rite

register
R

i
in

th
e

sh
ared

m
em

ory
w
h
ere

it
can

sto
re

som
e
in
form

ation
th
at

is
d
estin

ed
for

th
e

oth
er

p
ro
cesses.

F
u
rth

er,
th
ere

is
an

op
eration

b
y
w
h
ich

a
p
ro
cess

ca
n
co
llect

(i.e.,
read

)
th
e
valu

es
of

all
th
e
p
ro
cesses

th
at

stored
som

e
valu

e
in

th
eir

register.
W
e
say

th
at

an
op

eration
o
p
1
p
reced

es
an

op
eration

o
p
2
iff

o
p
1
term

in
ates

b
efore

o
p
2
starts.

A
n
op

eration
o
p
2
follow

s
an

op
eration

o
p
1
iff

o
p
1
p
reced

es
o
p
2
.

D
e
fi
n
itio

n
9
.5

(C
ollect).

T
h
ere

a
re

tw
o
o
pera

tio
n
s:

A
s
t
o
r
e
(va

l)
by

p
rocess

p
i
sets

va
l
to

be
th
e
la
test

va
lu
e
o
f
its

register
R

i .
A

c
o
l
l
e
c
t
o
pera

tio
n
retu

rn
s

a
v
iew

,
a
pa
rtia

l
fu
n
ctio

n
V

fro
m

th
e
set

o
f
p
rocesses

to
a
set

o
f
va
lu
es,

w
h
ere

V
(p

i )
is

th
e
la
test

va
lu
e
sto

red
by

p
i ,

fo
r
ea
ch

p
rocess

p
i .

F
o
r
a

c
o
l
l
e
c
t

o
pera

tio
n
co
p
,
th
e
fo
llo

w
in
g
va
lid

ity
p
ro
perties

m
u
st

h
o
ld

fo
r
every

p
rocess

p
i :

•
If

V
(p

i )
=

⊥
,
th
en

n
o
s
t
o
r
e
o
pera

tio
n
by

p
i
p
reced

es
cop

.

•
If

V
(p

i )
=

v
6=

⊥
,
th
en

v
is

th
e
va
lu
e
o
f
a
s
t
o
r
e
o
pera

tio
n
sop

o
f
p
i
th
a
t

d
oes

n
o
t
fo
llo

w
cop

,
a
n
d
th
ere

is
n
o
s
t
o
r
e
o
pera

tio
n
by

p
i
th
a
t
fo
llo

w
s

sop
a
n
d
p
reced

es
cop

.

H
en

ce,
a
c
o
l
l
e
c
t
op

eration
co
p
sh
ou

ld
n
ot

rea
d
from

th
e
fu
tu
re

o
r
m
iss

a
p
reced

in
g
s
t
o
r
e
op

eration
so
p
.

W
e
assu

m
e
th
at

th
e
read

/w
rite

register
R

i
of

every
p
ro
cess

p
i
is

in
itialized

to
⊥
.
W
e
d
efi

n
e
th
e
step

com
p
lex

ity
of

an
op

eration
o
p
to

b
e
th
e
n
u
m
b
er

of
accesses

to
registers

in
th
e
sh
a
red

m
em

o
ry.

T
h
ere

is
a
triv

ial
solu

tio
n
to

th
e

co
llect

p
rob

lem
as

sh
ow

n
b
y
A
lgorith

m
3
4.

A
lg
o
rith

m
3
4
C
ollect:

S
im

p
le

(N
on

-A
d
ap

tive)
S
o
lu
tion

O
p
e
ra

tio
n
s
t
o
r
e
(va

l)
(b
y
p
ro
cess

p
i )

:
1
:
R

i
:=

va
l

O
p
e
ra

tio
n
c
o
l
l
e
c
t
:

2
:
fo
r
i
:=

1
to

n
d
o

3
:

V
(p

i )
:=

R
i

/
/
rea

d
register

R
i

4
:
e
n
d
fo
r
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C
H
A
P
T
E
R

9
.

S
H
A
R
E
D

M
E
M
O
R
Y

R
e
m
a
rk

s:

•
A
lg
o
rith

m
34

clea
rly

w
ork

s.
T
h
e
step

co
m
p
lex

ity
of

every
s
t
o
r
e
op

eration
is

1
,
th
e
step

co
m
p
lex

ity
of

a
c
o
l
l
e
c
t
o
p
eration

is
n
.

•
A
t
fi
rst

sig
h
t,
th
e
step

co
m
p
lex

ities
o
f
A
lg
o
rith

m
34

seem
op

tim
al.

B
ecau

se
th
ere

a
re

n
p
ro
cesses,

th
ere

clearly
are

ca
ses

in
w
h
ich

a
c
o
l
l
e
c
t
op

eration
n
eed

s
to

rea
d
a
ll
n
reg

isters.
H
ow

ever,
th
ere

are
also

scen
arios

in
w
h
ich

th
e
step

co
m
p
lex

ity
of

th
e
c
o
l
l
e
c
t
o
p
era

tion
seem

s
very

costly.
A
ssu

m
e

th
a
t
th
ere

a
re

on
ly

tw
o
p
ro
cesses

p
i
an

d
p
j
th
at

h
ave

stored
a
valu

e
in

th
eir

reg
isters

R
i
a
n
d
R

j .
In

th
is
case,

a
c
o
l
l
e
c
t
in

p
rin

cip
le

on
ly

n
eed

s
to

rea
d
th
e
reg

isters
R

i
a
n
d
R

j
a
n
d
can

ig
n
ore

all
th
e
oth

er
registers.

•
A
ssu

m
e
th
at

u
p

to
a
certa

in
tim

e
t,

k
≤

n
p
ro
cesses

h
ave

fi
n
ish

ed
or

sta
rted

at
lea

st
o
n
e
o
p
era

tio
n
.
W
e
ca
ll
a
n
op

eration
o
p
at

tim
e
t
a
d
a
p
-

tive
to

co
n
ten

tion
if
th
e
step

co
m
p
lex

ity
o
f
o
p
on

ly
d
ep

en
d
s
on

k
an

d
is

in
d
ep

en
d
en
t
o
f
n
.

•
In

th
e
fo
llow

in
g
,
w
e
w
ill

see
h
ow

to
im

p
lem

en
t
ad

ap
tive

version
s
of

s
t
o
r
e

a
n
d
c
o
l
l
e
c
t
.

9
.3
.2

S
p
litte

r
s

A
lg
o
rith

m
3
5
S
p
litter

C
o
d
e

S
h
a
re

d
R
e
g
iste

rs:
X

:{⊥
}∪

{
1
,...,n};

Y
:
b
o
o
le
a
n

In
itia

liz
a
tio

n
:
X

:=
⊥
;
Y

:=
fa
lse

S
p
litte

r
a
c
c
e
ss

b
y
p
ro

c
e
ss

p
i :

1
:
X

:=
i;

2
:
if

Y
th

e
n

3
:

re
tu

rn
rig

h
t

4
:
e
lse

5
:

Y
:=

tru
e

6
:

if
X

=
i
th

e
n

7
:

re
tu

rn
sto

p
8
:

e
lse

9
:

re
tu

rn
le
ft

1
0
:

e
n
d
if

1
1
:
e
n
d
if

T
o
o
b
ta
in

ad
a
p
tive

co
llect

alg
o
rith

m
s,

w
e
n
eed

a
sy
n
ch
ron

ization
p
rim

itive,
ca
lled

a
sp
litter.

D
e
fi
n
itio

n
9
.6

(S
p
litter).

A
sp
litter

is
a
syn

ch
ro
n
iza

tio
n

p
rim

itive
w
ith

th
e

fo
llo

w
in
g
ch
a
ra
cteristic.

A
p
rocess

en
terin

g
a
sp
litter

exits
w
ith

eith
er

s
to
p
,

le
ft,

o
r
r
ig
h
t.

If
k
p
rocesses

en
ter

a
sp
litter,

a
t
m
o
st

o
n
e
p
rocess

exits
w
ith

s
to
p
a
n
d
a
t
m
o
st

k−
1
p
rocesses

exit
w
ith

le
ft

a
n
d
r
ig
h
t,

respectively.

H
en

ce,
it

is
g
u
a
ra
n
teed

th
a
t
if
a
sin

g
le

p
ro
cess

en
ters

th
e
sp
litter,

th
en

it
o
b
ta
in
s
sto

p
,
a
n
d

if
tw

o
o
r
m
o
re

p
ro
cesses

en
ter

th
e
sp
litter,

th
en

th
ere

is
a
t
m
o
st

o
n
e
p
ro
cess

ob
ta
in
in
g
sto

p
a
n
d
th
ere

a
re

tw
o
p
ro
cesses

th
at

ob
tain
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k
 p

ro
cesso

rs

a
t m

o
st 1

left

a
t m

o
st k−

1

rig
h
t

a
t m

o
st k−

1

sto
p

F
ig
u
re

9.1:
A

S
p
litter

d
iff
eren

t
valu

es
(i.e.,

eith
er

th
ere

is
ex
actly

on
e
sto

p
or

th
ere

is
at

least
on

e
le
ft

an
d

at
least

on
e
rig

h
t).

F
or

an
illu

stration
,
see

F
igu

re
9.1.

T
h
e
co
d
e

im
p
lem

en
tin

g
a
sp
litter

is
given

b
y
A
lgorith

m
35.

L
e
m
m
a
9
.7
.
A
lgo

rith
m

3
5
co
rrectly

im
p
lem

en
ts

a
sp
litter.

P
roo

f.
A
ssu

m
e
th
at

k
p
ro
cesses

en
ter

th
e
sp
litter.

B
ecau

se
th
e
fi
rst

p
ro
cess

th
at

ch
eck

s
w
h
eth

er
Y

=
tru

e
in

lin
e
2
w
ill

fi
n
d
th
at

Y
=

fa
lse

,
n
ot

all
p
ro
cesses

retu
rn

rig
h
t.

N
ex
t,
a
ssu

m
e
th
a
t
i
is
th
e
last

p
ro
cess

th
at

sets
X

:=
i.

If
i
d
o
es

n
ot

retu
rn

rig
h
t,

it
w
ill

fi
n
d
X

=
i
in

lin
e
6
an

d
th
erefore

retu
rn

sto
p
.
H
en

ce,
th
ere

is
alw

ay
s
a
p
ro
cess

th
at

d
o
es

n
ot

retu
rn

le
ft.

It
rem

ain
s
to

sh
ow

th
at

at
m
ost

1
p
ro
cess

retu
rn
s
sto

p
.
F
or

th
e
sa
k
e
of

con
trad

iction
,
assu

m
e
p
i
an

d
p
j

are
tw

o
p
ro
cesses

th
at

retu
rn

sto
p
an

d
assu

m
e
th
at

p
i
sets

X
:=

i
b
efore

p
j
sets

X
:=

j.
B
o
th

p
ro
cesses

n
eed

to
ch
eck

w
h
eth

er
Y

is
tru

e
b
efore

on
e
of

th
em

sets
Y

:=
tru

e
.
H
en

ce,
th
ey

b
o
th

com
p
lete

th
e
assign

m
en
t
in

lin
e
1
b
efore

th
e

fi
rst

on
e
of

th
em

ch
eck

s
th
e
valu

e
of

X
in

lin
e
6.

H
en

ce,
b
y
th
e
tim

e
p
i
arrives

at
lin

e
6,

X
6=

i
(p

j
an

d
m
ay
b
e
som

e
oth

er
p
ro
cesses

h
ave

overw
ritten

X
b
y

th
en

).
T
h
erefore,

p
i
d
o
es

n
ot

retu
rn

sto
p

an
d
w
e
get

a
co
n
trad

ictio
n
to

th
e

assu
m
p
tion

th
at

b
oth

p
i
an

d
p
j
retu

rn
sto

p
.

9
.3
.3

B
in
a
r
y
S
p
litte

r
T
r
e
e

A
ssu

m
e
th
a
t
w
e
are

g
iven

2
n
−

1
sp
litters

an
d
th
a
t
for

ev
ery

sp
litter

S
,
th
ere

is
an

ad
d
ition

al
sh
ared

variab
le

Z
S
:{⊥

}∪
{
1,...,n}

th
at

is
in
itialized

to
⊥

an
d
an

ad
d
ition

al
sh
a
red

variab
le

M
S
:
b
o
o
le
a
n
th
at

is
in
itia

lized
to

fa
lse

.
W
e

call
a
sp
litter

S
m
arked

if
M

S
=

tru
e
.
T
h
e
2
n
−

1
sp
litters

are
arran

ged
in

a
com

p
lete

b
in
ary

tree
of

h
eigh

t
n
−

1.
L
et

S
(v
)
b
e
th
e
sp
litter

asso
cia

ted
w
ith

a
n
o
d
e
v
of

th
e
b
in
ary

tree.
T
h
e
s
t
o
r
e
an

d
c
o
l
l
e
c
t
op

era
tion

s
are

given
b
y

A
lgorith

m
3
6.

T
h
e
o
re

m
9
.8
.
A
lgo

rith
m

3
6
co
rrectly

im
p
lem

en
ts

s
t
o
r
e
a
n
d
c
o
l
l
e
c
t
.
L
et

k
be

th
e
n
u
m
ber

o
f
pa
rticipa

tin
g
p
rocesses.

T
h
e
step

co
m
p
lexity

o
f
th
e
fi
rst

s
t
o
r
e

o
f
a
p
rocess

p
i
is

O
(k
),

th
e
step

co
m
p
lexity

o
f
every

a
d
d
itio

n
a
l
s
t
o
r
e
o
f
p
i
is

O
(1),

a
n
d
th
e
step

co
m
p
lexity

o
f
c
o
l
l
e
c
t
isO

(k
).

P
roo

f.
B
eca

u
se

at
m
o
st

on
e
p
ro
cess

can
stop

at
a
sp
litter,

it
is
su
ffi
cien

t
to

sh
ow

th
at

every
p
ro
cess

sto
p
s
at

som
e
sp
litter

at
d
ep

th
at

m
ost

k
−

1
≤

n
−

1
w
h
en

in
vok

in
g
th
e
fi
rst

s
t
o
r
e
op

eration
to

p
rove

correctn
ess.

W
e
p
rove

th
at

at
m
ost

k
−

i
p
ro
cesses

en
ter

a
su
b
tree

at
d
ep

th
i
(i.e.,

a
su
b
tree

w
h
ere

th
e
ro
ot

h
as

d
istan

ce
i
to

th
e
ro
o
t
of

th
e
w
h
ole

tree).
B
y
d
efi

n
ition

of
k
,
th
e
n
u
m
b
er

of
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A
lg
o
rith

m
3
6
A
d
a
p
tive

C
o
llect:

B
in
a
ry

T
ree

A
lgorith

m

O
p
e
ra

tio
n
s
t
o
r
e
(va

l)
(b
y
p
ro
cess

p
i )

:
1
:
R

i
:=

va
l

2
:
if

fi
rst

s
t
o
r
e
o
p
era

tion
b
y
p
i
th

e
n

3
:

v
:=

ro
ot

n
o
d
e
o
f
b
in
a
ry

tree
4
:

α
:=

resu
lt

o
f
en
terin

g
sp
litter

S
(v
);

5
:

M
S
(v

)
:=

tru
e

6
:

w
h
ile

α
6=

sto
p
d
o

7
:

if
α
=

le
ft

th
e
n

8
:

v
:=

left
ch
ild

o
f
v

9
:

e
lse

1
0
:

v
:=

rig
h
t
ch
ild

o
f
v

1
1
:

e
n
d
if

1
2
:

α
:=

resu
lt

o
f
en
terin

g
sp
litter

S
(v
);

1
3
:

M
S
(v

)
:=

tru
e

1
4
:

e
n
d
w
h
ile

1
5
:

Z
S
(v

)
:=

i
1
6
:
e
n
d
if

O
p
e
ra

tio
n
c
o
l
l
e
c
t
:

T
ra

v
e
rse

m
a
rk

e
d

p
a
rt

o
f
b
in
a
ry

tre
e
:

1
7
:
fo
r
a
ll
m
a
rked

sp
litters

S
d
o

1
8
:

if
Z
S
6=

⊥
th

e
n

1
9
:

i
:=

Z
S
;
V
(p

i )
:=

R
i

//
rea

d
va
lu
e
o
f
p
rocess

p
i

2
0
:

e
n
d
if

2
1
:
e
n
d
fo
r

/
/
V
(p

i )
=

⊥
fo
r
a
ll
o
th
er

p
rocesses

p
ro
cesses

en
terin

g
th
e
sp
litter

a
t
d
ep

th
0
(i.e.,

at
th
e
ro
ot

of
th
e
b
in
ary

tree)
is

k
.
F
o
r
i
>

1
,
th
e
cla

im
fo
llow

s
b
y
in
d
u
ctio

n
b
ecau

se
of

th
e
at

m
ost

k
−

i
p
ro
cesses

en
terin

g
th
e
sp
litter

at
th
e
ro
o
t
o
f
a
d
ep

th
i
su
b
tree,

at
m
ost

k−
i−

1
o
b
ta
in

le
ft

an
d
rig

h
t,

resp
ectively.

H
en

ce,
a
t
th
e
latest

w
h
en

reach
in
g
d
ep

th
k
−

1
,
a
p
ro
cess

is
th
e
on

ly
p
ro
cess

en
terin

g
a
sp
litter

an
d
th
u
s
ob

tain
s
sto

p
.

It
th
u
s
a
lso

fo
llow

s
th
a
t
th
e
step

co
m
p
lex

ity
of

th
e
fi
rst

in
vo

cation
of

s
t
o
r
e
is

O
(k
).
T
o
sh
ow

th
a
t
th
e
step

co
m
p
lex

ity
o
f
c
o
l
l
e
c
t

is
O
(k
),

w
e
fi
rst

ob
serve

th
a
t
th
e
m
a
rked

n
o
d
es

o
f
th
e
b
in
a
ry

tree
a
re

con
n
ected

,
an

d
th
erefore

can
b
e
traversed

b
y
o
n
ly

rea
d
in
g
th
e
variab

les
M

S
asso

ciated
to

th
em

an
d

th
eir

n
eig

h
b
o
rs.

H
en

ce,
sh
ow

in
g
th
a
t
a
t
m
ost

2
k
−

1
n
o
d
es

of
th
e
b
in
ary

tree
are

m
a
rked

is
su
ffi
cien

t.
L
et

x
k
b
e
th
e
m
ax

im
u
m

n
u
m
b
er

of
m
arked

n
o
d
es

in
a
tree,

w
h
ere

k
p
ro
cesses

a
ccess

th
e
ro
o
t.

W
e
cla

im
th
at

x
k
≤

2k
−

1,
w
h
ich

is
tru

e
fo
r
k
=

1
b
eca

u
se

a
sin

g
le

p
ro
cess

en
terin

g
a
sp
litter

w
ill

alw
ay
s
com

p
u
te

sto
p
.

N
ow

a
ssu

m
e
th
e
in
eq
u
a
lity

h
o
ld
s
fo
r
1
,...,k

−
1.

N
ot

all
k
p
ro
cesses

m
ay

ex
it

th
e
sp
litter

w
ith

le
ft

(o
r
rig

h
t),

i.e.,
k
l ≤

k
−

1
p
ro
cesses

w
ill

tu
rn

left
an

d
k
r ≤

m
in{k

−
k
l ,k

−
1}

tu
rn

righ
t.

T
h
e
left

a
n
d
righ

t
ch
ild

ren
of

th
e
ro
ot

are
th
e
ro
o
ts

o
f
th
eir

su
b
trees,

h
en

ce
th
e
in
d
u
ctio

n
h
y
p
oth

esis
y
ield

s

x
k
=

x
k
l
+

x
k
r
+
1
≤

(2k
l −

1
)
+
(2
k
r −

1)
+
1
≤

2k−
1,

con
clu

d
in
g
in
d
u
ctio

n
a
n
d
p
ro
o
f.

9
.3
.

S
T
O
R
E

&
C
O
L
L
E
C
T

93

left

rig
h
t

F
igu

re
9
.2:

5×
5
S
p
litter

M
atrix

R
e
m
a
rk

s:

•
T
h
e
step

com
p
lex

ities
of

A
lgorith

m
36

are
very

go
o
d
.
C
learly,

th
e
step

com
p
lex

ity
of

th
e
c
o
l
l
e
c
t
op

eratio
n
is
asy

m
p
totically

op
tim

al.
In

ord
er

for
th
e
algorith

m
to

w
ork

,
w
e
h
ow

ever
n
eed

to
allo

cate
th
e
m
em

ory
for

th
e

com
p
lete

b
in
ary

tree
of

d
ep

th
n−

1.
T
h
e
sp
ace

com
p
lex

ity
of

A
lgo

rith
m

36
th
erefore

is
ex
p
o
n
en
tial

in
n
.
W
e
w
ill

n
ex
t
see

h
ow

to
ob

tain
a
p
o
ly
n
om

ial
sp
ace

com
p
lex

ity
at

th
e
cost

of
a
w
orse

c
o
l
l
e
c
t
step

com
p
lex

ity.

9
.3
.4

S
p
litte

r
M

a
tr
ix

In
stead

of
a
rran

gin
g
sp
litters

in
a
b
in
ary

tree,
w
e
arran

ge
n
2
sp
litters

in
an

n×
n

m
atrix

as
sh
ow

n
in

F
igu

re
9.2.

T
h
e
alg

orith
m

is
an

alogou
s
to

A
lgorith

m
36.

T
h
e
m
atrix

is
en
tered

at
th
e
to
p
left.

If
a
p
ro
cess

receives
le
ft,

it
n
ex
t
v
isits

th
e
sp
litter

in
th
e
n
ex
t
row

of
th
e
sam

e
colu

m
n
.
If

a
p
ro
cess

receives
rig

h
t,

it
n
ex
t
v
isits

th
e
sp
litter

in
th
e
n
ex
t
colu

m
n
of

th
e
sam

e
row

.
C
learly,

th
e
sp
ace

com
p
lex

ity
of

th
is

alg
orith

m
isO

(n
2).

T
h
e
follow

in
g
th
eorem

gives
b
o
u
n
d
s
on

th
e
step

com
p
lex

ities
of

s
t
o
r
e
an

d
c
o
l
l
e
c
t
.

T
h
e
o
re

m
9
.9
.
L
et

k
be

th
e
n
u
m
ber

o
f
pa
rticipa

tin
g
p
rocesses.

T
h
e
step

co
m
-

p
lexity

o
f
th
e
fi
rst

s
t
o
r
e
o
f
a
p
rocess

p
i
is

O
(k
),

th
e
step

co
m
p
lexity

o
f
every

a
d
d
itio

n
a
l
s
t
o
r
e
o
f
p
i
isO

(1),
a
n
d
th
e
step

co
m
p
lexity

o
f
c
o
l
l
e
c
t
isO

(k
2).

P
roo

f.
L
et

th
e
top

row
b
e
row

0
an

d
th
e
left-m

ost
colu

m
n
b
e
colu

m
n
0
.
L
et

x
i

b
e
th
e
n
u
m
b
er

of
p
ro
cesses

en
terin

g
a
sp
litter

in
row

i.
B
y
in
d
u
ction

on
i,
w
e

sh
ow

th
at

x
i ≤

k−
i.

C
learly,

x
0 ≤

k
.
L
et

u
s
th
erefore

con
sid

er
th
e
ca
se

i
>

0.
L
et

j
b
e
th
e
largest

colu
m
n
su
ch

th
at

at
least

on
e
p
ro
cess

v
isits

th
e
sp
litter

in
row

i−
1
an

d
colu

m
n
j.

B
y
th
e
p
rop

erties
of

sp
litters,

n
ot

all
p
ro
cesses

en
terin

g
th
e
sp
litter

in
row

i−
1
an

d
co
lu
m
n
j
ob

tain
le
ft.

T
h
erefore,

n
ot

all
p
ro
cesses

en
terin

g
a
sp
litter

in
row

i−
1
m
ove

on
to

row
i.

B
ecau

se
at

least
on

e
p
ro
cess
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stay
s
in

every
row

,
w
e
g
et

th
a
t
x
i ≤

k
−

i.
S
im

ilarly,
th
e
n
u
m
b
er

of
p
ro
cesses

en
terin

g
co
lu
m
n
j
is

a
t
m
o
st

k
−

j.
H
en

ce,
every

p
ro
cess

stop
s
at

th
e
latest

in
row

k
−

1
a
n
d
co
lu
m
n
k
−

1
a
n
d
th
e
n
u
m
b
er

of
m
arked

sp
litters

is
at

m
ost

k
2.

T
h
u
s,

th
e
step

co
m
p
lex

ity
o
f
c
o
l
l
e
c
t
is

a
t
m
o
stO

(k
2).

B
ecau

se
th
e
lon

gest
p
ath

in
th
e
sp
litter

m
a
trix

is
2k

,
th
e
step

co
m
p
lex

ity
of

s
t
o
r
e
isO

(k
).

R
e
m
a
rk

s:

•
W

ith
a
slig

h
tly

m
o
re

co
m
p
lica

ted
a
rg
u
m
en
t,
it
is
p
ossib

le
to

sh
ow

th
at

th
e

n
u
m
b
er

o
f
p
ro
cesses

en
terin

g
th
e
sp
litter

in
row

i
an

d
colu

m
n
j
is
at

m
ost

k−
i−

j.
H
en

ce,
it

su
ffi
ces

to
on

ly
a
llo

ca
te

th
e
u
p
p
er

left
h
alf

(in
clu

d
in
g

th
e
d
ia
g
on

a
l)

o
f
th
e
n
×

n
m
a
trix

o
f
sp
litters.

•
T
h
e
b
in
a
ry

tree
a
lg
o
rith

m
ca
n
b
e
m
ad

e
sp
ace

effi
cien

t
b
y
u
sin

g
a
ran

d
om

-
ized

versio
n
o
f
a
sp
litter.

W
h
en

ever
retu

rn
in
g
left

or
righ

t,
a
ran

d
om

ized
sp
litter

retu
rn
s
left

o
r
rig

h
t
w
ith

p
ro
b
a
b
ility

1/2.
W

ith
h
igh

p
rob

ab
ility,

it
th
en

su
ffi
ces

to
a
llo

cate
a
b
in
a
ry

tree
o
f
d
ep

th
O
(log

n
).

•
R
ecen

tly,
it

h
a
s
b
een

sh
ow

n
th
a
t
w
ith

a
con

sid
erab

ly
m
ore

com
p
licated

d
eterm

in
istic

a
lg
o
rith

m
,
it
is
p
ossib

le
to

a
ch
ieveO

(k
)
step

com
p
lex

ity
an

d
O
(n

2)
sp
a
ce

co
m
p
lex

ity.

C
h
a
p
te
r
N
o
te
s

A
lread

y
in

1
9
6
5
E
d
sg
er

D
ijk

stra
gave

a
d
ead

lo
ck
-free

solu
tion

for
m
u
tu
al

ex
-

clu
sio

n
[D

ij6
5
].

L
a
ter,

M
a
u
rice

H
erlih

y
su
gg

ested
con

sen
su
s-n

u
m
b
ers

[H
er91],

w
h
ere

h
e
p
roved

th
e
“
u
n
iversality

of
co
n
sen

su
s”
,
i.e.,

th
e
p
ow

er
of

a
sh
ared

m
em

o
ry

sy
stem

is
d
eterm

in
ed

b
y
th
e
co
n
sen

su
s-n

u
m
b
er.

F
or

th
is

w
ork

,
M
au

-
rice

H
erlih

y
w
as

aw
a
rd
ed

th
e
D
ijk

stra
P
rize

in
D
istrib

u
ted

C
om

p
u
tin

g
in

2003.
P
eterso

n
s
A
lg
orith

m
is

d
u
e
to

[P
F
7
7,

P
et8

1
],
a
n
d
ad

ap
tiv

e
collect

w
as

stu
d
ied

in
th
e
seq

u
en

ce
o
f
p
a
p
ers

[M
A
9
5
,
A
F
G
0
2,

A
L
0
5
,
A
K
P
+
06].

B
ib
lio

g
r
a
p
h
y

[A
F
G
0
2
]
H
a
g
it

A
ttiy

a
,
A
rie

F
o
u
ren

,
an

d
E
li
G
afn

i.
A
n
ad

ap
tive

collect
algo-

rith
m

w
ith

a
p
p
lica

tio
n
s.

D
istribu

ted
C
o
m
p
u
tin

g,
15(2):87–96,

2002.

[A
K
P
+
0
6
]
H
a
g
it
A
ttiya

,
F
a
b
ia
n
K
u
h
n
,
C
.
G
reg

P
lax

ton
,
M
irjam

W
atten

h
ofer,

a
n
d
R
o
g
er

W
a
tten

h
o
fer.

E
ffi
cien

t
a
d
ap

tiv
e
collect

u
sin

g
ran

d
om

iza-
tio

n
.
D
istribu

ted
C
o
m
p
u
tin

g,
1
8
(3
):1

79–188,
2006.

[A
L
0
5
]
Y
eh
u
d
a
A
fek

a
n
d
Y
aron

D
e
L
ev
ie.

S
p
ace

an
d
S
tep

C
om

p
lex

ity
E
ffi
-

cien
t
A
d
a
p
tiv

e
C
o
llect.

In
D
IS
C
,
p
a
ges

384–398,
2005.

[D
ij6

5
]
E
d
sg
er

W
.
D
ijk

stra
.
S
o
lu
tio

n
o
f
a
p
rob

lem
in

con
cu

rren
t
p
rogram

-
m
in
g
con

tro
l.
C
o
m
m
u
n
.
A
C
M
,
8
(9
):5

69,
1965.

[H
er9

1]
M
au

rice
H
erlih

y.
W
a
it-F

ree
S
y
n
ch
ro
n
ization

.
A
C
M

T
ra
n
s.

P
rogra

m
.

L
a
n
g.

S
yst.,

1
3
(1
):1

2
4
–
1
4
9
,
1
9
91

.

[M
A
9
5
]
M
a
rk

M
o
ir
a
n
d
J
a
m
es

H
.
A
n
d
erso

n
.
W
ait-F

ree
A
lgorith

m
s
for

F
ast,

L
o
n
g
-L
ived

R
en

a
m
in
g
.
S
ci.

C
o
m
p
u
t.
P
rogra

m
.,
25(1):1–39,

1995.

B
IB

L
IO

G
R
A
P
H
Y

95

[P
et81]

J
.L
.
P
eterson

.
M
y
th
s
A
b
ou

t
th
e
M
u
tu
a
l
E
x
clu

sio
n
P
rob

lem
.
In
fo
r-

m
a
tio

n
P
rocessin

g
L
etters,

12(3):115–11
6,

1981.

[P
F
77]

G
.L
.
P
eterson

an
d
M
.J
.
F
isch

er.
E
con

o
m
ical

solu
tion

s
for

th
e
crit-

ical
section

p
rob

lem
in

a
d
istrib

u
ted

sy
stem

.
In

P
roceed

in
gs

o
f
th
e

n
in
th

a
n
n
u
a
l
A
C
M

sym
po
siu

m
o
n
T
h
eo
ry

o
f
co
m
p
u
tin

g,
p
ages

91–97.
A
C
M
,
197

7.
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b
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b
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p
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b
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b
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b
ject,

th
e
ed

g
es

of
th
e
sp
an

n
in
g
tree

are
red

irected
su
ch

th
a
t
in

th
e
en

d
,
th
e
sp
a
n
n
in
g
tree

is
ro
o
ted

a
t
u
(i.e.,

th
e
n
ew

h
old

er
of

th
e

ob
ject).

T
h
e
d
eta

ils
o
f
th
e
a
lgo

rith
m

a
re

g
iv
en

b
y
A
lgorith

m
39.

F
or

sim
p
licity,

w
e
a
ssu

m
e
th
at

a
n
o
d
e
u

o
n
ly

sta
rts

a
fi
n
d
req

u
est

if
u

is
n
ot

cu
rren

tly
th
e

h
o
ld
er

o
f
th
e
sh
a
red

ob
ject

a
n
d
if
u
h
a
s
fi
n
ish

ed
all

p
rev

iou
s
fi
n
d
req

u
ests

(i.e.,
it
is

n
o
t
cu

rren
tly

w
a
itin

g
to

receiv
e
th
e
ob

ject).

R
e
m
a
rk

s:

•
T
h
e
p
aren

t
p
o
in
ters

in
A
lg
o
rith

m
3
9
a
re

o
n
ly

n
eed

ed
for

th
e
fi
n
d
op

eration
.

S
en

d
in
g
th
e
va
ria

b
le

to
u
in

lin
e
1
3
o
r
to

w
.su

ccessor
in

lin
e
23

is
d
on

e
u
sin

g
ro
u
tin

g
(o
n
th
e
sp
a
n
n
in
g
tree

o
r
o
n
th
e
u
n
d
erly

in
g
n
etw

ork
).

•
W

h
en

w
e
d
raw

th
e
p
a
ren

t
p
o
in
ters

as
a
rrow

s,
in

a
q
u
iescen

t
m
om

en
t

(w
h
ere

n
o
“
fi
n
d
”
is

in
m
o
tio

n
),

th
e
arrow

s
all

p
oin

t
tow

ard
s
th
e
n
o
d
e

cu
rren

tly
h
old

in
g
th
e
va
ria

b
le

(i.e.,
th
e
tree

is
ro
oted

at
th
e
n
o
d
e
h
old

in
g

th
e
va
ria

b
le)

•
W

h
a
t
is

rea
lly

g
rea

t
a
b
o
u
t
th
e
A
rrow

a
lg
orith

m
is

th
at

it
w
ork

s
in

a
co
m
p
letely

a
sy
n
ch
ro
n
o
u
s
an

d
co
n
cu

rren
t
settin

g
(i.e.,

th
ere

can
b
e
m
an

y
fi
n
d
req

u
ests

at
th
e
sa
m
e
tim

e).

T
h
e
o
re

m
1
0
.1
.
(A

rro
w
,
A
n
a
lysis)

In
a
n
a
syn

ch
ro
n
o
u
s
a
n
d
co
n
cu
rren

t
settin

g,
a
“
fi
n
d
”
o
pera

tio
n
term

in
a
tes

w
ith

m
essa

ge
a
n
d
tim

e
co
m
p
lexity

D
,
w
h
ere

D
is

th
e
d
ia
m
eter

o
f
th
e
spa

n
n
in
g
tree.

1
0
.2
.

A
R
R
O
W

A
N
D

F
R
IE

N
D
S

99

A
lg
o
rith

m
3
9
S
h
ared

O
b
ject:

A
rrow

A
lgorith

m

In
itia

liz
a
tio

n
:
A
s
fo
r
A
lgorith

m
37,

w
e
a
re

given
a
ro
oted

sp
an

n
in
g
tree.

E
ach

n
o
d
e
h
a
s
a
p
oin

ter
to

its
p
a
ren

t,
th
e
ro
ot

r
is

its
ow

n
p
a
ren

t.
T
h
e
variab

le
is
in
itially

stored
at

r.
F
or

a
ll
n
o
d
es

v
,
v
.su

ccessor
:=

n
u
ll,

v
.w
ait

:=
fa
lse

.

S
ta

rt
F
in
d

R
e
q
u
e
st

a
t
N
o
d
e
u
:

1
:
d
o
a
to

m
ic
a
lly

2
:

u
sen

d
s
“fi

n
d
b
y
u
”
m
essage

to
p
aren

t
n
o
d
e

3
:

u
.p
aren

t
:=

u
4
:

u
.w
ait

:=
tru

e
5
:
e
n
d

d
o

U
p
o
n

w
R
e
c
e
iv
in
g
“
F
in
d

b
y
u
”
M

e
ssa

g
e
fro

m
N
o
d
e
v
:

6
:
d
o
a
to

m
ic
a
lly

7
:

if
w
.p
aren

t6=
w

th
e
n

8
:

w
sen

d
s
“fi

n
d
b
y
u
”
m
essage

to
p
aren

t
9
:

w
.p
aren

t
:=

v
1
0
:

e
lse

1
1
:

w
.p
aren

t
:=

v
1
2
:

if
n
o
t
w
.w
ait

th
e
n

1
3
:

sen
d
variab

le
to

u
//

w
h
o
ld
s
va
r.

bu
t
d
oes

n
o
t
n
eed

it
a
n
y
m
o
re

1
4
:

e
lse

1
5
:

w
.su

ccessor
:=

u
//

w
w
ill

sen
d
va
ria

ble
to

u
a
.s.a

.p
.

1
6
:

e
n
d
if

1
7
:

e
n
d
if

1
8
:
e
n
d

d
o

U
p
o
n

w
R
e
c
e
iv
in
g
S
h
a
re

d
O
b
je
c
t:

1
9
:
p
erform

op
eration

on
sh
ared

ob
ject

2
0
:
d
o
a
to

m
ic
a
lly

2
1
:

w
.w
ait

:=
fa
lse

2
2
:

if
w
.su

ccessor6=
n
u
ll
th

e
n

2
3
:

sen
d
variab

le
to

w
.su

ccessor
2
4
:

w
.su

ccessor
:=

n
u
ll

2
5
:

e
n
d
if

2
6
:
e
n
d

d
o



10
0

C
H
A
P
T
E
R

1
0
.

S
H
A
R
E
D

O
B
J
E
C
T
S

B
efo

re
p
rov

in
g
T
h
eo
rem

1
0
.1
,
w
e
p
rove

th
e
fo
llow

in
g
lem

m
a.

L
e
m
m
a
1
0
.2
.
A
n
ed
ge

{u
,v}

o
f
th
e
spa

n
n
in
g
tree

is
in

o
n
e
o
f
fo
u
r
sta

tes:

1
.)

P
o
in
ter

fro
m

u
to

v
(n
o
m
essa

ge
o
n
th
e
ed
ge,

n
o
po
in
ter

fro
m

v
to

u
)

2
.)

M
essa

ge
o
n
th
e
m
o
ve

fro
m

u
to

v
(n
o
po
in
ter

a
lo
n
g
th
e
ed
ge)

3
.)

P
o
in
ter

fro
m

v
to

u
(n
o
m
essa

ge
o
n
th
e
ed
ge,

n
o
po
in
ter

fro
m

u
to

v
)

4
.)

M
essa

ge
o
n
th
e
m
o
ve

fro
m

v
to

u
(n
o
po
in
ter

a
lo
n
g
th
e
ed
ge)

P
roo

f.
W

.l.o
.g
.,

a
ssu

m
e
th
a
t
in
itia

lly
th
e
ed

g
e
{u

,v}
is

in
state

1.
W

ith
a

m
essa

g
e
a
rrival

a
t
u
(or

if
u
starts

a
“
fi
n
d
b
y
u
”
req

u
est,

th
e
ed

ge
go

es
to

state
2.

W
h
en

th
e
m
essa

g
e
is

receiv
ed

a
t
v
,
v
d
irects

its
p
oin

ter
to

u
an

d
w
e
are

th
erefo

re
in

sta
te

3
.
A

n
ew

m
essa

g
e
a
t
v
(o
r
a
n
ew

req
u
est

in
itiated

b
y
v
)
th
en

b
rin

g
s
th
e
ed

g
e
b
a
ck

to
state

1
.

P
roo

f
o
f
T
h
eo
rem

1
0
.1
.
S
in
ce

th
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w
h
ere

th
ere

w
a
s
n
o
req

u
est

u
1 ,

a
n
d

in
stead

th
e
ro
o
t
w
as

in
itially

lo
ca
ted

a
t
u
1 .

T
h
e
m
essa

g
e
co
st

o
f
u
2
is

con
seq

u
en
tially

th
e
d
istan

ce
b
etw

een
u
1
a
n
d
u
2
o
n
th
e
sp
a
n
n
in
g
tree.

B
y
in
d
u
ctio

n
th
e
total

m
essage

com
p
lex

ity
is

ex
a
ctly

a
s
if
a
co
llecto

r
starts

at
th
e
ro
o
t
a
n
d
th
en

“greed
ily

”
collects

tok
en

s
lo
ca
ted

a
t
th
e
n
o
d
es

in
S

(g
reed

ily
in

th
e
sen

se
th
at

th
e
collector

alw
ay

s
go

es
tow

a
rd
s
th
e
clo

sest
to
ken

).
G
reed

y
co
llectin

g
th
e
token

s
is

n
ot

a
go

o
d
strategy

in
gen

era
l
b
eca

u
se

it
w
ill

traverse
th
e
sa
m
e
ed

g
e
m
ore

th
an

tw
ice

in
th
e
w
orst

1
0
.2
.
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case.
A
n
asy

m
p
totica

lly
op

tim
a
l
algorith

m
can

also
b
e
tran

slated
in
to

a
d
ep

th
-

fi
rst-search

collectin
g
p
arad

igm
,
traversin

g
each

ed
g
e
at

m
ost

tw
ice.

In
an

oth
er

area
of

com
p
u
ter

scien
ce,

w
e
w
o
u
ld

call
th
e
A
rrow

a
lgorith

m
a
n
earest-n

eigh
b
or

T
S
P

h
eu

ristic
(w

ith
o
u
t
retu

rn
in
g
to

th
e
start/ro

o
t
th
ou

gh
),

an
d
th
e
op

tim
al

algorith
m

T
S
P
-op

tim
al.

It
w
as

sh
ow

n
th
at

n
earest-n

eigh
b
or

h
as

a
log

arith
m
ic

overh
ead

,
w
h
ich

con
clu

d
es

th
e
p
ro
of.

R
e
m
a
rk

s:

•
A
n
average

req
u
est

set
S
o
n
a
n
ot-to

o-b
ad

tree
gives

u
su
ally

a
m
u
ch

b
etter

b
ou

n
d
.

H
ow

ev
er,

th
ere

is
an

alm
o
st

tig
h
t
log|S|/

log
log|S|

w
o
rst-case

ex
am

p
le.

•
It

w
as

recen
tly

sh
ow

n
th
at

A
rrow

can
d
o
as

go
o
d
in

a
d
y
n
am

ic
settin

g
(w

h
ere

n
o
d
es

are
allow

ed
to

in
itiate

req
u
ests

at
an

y
tim

e).
In

p
articu

lar
th
e
m
essage

com
p
lex

ity
o
f
th
e
d
y
n
a
m
ic

an
aly

sis
can

b
e
sh
ow

n
to

h
ave

a
log

D
overh

ead
on

ly,
w
h
ere

D
is

th
e
d
iam

eter
of

th
e
sp
an

n
in
g
tree

(n
ote

th
at

fo
r
logarith

m
ic

trees,
th
e
overh

ead
b
ecom

es
log

log
n
).

•
W

h
at

if
th
e
sp
a
n
n
in
g
tree

is
a
star?

T
h
en

w
ith

T
h
eorem

10.1,
each

fi
n
d

w
ill

term
in
ate

in
2
step

s!
S
in
ce

also
an

op
tim

al
algorith

m
h
as

m
essage

cost
1
,
th
e
algo

rith
m

is
2
-com

p
etitive...?

Y
es,

b
u
t
b
ecau

se
of

its
h
igh

d
egree

th
e
star

cen
ter

ex
p
erien

ces
con

ten
tion

...It
can

b
e
sh
ow

n
th
at

th
e

con
ten

tion
overh

ead
is
at

m
ost

p
rop

ortion
al

to
th
e
largest

d
egree

∆
of

th
e

sp
an

n
in
g
tree.

•
T
h
ou

g
h
t
ex
p
erim

en
t:

A
ssu

m
e
a
b
ala

n
ced

b
in
a
ry

sp
an

n
in
g
tree—

b
y
T
h
eo-

rem
10

.1,
th
e
m
essage

com
p
lex

ity
p
er

op
eratio

n
is
log

n
.
B
ecau

se
a
b
in
ary

tree
h
as

m
ax

im
u
m

d
egree

3,
th
e
tim

e
p
er

op
eration

th
erefore

is
at

m
ost

3
log

n
.

•
T
h
ere

are
b
etter

an
d
w
orse

ch
oices

for
th
e
sp
an

n
in
g
tree.

T
h
e
stretch

of
an

ed
g
e
{u

,v}
is

d
efi

n
ed

a
s
d
istan

ce
b
etw

een
u
an

d
v
in

a
sp
an

n
in
g
tree.

T
h
e
m
ax

im
u
m

stretch
of

a
sp
an

n
in
g
tree

is
th
e
m
ax

im
u
m

stretch
ov
er

all
ed

ges.
A

few
yea

rs
ago,

it
w
as

sh
ow

n
h
ow

to
con

stru
ct

sp
an

n
in
g
trees

th
at

are
O
(log

n
)-stretch

-com
p
etitive.

W
h
at

if
m
ost

n
o
d
es

ju
st

w
an

t
to

read
th
e
sh
ared

ob
ject?

T
h
en

it
d
o
es

n
ot

m
ak

e
sen

se
to

acq
u
ire

a
lo
ck

every
tim

e.
In
stead

w
e
ca
n
u
se

cach
in
g
(see

A
lgorith

m
4
0).

T
h
e
o
re

m
1
0
.4
.
A
lgo

rith
m

4
0
is

co
rrect.

M
o
re

su
rp
risin

gly,
th
e
m
essa

ge
co
m
-

p
lexity

is
3-co

m
petitive

(a
t
m
o
st

a
fa
cto

r
3
w
o
rse

th
a
n
th
e
o
p
tim

u
m
).

P
roo

f.
S
in
ce

th
e
accesses

d
o
n
o
t
overlap

b
y
d
efi

n
ition

,
it

su
ffi
ces

to
sh
ow

th
at

b
etw

een
tw

o
w
rites,

w
e
are

3-com
p
etitiv

e.
T
h
e
seq

u
en

ce
of

accessin
g
n
o
d
es

is
w

0 ,
r
1 ,

r
2 ,

...,
r
k ,

w
1 .

A
fter

w
0 ,

th
e
o
b
ject

is
stored

at
w

0
an

d
n
o
t
cach

ed
an

y
w
h
ere

else.
A
ll
read

s
cost

tw
ice

th
e
sm

allest
su
b
tree

T
sp
an

n
in
g
th
e
w
rite

w
0
an

d
all

th
e
read

s
sin

ce
each

read
on

ly
go

es
to

th
e
fi
rst

co
p
y.

T
h
e
w
rite

w
1

costs
T

p
lu
s
th
e
p
ath

P
from

w
1
to

T
.
S
in
ce

an
y
d
ata

m
a
n
agem

en
t
sch

em
e

m
u
st

u
se

an
ed

ge
in

T
an

d
P

a
t
least

on
ce,

an
d
ou

r
algorith

m
u
ses

ed
ges

in
T

at
m
ost

3
tim

es
(an

d
in

P
at

m
ost

on
ce),

th
e
th
eorem

follow
s.
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A
lg
o
rith

m
4
0
S
h
a
red

O
b
ject:

R
ea
d
/
W
rite

C
a
ch
in
g

•
N
o
d
es

ca
n

eith
er

rea
d

or
w
rite

th
e
sh
a
red

o
b
ject.

F
or

sim
p
licity

w
e
fi
rst

assu
m
e
th
a
t
rea

d
s
o
r
w
rites

d
o
n
o
t
ov
erla

p
in

tim
e
(access

to
th
e
ob

ject
is

seq
u
en
tia

l).
•

N
o
d
es

sto
re

th
ree

item
s:

a
p
a
ren

t
p
o
in
ter

p
o
in
tin

g
to

on
e
of

th
e
n
eigh

b
ors

(a
s
w
ith

A
rrow

),
a
n
d
a
ca
ch
e
b
it

fo
r
ea
ch

ed
ge,

p
lu
s
(p
oten

tially
)
a
cop

y
of

th
e
ob

ject.
•

In
itia

lly
th
e
o
b
ject

is
sto

red
a
t
a
sin

g
le

n
o
d
e
u
;
all

th
e
p
aren

t
p
oin

ters
p
oin

t
tow

ard
s
u
,
a
ll
th
e
ca
ch
e
b
its

a
re

fa
lse.

•
W

h
en

in
itia

tin
g
a
rea

d
,
a
m
essa

g
e
fo
llow

s
th
e
arrow

s
(th

is
tim

e:
w
ith

ou
t

in
vertin

g
th
em

!)
u
n
til

it
rea

ch
es

a
ca
ch
ed

version
of

th
e
ob

ject.
T
h
en

a
cop

y
o
f
th
e
o
b
ject

is
ca
ch
ed

a
lo
n
g
th
e
p
a
th

b
a
ck

to
th
e
in
itiatin

g
n
o
d
e,

an
d
th
e

ca
ch
e
b
its

o
n
th
e
v
isited

ed
g
es

a
re

set
to

tru
e.

•
A

w
rite

a
t
u
w
rites

th
e
n
ew

va
lu
e
lo
ca
lly

(a
t
n
o
d
e
u
),
th
en

search
es

(follow
th
e

p
a
ren

t
p
oin

ters
a
n
d
reverse

th
em

tow
a
rd
s
u
)
a
fi
rst

n
o
d
e
w
ith

a
cop

y.
D
elete

th
e
co
p
y
a
n
d
follow

(in
p
a
ra
llel,

b
y
fl
o
o
d
in
g
)
a
ll
ed

ge
th
at

h
ave

th
e
cach

e
fl
ag

set.
P
o
in
t
th
e
p
aren

t
p
o
in
ter

tow
ard

s
u
,
an

d
rem

ove
th
e
cach

e
fl
ags.

R
e
m
a
rk

s:

•
C
o
n
cu

rren
t
rea

d
s
are

n
o
t
a
p
ro
b
lem

,
a
lso

m
u
ltip

le
con

cu
rren

t
read

s
an

d
o
n
e
w
rite

w
o
rk

ju
st

fi
n
e.

•
W

h
a
t
a
b
o
u
t
co
n
cu

rren
t
w
rites?

T
o
a
ch
ieve

con
sisten

cy
w
rites

n
eed

to
in
va
lid

a
te

th
e
ca
ch
es

b
efo

re
w
ritin

g
th
eir

valu
e.

It
is

claim
ed

th
at

th
e

stra
teg

y
th
en

b
eco

m
es

4-co
m
p
etitive.

•
Is

th
e
a
lg
orith

m
a
lso

tim
e
co
m
p
etitiv

e?
W
ell,

n
ot

really
:
T
h
e
op

tim
al

a
lg
o
rith

m
th
a
t
w
e
com

p
a
re

to
is

u
su
a
lly

o
ffl
in
e.

T
h
is

m
ean

s
it

k
n
ow

s
th
e

w
h
ole

a
ccess

seq
u
en

ce
in

a
d
va
n
ce.

It
ca
n
th
en

cach
e
th
e
ob

ject
b
efore

th
e

req
u
est

ev
en

ap
p
ea
rs!

•
A
lg
o
rith

m
s
o
n
trees

are
o
ften

sim
p
ler,

b
u
t
h
ave

th
e
d
isad

van
tage

th
at

th
ey

in
tro

d
u
ce

th
e
ex
tra

stretch
fa
ctor.

In
a
rin

g,
for

ex
am

p
le,

an
y
tree

h
as

stretch
n
−

1
;
so

th
ere

is
a
lw
ay
s
a
b
a
d
req

u
est

p
attern

.

1
0
.3
.
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A
lg
o
rith

m
4
1
S
h
ared

O
b
ject:

P
oin

ter
F
orw

ard
in
g

In
itia

liz
a
tio

n
:
O
b
ject

is
stored

at
ro
ot

r
of

a
p
reco

m
p
u
ted

sp
an

n
in
g
tree

T
(as

in
th
e
A
rrow

algo
rith

m
,
ea
ch

n
o
d
e
h
as

a
p
aren

t
p
oin

ter
p
oin

tin
g
tow

ard
s

th
e
ob

ject).
A
c
c
e
ssin

g
O
b
je
c
t:

(b
y
n
o
d
e
u
)

1
:
follow

p
aren

t
p
oin

ters
to

cu
rren

t
ro
ot

r
of

T
2
:
sen

d
ob

ject
from

r
to

u
3
:
r.p

aren
t
:=

u
;
u
.p
aren

t
:=

u
;

//
u
is

th
e
n
ew

roo
t

A
lg
o
rith

m
4
2
S
h
ared

O
b
ject:

Iv
y

In
itia

liz
a
tio

n
:
O
b
ject

is
stored

at
ro
ot

r
of

a
p
recom

p
u
ted

sp
an

n
in
g
tree

T
(as

b
efo

re,
each

n
o
d
e
h
as

a
p
aren

t
p
oin

ter
p
oin

tin
g
tow

ard
s
th
e
ob

ject).
F
or

sim
p
licity,

w
e
assu

m
e
th
at

a
ccesses

to
th
e
ob

ject
are

seq
u
en
tial.

S
ta

rt
F
in
d

R
e
q
u
e
st

a
t
N
o
d
e
u
:

1
:
u
sen

d
s
“fi

n
d
b
y
u
”
m
essag

e
to

p
aren

t
n
o
d
e

2
:
u
.p
aren

t
:=

u
U
p
o
n

v
re

c
e
iv
in
g
“
F
in
d

b
y
u
”
M

e
ssa

g
e
:

3
:
if

v
.p
aren

t
=

v
th

e
n

4
:

sen
d
o
b
ject

to
u

5
:
e
lse

6
:

sen
d
“
fi
n
d
b
y
u
”
m
essage

to
v
.p
aren

t
7
:
e
n
d
if

8
:
v
.p
aren

t
:=

u
//

u
w
ill

beco
m
e
th
e
n
ew

roo
t

1
0
.3

Iv
y
a
n
d
F
r
ie
n
d
s

In
th
e
follow

in
g
w
e
stu

d
y
algorith

m
s
th
a
t
d
o
n
ot

restrict
co
m
m
u
n
ication

to
a

tree.
O
f
p
articu

lar
in
terest

is
th
e
sp
ecial

case
of

a
com

p
lete

grap
h
(cliq

u
e).

A
sim

p
le

solu
tion

for
th
is

case
is

g
iven

b
y
A
lgorith

m
41.

R
e
m
a
rk

s:

•
If
th
e
grap

h
is

n
ot

com
p
lete,

rou
tin

g
can

b
e
u
sed

to
fi
n
d
th
e
ro
ot.

•
A
ssu

m
e
th
at

th
e
n
o
d
es

lin
e
u
p
in

a
lin

k
ed

list.
If

w
e
alw

ay
s
ch
o
ose

th
e

fi
rst

n
o
d
e
of

th
e
lin

k
ed

list
to

acq
u
ire

th
e
ob

ject,
w
e
h
ave

m
essa

g
e/tim

e
com

p
lex

ity
n
.

T
h
e
n
ew

top
ology

is
again

a
lin

ear
lin

ked
list.

P
oin

ter
forw

ard
in
g
is

th
erefore

b
a
d
in

a
w
orst-case.

•
If

ed
g
es

are
n
ot

F
IF
O
,
it

can
even

h
ap

p
en

th
at

th
e
n
u
m
b
er

of
step

s
is

u
n
b
ou

n
d
ed

for
a
n
o
d
e
h
av

in
g
b
ad

lu
ck
.
A
n
alg

orith
m

w
ith

su
ch

a
p
rop

erty
is

n
am

ed
“n

ot
fair,”

or
“n

ot
w
ait-free.”

(E
x
a
m
p
le:

In
itially

w
e
h
ave

th
e

list
4
→

3
→

2
→

1;
4
starts

a
fi
n
d
;
w
h
en

th
e
m
essag

e
of

4
p
a
sses

3,
3

itself
starts

a
fi
n
d
.
T
h
e
m
essage

of
3
m
ay

arrive
at

2
a
n
d
th
en

1
earlier,

th
u
s
th
e
n
ew

en
d
of

th
e
list

is
2
→

1
→

3;
on

ce
th
e
m
essage

of
4
p
asses

2,
th
e
ga

m
e
re-starts.)

T
h
ere

seem
s
to

b
e
a
n
atu

ra
l
im

p
rov

em
en
t
of

th
e
p
oin

ter
forw

ard
in
g
id
ea.

In
stead

of
sim

p
ly

red
irectin

g
th
e
p
aren

t
p
oin

ter
from

th
e
old

ro
ot

to
th
e
n
ew

ro
ot,

w
e
can

red
irect

all
th
e
p
a
ren

t
p
oin

ters
of

th
e
n
o
d
es

o
n
th
e
p
ath

v
isited
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F
ig
u
re

1
0.1

:
R
eversa

l
o
f
th
e
p
a
th

x
0 ,x

1 ,x
2 ,x

3 ,x
4 ,x

5 .

d
u
rin

g
a
fi
n
d
m
essag

e
to

th
e
n
ew

ro
o
t.

T
h
e
d
eta

ils
are

given
b
y
A
lgorith

m
42.

F
ig
u
re

1
0.1

sh
ow

s
h
ow

th
e
p
oin

ter
red

irectin
g
a
ff
ects

a
given

tree
(th

e
righ

t
tree

resu
lts

fro
m

a
fi
n
d
req

u
est

sta
rted

a
t
n
o
d
e
x
0
o
n
th
e
left

tree).

R
e
m
a
rk

s:

•
A
lso

w
ith

A
lg
o
rith

m
4
2
,
w
e
m
ig
h
t
h
ave

a
b
ad

lin
ked

list
situ

ation
.
H
ow

-
ever,

if
th
e
start

o
f
th
e
list

a
cq
u
ires

th
e
o
b
ject,

th
e
lin

ked
list

tu
rn
s
in
to

a
sta

r.
A
s
th
e
fo
llow

in
g
th
eo
rem

sh
ow

s,
th
e
search

p
ath

s
are

n
ot

lon
g

o
n
av
erag

e.
S
in
ce

p
a
th
s
so
m
etim

es
can

b
e
b
ad

,
w
e
w
ill

n
eed

am
ortized

a
n
a
ly
sis.

T
h
e
o
re

m
1
0
.5
.
If
th
e
in
itia

l
tree

is
a
sta

r,
a
fi
n
d
requ

est
o
f
A
lgo

rith
m

4
2
n
eed

s
a
t
m
o
st

log
n
step

s
o
n
a
vera

ge,
w
h
ere

n
is

th
e
n
u
m
ber

o
f
p
rocesso

rs.

P
roo

f.
A
ll

lo
g
arith

m
s
in

th
e
follow

in
g
p
ro
of

are
to

b
ase

2.
W
e
assu

m
e
th
at

accesses
to

th
e
sh
a
red

o
b
ject

a
re

seq
u
en
tia

l.
W
e
u
se

a
p
oten

tial
fu
n
ction

argu
-

m
en
t.

L
et

s(u
)
b
e
th
e
size

o
f
th
e
su
b
tree

ro
o
ted

at
n
o
d
e
u
(th

e
n
u
m
b
er

of
n
o
d
es

in
th
e
su
b
tree

in
clu

d
in
g
u
itself).

W
e
d
efi

n
e
th
e
p
oten

tial
Φ

of
th
e
w
h
ole

tree
T

a
s
(V

is
th
e
set

o
f
a
ll
n
o
d
es)Φ

(T
)
=
∑

u∈
V

lo
g
s(u

)

2
.

A
ssu

m
e
th
a
t
th
e
p
a
th

traversed
b
y
th
e
i
t
h
o
p
eration

h
as

len
gth

k
i ,
i.e.,

th
e
i
t
h

op
eratio

n
red

irects
k
i
p
o
in
ters

to
th
e
n
ew

ro
o
t.

C
learly,

th
e
n
u
m
b
er

of
step

s
o
f
th
e
i
t
h
o
p
era

tio
n
is

p
ro
p
o
rtio

n
a
l
to

k
i .

W
e
are

in
terested

in
th
e
cost

of
m

co
n
secu

tive
o
p
era

tio
n
s,
∑

mi=
1
k
i .

L
et

T
0
b
e
th
e
in
itial

tree
a
n
d

let
T
i
b
e
th
e
tree

after
th
e
i
t
h

op
eration

.
F
u
rth

er,
let

a
i
=

k
i −

Φ
(T

i−
1 )+

Φ
(T

i )
b
e
th
e
a
m
o
rtized

co
st

of
th
e
i
t
h
op

eration
.

W
e
h
ave

m
∑i=

1

a
i
=

m
∑i=

1

(k
i −

Φ
(T

i−
1 )

+
Φ
(T

i )
)

=

m
∑i=

1

k
i −

Φ
(T

0 )
+
Φ
(T

m
).

F
o
r
a
n
y
tree

T
,
w
e
h
ave

Φ
(T

)≥
log

(n
)/2

.
B
eca

u
se

w
e
assu

m
e
th
at

T
0
is
a
star,

w
e
also

h
ave

Φ
(T

0 )
=

lo
g
(n
)/
2
.
W
e
th
erefo

re
get

th
at

m
∑i=

1

a
i ≥

m
∑i=

1

k
i .

1
0
.3
.

IV
Y

A
N
D

F
R
IE

N
D
S

105

H
en

ce,
it

su
ffi
ces

to
u
p
p
er

b
ou

n
d
th
e
am

ortized
cost

of
every

op
eration

.
W
e

th
u
s
an

aly
ze

th
e
am

o
rtized

cost
a
i
of

th
e
i
t
h
op

era
tion

.
L
et

x
0 ,x

1 ,x
2 ,...,x

k
i

b
e
th
e
p
ath

th
at

is
reversed

b
y
th
e
op

era
tion

.
F
u
rth

er
for

0
≤

j≤
k
i ,
let

s
j
b
e

th
e
size

of
th
e
su
b
tree

ro
oted

a
t
x
j
b
efore

th
e
reversal.

T
h
e
size

of
th
e
su
b
tree

ro
oted

at
x
0
after

th
e
reversal

is
s
k
i
an

d
th
e
size

of
th
e
on

e
ro
o
ted

at
x
j
after

th
e

reversal,
for

1
≤

j≤
k
i ,
is

s
j −

s
j−

1
(see

F
igu

re
10

.1).
F
or

a
ll
oth

er
n
o
d
es,

th
e

sizes
of

th
eir

su
b
trees

are
th
e
sam

e,
th
erefore

th
e
corresp

on
d
in
g
term

s
can

cel
ou

t
in

th
e
a
m
m
ortized

cost
a
i .

W
e
can

th
u
s
w
rite

a
i
as

a
i

=
k
i −



k
i
∑j
=
0

12
log

s
j



+



12
log

s
k
i
+

k
i
∑j
=
1

12
log

(s
j −

s
j−

1 )



=
k
i
+

12
·
k
i −

1
∑j
=
0

(

log
(s

j
+
1 −

s
j )−

log
s
j

)

=
k
i
+

12
·
k
i −

1
∑j
=
0

log

(

s
j
+
1 −

s
j

s
j

)

.

F
or

0
≤

j≤
k
i −

1,
let

α
j
=

s
j
+
1 /s

j .
N
ote

th
at

s
j
+
1
>

s
j
an

d
th
u
s
th
at

α
j
>

1.
F
u
rth

er
n
ote,

th
at

(s
j
+
1 −

s
j )/s

j
=

α
j −

1.
W
e
th
erefore

h
ave

th
a
t

a
i

=
k
i
+

12
·
k
i −

1
∑j
=
0

log
(α

j −
1)

=

k
i −

1
∑j
=
0

(

1
+

12
log

(α
j −

1)

)

.

F
or

α
>

1,
it

ca
n
b
e
sh
ow

n
th
at

1
+

log
(α

−
1)/2

≤
log

α
(see

L
em

m
a
10.6).

F
rom

th
is

in
eq
u
ality,

w
e
ob

tain

a
i

≤
k
i −

1
∑j
=
0

log
α
j
=

k
i −

1
∑j
=
0

log
s
j
+
1

s
j

=

k
i −

1
∑j
=
0

(log
s
j
+
1 −

log
s
j )

=
log

s
k
i −

log
s
0 ≤

log
n
,

b
ecau

se
s
k
i
=

n
an

d
s
0 ≥

1.
T
h
is

con
clu

d
es

th
e
p
ro
of.

L
e
m
m
a
1
0
.6
.
F
o
r
α
>

1,
1
+
log

(α
−

1)/
2
≤

log
α
.

P
roo

f.
T
h
e
claim

can
b
e
verifi

ed
b
y
th
e
follow

in
g
ch
ain

of
reason

in
g:

0
≤

(α
−

2
)
2

0
≤

α
2−

4α
+
4

4
(α

−
1)

≤
α
2

log
2

(4(α
−

1)
)

≤
log

2

(α
2
)

2
+
log

2 (α
−
1)

≤
2
log

2
α

1
+

12
log

2 (α
−
1)

≤
log

2
α
.



10
6

C
H
A
P
T
E
R

1
0
.

S
H
A
R
E
D

O
B
J
E
C
T
S

R
e
m
a
rk

s:

•
S
y
stem

s
g
u
y
s
(th

e
a
lg
o
rith

m
is
ca
lled

Iv
y
b
ecau

se
it
w
as

u
sed

in
a
sy
stem

w
ith

th
e
sam

e
n
a
m
e)

h
ave

so
m
e
fa
n
cy

h
eu

ristics
to

im
p
rove

p
erform

an
ce

even
m
o
re:

F
o
r
ex
a
m
p
le,

th
e
ro
o
t
ev
ery

n
ow

an
d
th
en

b
road

casts
its

n
am

e
su
ch

th
a
t
p
a
th
s
w
ill

b
e
sh
o
rten

ed
.

•
W

h
a
t
a
b
o
u
t
co
n
cu

rren
t
req

u
ests?

It
w
o
rk
s
w
ith

th
e
sam

e
argu

m
en
t
as

in
A
rrow

.
A
lso

fo
r
Iv
y
a
n
a
rg
u
m
en
t
in
clu

d
in
g
con

gestion
is

m
issin

g
(an

d
m
o
re

p
ressin

g
,
sin

ce
th
e
d
y
n
a
m
ic

to
p
o
lo
g
y
of

a
tree

can
n
ot

b
e
ch
osen

to
h
ave

low
d
eg
ree

a
n
d
th
u
s
low

co
n
g
estio

n
a
s
in

A
rrow

).

•
S
om

etim
es

th
e
ty
p
e
of

a
ccesses

allow
s
th
a
t
sev

eral
accesses

can
b
e
com

-
b
in
ed

in
to

o
n
e
to

red
u
ce

con
g
estio

n
h
ig
h
er

u
p
th
e
tree.

L
et

th
e
tree

in
A
lg
o
rith

m
37

b
e
a
b
a
la
n
ced

b
in
a
ry

tree.
If
th
e
access

to
a
sh
ared

variab
le

fo
r
ex
a
m
p
le

is
“
a
d
d
va
lu
e
x
to

th
e
sh
a
red

variab
le”,

tw
o
or

m
ore

accesses
th
a
t
a
ccid

en
ta
lly

m
eet

a
t
a
n
o
d
e
can

b
e
com

b
in
ed

in
to

on
e.

C
learly

ac-
cid

en
ta
l
m
eetin

g
is

ra
re

in
an

a
sy
n
ch
ro
n
o
u
s
m
o
d
el.

W
e
m
igh

t
b
e
ab

le
to

u
se

sy
n
ch
ro
n
izers

(o
r
m
ay
b
e
som

e
o
th
er

tim
in
g
trick

s)
to

h
elp

m
eetin

g
a

little
b
it.

C
h
a
p
te
r
N
o
te
s

T
h
e
A
rrow

p
ro
to
co
l
w
a
s
d
esig

n
ed

b
y
R
ay
m
o
n
d
[R

ay
89].

T
h
ere

are
real

life
im

-
p
lem

en
ta
tio

n
s
o
f
th
e
A
rrow

p
ro
to
co
l,
su
ch

a
s
th
e
A
lep

h
T
o
olk

it
[H

er99].
T
h
e

p
erform

a
n
ce

o
f
th
e
p
ro
to
col

u
n
d
er

h
ig
h
lo
a
d
s
w
a
s
tested

in
[H

W
99]

an
d
oth

er
im

-
p
lem

en
ta
tio

n
s
a
n
d
va
ria

tio
n
s
o
f
th
e
p
ro
to
co
l
w
ere

given
in
,
e.g.,

[P
R
99,

H
T
W

00].

It
h
a
s
b
een

sh
ow

n
th
at

th
e
fi
n
d
o
p
era

tio
n
s
o
f
th
e
p
roto

col
d
o
n
ot

b
ack

track
,

i.e.,
th
e
tim

e
a
n
d
m
essa

g
e
co
m
p
lex

ities
a
re

O
(D

)
[D

H
98],

an
d
th
at

th
e
A
rrow

p
ro
to
col

is
fa
u
lt

to
lera

n
t
[H

T
0
1].

G
iven

a
set

o
f
con

cu
rren

t
req

u
est,

H
erh

ily
et

a
l.
[H

T
W

0
1
]
sh
ow

ed
th
at

th
e
tim

e
a
n
d
m
essa

ge
com

p
lex

ities
are

w
ith

in
factor

lo
g
R

fro
m

th
e
o
p
tim

a
l,
w
h
ere

R
is
th
e
n
u
m
b
er

o
f
req

u
ests.

L
ater,

th
is
an

aly
sis

w
a
s
ex
ten

d
ed

to
lo
n
g
-lived

a
n
d
a
sy
n
ch
ro
n
o
u
s
sy
stem

s.
In

p
articu

lar,
H
erh

ily
et

a
l.

[H
K
T
W

0
6
]
sh
ow

ed
th
a
t
th
e
com

p
etitive

ra
tio

in
th
is
asy

n
ch
ron

ou
s
con

cu
r-

ren
t
settin

g
isO

(lo
g
D
).

T
h
a
n
k
s
to

th
e
low

er
b
ou

n
d
of

th
e
greed

y
T
S
P
h
eu

ristic,
th
is

is
a
lm

o
st

tig
h
t.

T
h
e
Iv
y
sy
stem

w
a
s
in
tro

d
u
ced

in
[L
i88

,
L
H
8
9].

O
n
th
e
th
eory

sid
e,

it
w
as

sh
ow

n
b
y
G
in
a
t
et

a
l.
[G

S
T
8
9
]
th
a
t
th
e
a
m
o
rtized

cost
of

a
sin

gle
req

u
est

of
th
e
Iv
y
p
ro
to
co
l
is

Θ
(lo

g
n
).

C
lo
sely

rela
ted

w
o
rk

to
th
e
Iv
y
p
roto

col
on

th
e

p
ra
ctica

l
sid

e
is

resea
rch

o
n
v
irtu

al
m
em

o
ry

a
n
d
p
arallel

com
p
u
tin

g
on

lo
osely

co
u
p
led

m
u
ltip

ro
cessors.

F
o
r
ex
a
m
p
le
[B
B
8
1
,
L
S
H
L
82,

F
R
86]

con
tain

stu
d
ies

on
va
riatio

n
s
o
f
th
e
n
etw

ork
m
o
d
els,

lim
ita

tio
n
s
o
n
d
ata

sh
arin

g
b
etw

een
p
ro
cesses

a
n
d
d
iff
eren

t
a
p
p
roa

ch
es.

L
ater,

th
e
resea

rch
fo
cu

s
sh
ifted

tow
a
rd
s
sy
stem

s
w
h
ere

m
ost

d
ata

op
eration

s
w
ere

rea
d
o
p
era

tio
n
s,

i.e.,
effi

cien
t
ca
ch
in
g
b
eca

m
e
on

e
of

th
e
m
ain

ob
jects

of
stu

d
y,

e.g
.,

[M
M
V
W

9
7
].

B
IB

L
IO

G
R
A
P
H
Y

107

B
ib
lio

g
r
a
p
h
y

[B
B
81]

T
h
om

as
J
.
B
u
ck
h
oltz

an
d

H
elen

T
.
B
u
ck
h
oltz.

A
p
ollo

D
om

ain
A
rch

itectu
re.

T
ech

n
ical

rep
o
rt,

A
p
ollo

C
om

p
u
ter,

In
c.,

19
81.

[D
H
98]

M
ich

ael
J
.
D
em

m
er

an
d
M
a
u
rice

H
erlih

y.
T
h
e
A
rrow

D
istrib

u
ted

D
irectory

P
roto

col.
In

P
roceed

in
gs

o
f
th
e
1
2
th

In
tern

a
tio

n
a
l
S
ym

-
po
siu

m
o
n
D
istribu

ted
C
o
m
p
u
tin

g
(D

IS
C
),

1998
.

[F
R
86]

R
ob

ert
F
itzgerald

an
d

R
ich

ard
F
.
R
ash

id
.

T
h
e
In
tegration

of
V
irtu

al
M
em

ory
M
an

agem
en
t
an

d
In
terp

ro
cess

C
om

m
u
n
ication

in
A
ccen

t.
A
C
M

T
ra
n
sa
ctio

n
s
o
n
C
o
m
p
u
ter

S
ystem

s,
4(2):1

47–177,
1986.

[G
S
T
89]

D
av
id

G
in
at,

D
an

iel
S
leator,

an
d
R
ob

ert
T
arjan

.
A

T
igh

t
A
m
or-

tized
B
o
u
n
d

for
P
ath

R
eversal.

In
fo
rm

a
tio

n
P
rocessin

g
L
etters,

31(1):3–5
,
1989.

[H
er99]

M
au

rice
H
erlih

y.
T
h
e
A
lep

h
T
o
olk

it:
S
u
p
p
ort

for
S
cala

b
le

D
is-

trib
u
ted

S
h
ared

O
b
jects.

In
P
roceed

in
gs

o
f
th
e
T
h
ird

In
tern

a
-

tio
n
a
l
W
o
rksh

o
p
o
n
N
etw

o
rk-B

a
sed

P
a
ra
llel

C
o
m
p
u
tin

g:
C
o
m
m
u
-

n
ica

tio
n
,
A
rch

itectu
re,

a
n
d
A
p
p
lica

tio
n
s
(C

A
N
P
C
),
p
ages

1
37–149,

1999.

[H
K
T
W

06]
M
au

rice
H
erlih

y,
F
ab

ian
K
u
h
n
,
S
rika

n
ta

T
irth

ap
u
ra,

an
d

R
oger

W
atten

h
ofer.

D
y
n
a
m
ic
A
n
aly

sis
of

th
e
A
rrow

D
istrib

u
ted

P
roto

col.
In

T
h
eo
ry

o
f
C
o
m
p
u
tin

g
S
ystem

s,
V
o
lu
m
e
3
9
,
N
u
m
ber

6
,
N
ov
em

b
er

2006.

[H
T
01]

M
au

rice
H
erlih

y
an

d
S
rikan

ta
T
irth

ap
u
ra.

S
elf

S
tab

ilizin
g
D
istrib

-
u
ted

Q
u
eu

in
g.

In
P
roceed

in
gs

o
f
th
e
1
5
th

In
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
D
istribu

ted
C
o
m
p
u
tin

g
(D

IS
C
),

p
a
ges

209–22
3,

2001.

[H
T
W

00]
M
au

rice
H
erlih

y,
S
rikan

ta
T
irth

ap
u
ra,

an
d
R
oger

W
atten

h
ofer.

O
r-

d
ered

M
u
lticast

an
d
D
istrib

u
ted

S
w
ap

.
In

O
pera

tin
g
S
ystem

s
R
e-

view
,
V
o
lu
m
e
3
5
/
1
,
2
0
0
1
.
A
lso

in
P
O
D
C

M
id
d
lew

a
re

S
ym

po
siu

m
,

P
o
rtla

n
d
,
O
rego

n
,
J
u
ly

2000
.

[H
T
W

01]
M
au

rice
H
erlih

y,
S
rikan

ta
T
irth

ap
u
ra,

an
d

R
o
ger

W
atten

h
ofer.

C
om

p
etitive

C
on

cu
rren

t
D
istrib

u
ted

Q
u
eu

in
g.

In
T
w
en

tieth
A
C
M

S
ym

po
siu

m
o
n
P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

A
u
-

gu
st

200
1.

[H
W

99]
M
au

rice
H
erlih

y
a
n
d
M
ich

ael
W
arres.

A
T
ale

o
f
T
w
o
D
irectories:

Im
p
lem

en
tin

g
D
istrib

u
ted

S
h
ared

O
b
jects

in
J
ava.

In
P
roceed

in
gs

o
f
th
e
A
C
M

1
9
9
9
co
n
feren

ce
o
n
J
a
va

G
ra
n
d
e
(J
A
V
A
),

p
ages

99–
108,

1999
.

[L
H
89]

K
ai

L
i
a
n
d

P
au

l
H
u
d
ak

.
M
em

ory
C
oh

eren
ce

in
S
h
a
red

V
ir-

tu
al

M
em

ory
S
y
stem

s.
A
C
M

T
ra
n
sa
ctio

n
s
o
n
C
o
m
p
u
ter

S
ystem

s,
7(4):312–

359,
N
ovem

b
er

198
9.

[L
i88]

K
ai

L
i.
IV

Y
:
S
h
ared

V
irtu

al
M
em

ory
S
y
stem

for
P
arallel

C
om

p
u
t-

in
g.

In
In
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
P
a
ra
llel

P
rocessin

g,
1
988.



10
8

C
H
A
P
T
E
R

1
0
.

S
H
A
R
E
D

O
B
J
E
C
T
S

[L
S
H
L
82

]
P
a
u
l
J
.
L
ea
ch
,
B
ern

a
rd

L
.
S
tu
m
p
f,
J
a
m
es

A
.
H
am

ilton
,
an

d
P
au

l
H
.

L
ev
in
e.

U
ID

s
a
s
In
tern

a
l
N
a
m
es

in
a
D
istrib

u
ted

F
ile

S
y
stem

.
In

P
roceed

in
gs

o
f
th
e
F
irst

A
C
M

S
IG

A
C
T
-S
IG

O
P
S

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

p
ages

34–41,
1982.

[M
M
V
W

97
]
B
.
M
ag

g
s,

F
.
M
eyer

a
u
f
d
er

H
eid

e,
B
.
V
o
eck

in
g,

an
d
M
.
W
ester-

m
a
n
n
.

E
x
p
lo
itin

g
L
o
ca
lity

fo
r
D
a
ta

M
an

agem
en
t
in

S
y
stem

s
of

L
im

ited
B
a
n
d
w
id
th
.
In

IE
E
E
S
ym

po
siu

m
o
n
F
o
u
n
d
a
tio

n
s
o
f
C
o
m
-

p
u
ter

S
cien

ce
(F

O
C
S
),

1
9
9
7
.

[P
R
99

]
D
av
id

P
eleg

a
n
d
E
ilo

n
R
esh

ef.
A

V
a
rian

t
of

th
e
A
rrow

D
istrib

u
ted

D
irecto

ry
P
ro
to
co
l
w
ith

L
ow

A
vera

g
e
C
om

p
lex

ity
.
In

P
roceed

in
gs

o
f
th
e
2
6
th

In
tern

a
tio

n
a
l
C
o
lloqu

iu
m

o
n
A
u
to
m
a
ta
,
L
a
n
gu
a
ges

a
n
d

P
rogra

m
m
in
g
(IC

A
L
P
),

p
a
g
es

6
1
5
–
624,

1999.

[R
ay
8
9
]
K
erry

R
ay
m
o
n
d
.

A
T
ree-b

a
sed

A
lgorith

m
for

D
istrib

u
ted

M
u
-

tu
a
l
E
x
clu

sio
n
.
A
C
M

T
ra
n
sa
ctio

n
s
o
n
C
o
m
p
u
ter

S
ystem

s,
7:61–77,

1
98

9
.

C
h
a
p
te
r
1
1

W
ir
e
le
ss

P
r
o
to

c
o
ls

W
ireless

com
m
u
n
ication

w
as

on
e
of

th
e
m
a
jor

su
ccess

stories
o
f
th
e
last

d
ecad

es.
T
o
d
ay,

d
iff
eren

t
w
ireless

stan
d
ard

s
su
ch

as
w
ireless

lo
cal

area
n
etw

ork
s
(W

L
A
N
)

are
om

n
ip
resen

t.
In

so
m
e
sen

se,
from

a
d
istrib

u
ted

com
p
u
tin

g
v
iew

p
oin

t
w
ireless

n
etw

ork
s
are

q
u
ite

sim
p
le,

as
th
ey

can
n
o
t
form

arb
itrary

n
etw

ork
to
p
ologies.

S
im

p
listic

m
o
d
els

of
w
ireless

n
etw

ork
s
in
clu

d
e
geom

etric
gra

p
h
m
o
d
els

su
ch

as
th
e
so-called

u
n
it

d
isk

grap
h
.
M
o
d
ern

m
o
d
els

are
m
ore

rob
u
st:

T
h
e
n
etw

ork
grap

h
is

restricted
,
e.g

.,
th
e
total

n
u
m
b
er

of
n
eigh

b
ors

of
a
n
o
d
e
w
h
ich

are
n
ot

ad
jacen

t
is

lik
ely

to
b
e
sm

all.
T
h
is

ob
servation

is
h
ard

to
ca
p
tu
re

w
ith

p
u
rely

geom
etric

m
o
d
els,

an
d
m
otivates

m
ore

a
d
van

ced
n
etw

ork
co
n
n
ectiv

ity
m
o
d
els

su
ch

as
b
ou

n
d
ed

grow
th

or
b
o
u
n
d
ed

in
d
ep

en
d
en

ce.

H
ow

ever,
on

th
e
o
th
er

h
an

d
,
w
ireless

com
m
u
n
ication

is
also

m
ore

d
iffi

cu
lt

th
an

stan
d
a
rd

m
essag

e
p
assin

g,
as

for
in
stan

ce
n
o
d
es

are
n
ot

ab
le

to
tran

sm
it
a

d
iff
eren

t
m
essage

to
each

n
eigh

b
or

at
th
e
sam

e
tim

e.
A
n
d
if
tw

o
n
eigh

b
ors

are
tran

sm
ittin

g
at

th
e
sa
m
e
tim

e,
th
ey

in
terfere,

an
d
a
n
o
d
e
m
ay

n
ot

b
e
ab

le
to

d
ecip

h
er

an
y
th
in
g.

In
th
is
ch
ap

ter
w
e
d
eal

w
ith

th
e
d
istrib

u
ted

com
p
u
tin

g
p
rin

cip
les

of
w
ireless

com
m
u
n
ication

:
W
e
m
ake

th
e
sim

p
lify

in
g
assu

m
p
tio

n
th
at

all
n
n
o
d
es

a
re

in
th
e

com
m
u
n
ication

ran
ge

of
each

o
th
er,

i.e.,
th
e
n
etw

o
rk

grap
h
is

a
cliq

u
e.

N
o
d
es

sh
are

a
sy
n
ch
ron

ou
s
tim

e,
in

each
tim

e
slo

t
a
n
o
d
e
can

d
ecid

e
to

eith
er

tran
sm

it
or

receive
(or

sleep
).

H
ow

ever,
tw

o
or

m
ore

n
o
d
es

tran
sm

ittin
g
in

th
e
sam

e
tim

e
slot

w
ill

cau
se

in
terferen

ce.
T
ran

sm
ittin

g
n
o
d
es

are
n
ever

aw
are

if
th
ere

is
in
terferen

ce
b
ecau

se
th
ey

can
n
o
t
sim

u
ltan

eou
sly

tran
sm

it
an

d
receive.

1
1
.1

B
a
sic

s

T
h
e
b
asic

com
m
u
n
ica

tion
p
roto

col
in

w
ireless

n
etw

ork
s
is

th
e
m
ed

iu
m

access
con

trol
(M

A
C
)
p
roto

col.
U
n
fo
rtu

n
ately

it
is

d
iffi

cu
lt

to
cla

im
th
at

on
e
M
A
C

p
roto

col
is
b
etter

th
an

an
oth

er,
b
ecau

se
it
all

d
ep

en
d
s
on

th
e
p
aram

eters,
su
ch

as
th
e
n
etw

ork
top

ology,
th
e
ch
an

n
el

ch
aracteristics,

o
r
th
e
traffi

c
p
attern

.
W

h
en

it
com

es
to

th
e
p
rin

cip
les

of
w
ireless

p
roto

cols,
w
e
u
su
ally

w
an

t
to

ach
ieve

m
u
ch

sim
p
ler

goals.
O
n
e
b
asic

an
d
im

p
o
rtan

t
q
u
estion

is
th
e
follow

in
g:

H
ow

lon
g
d
o
es

it
tak

e
u
n
til

on
e
n
o
d
e
can

tran
sm

it
su
ccessfu

lly,
w
ith

ou
t
in
terferen

ce?
T
h
is

q
u
estio

n
is

often
called

th
e
w
ireless

lead
er

election
p
ro
b
lem

(C
h
a
p
ter

2),
w
ith

th
e
n
o
d
e
tran

sm
ittin

g
alon

e
b
ein

g
th
e
lead

er.
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11
0

C
H
A
P
T
E
R

1
1
.

W
IR

E
L
E
S
S
P
R
O
T
O
C
O
L
S

C
lea

rly,
w
e
ca
n
u
se

n
o
d
e
ID

s
to

so
lv
e
lea

d
er

election
,
e.g.,

a
n
o
d
e
w
ith

ID
i

tran
sm

its
in

tim
e
slot

i.
H
ow

ever,
th
is
m
ay

b
e
in
cred

ib
ly

slow
.
T
h
ere

are
b
etter

d
eterm

in
istic

so
lu
tio

n
s,

b
u
t
b
y
a
n
d
la
rg
e
th
e
b
est

an
d
sim

p
lest

algorith
m
s
are

ra
n
d
o
m
ized

.

T
h
ro
u
g
h
o
u
t
th
is
ch
a
p
ter,

w
e
u
se

a
ra
n
d
o
m

variab
le

X
to

d
en

ote
th
e
n
u
m
b
er

o
f
n
o
d
es

tran
sm

ittin
g
in

a
g
iven

slo
t.

A
lg
o
rith

m
4
3
S
lo
tted

A
loh

a

1
:
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
fo
llow

in
g
co
d
e:

2
:
re

p
e
a
t

3
:

tra
n
sm

it
w
ith

p
ro
b
a
b
ility

1/
n

4
:
u
n
til

o
n
e
n
o
d
e
h
as

tra
n
sm

itted
a
lo
n
e

T
h
e
o
re

m
1
1
.1
.
U
sin

g
A
lgo

rith
m

4
3
a
llo

w
s
o
n
e
n
od
e
to

tra
n
sm

it
a
lo
n
e
(beco

m
e

a
lea

d
er)

a
fter

expected
tim

e
e.

P
roo

f.
T
h
e
p
ro
b
a
b
ility

fo
r
su
ccess,

i.e.,
o
n
ly

o
n
e
n
o
d
e
tran

sm
ittin

g
is

P
r[X

=
1
]
=

n
·
1n
·
(

1−
1n

)

n−
1≈

1e
,

w
h
ere

th
e
la
st

a
p
p
rox

im
a
tio

n
is

a
resu

lt
fro

m
T
h
eorem

11.23
for

su
ffi
cien

tly
la
rge

n
.
H
en

ce,
if
w
e
rep

ea
t
th
is

p
ro
cess

e
tim

es,
w
e
can

ex
p
ect

on
e
su
ccess.

R
e
m
a
rk

s:

•
T
h
e
o
rigin

o
f
th
e
n
a
m
e
is

th
e
A
L
O
H
A
n
et

w
h
ich

w
as

d
ev
elop

ed
at

th
e

U
n
iversity

o
f
H
aw

aii.

•
H
ow

d
o
es

th
e
lea

d
er

k
n
ow

th
a
t
it

is
th
e
lead

er?
O
n
e
sim

p
le

solu
tion

is
a
“
d
istrib

u
ted

a
ck
n
ow

led
gm

en
t”
.
T
h
e
n
o
d
es

ju
st

con
tin

u
e
A
lgorith

m
43,

in
clu

d
in
g
th
e
ID

o
f
th
e
th
e
lea

d
er

in
th
eir

tran
sm

ission
.

S
o
th
e
lead

er
lea

rn
s
th
a
t
it
is

th
e
lea

d
er.

•
O
n
e
m
o
re

p
ro
b
lem

?!
In
d
eed

,
n
o
d
e
v
w
h
ich

m
an

aged
to

tran
sm

it
th
e
ac-

k
n
ow

led
g
m
en
t
(a
lo
n
e)

is
th
e
on

ly
rem

a
in
in
g
n
o
d
e
w
h
ich

d
o
es

n
ot

k
n
ow

th
a
t
th
e
lea

d
er

k
n
ow

s
th
a
t
it

is
th
e
lea

d
er.

W
e
can

fi
x
th
is

b
y
h
av
in
g
th
e

lea
d
er

a
ck
n
ow

led
g
e
v
’s

su
ccessfu

l
a
ck
n
ow

led
gm

en
t.

•
O
n
e
ca
n
a
lso

im
a
g
in
e
a
n
u
n
slo

tted
tim

e
m
o
d
el.

In
th
is

m
o
d
el

tw
o
m
es-

sa
g
es

w
h
ich

overla
p
p
a
rtia

lly
w
ill

in
terfere

a
n
d
n
o
m
essage

is
receiv

ed
.
A
s

every
th
in
g
in

th
is

ch
ap

ter,
A
lg
o
rith

m
4
3
a
lso

w
ork

s
in

an
u
n
slotted

tim
e

m
o
d
el,

w
ith

a
facto

r
2
p
en

a
lty,

i.e.,
th
e
p
rob

ab
ility

for
a
su
ccessfu

l
tran

s-
m
issio

n
w
ill

d
ro
p
fro

m
1e
to

12
e .

E
ssen

tia
lly,

each
slot

is
d
iv
id
ed

in
to

t
sm

all
tim

e
slo

ts
w
ith

t→
∞

a
n
d
th
e
n
o
d
es

start
a
n
ew

t-slot
lon

g
tran

sm
ission

w
ith

p
ro
b
a
b
ility

1
2
n
t .

1
1
.2
.

IN
IT

IA
L
IZ
A
T
IO

N
111

1
1
.2

In
itia

liz
a
tio

n

S
om

etim
es

w
e
w
an

t
th
e
n
n
o
d
es

to
h
ave

th
e
ID

s{1
,2
,...,n}.

T
h
is

p
ro
cess

is
called

in
itia

lization
.
In
itialization

can
fo
r
in
stan

ce
b
e
u
sed

to
allow

th
e
n
o
d
es

to
tran

sm
it

on
e
b
y
on

e
w
ith

ou
t
an

y
in
terferen

ce.

1
1
.2
.1

N
o
n
-U

n
ifo

r
m

In
itia

liz
a
tio

n

T
h
e
o
re

m
1
1
.2
.
If
th
e
n
od
es

kn
o
w
n
,
w
e
ca
n
in
itia

lize
th
em

in
O
(n
)
tim

e
slo

ts.

P
roo

f.
W
e
rep

eated
ly

elect
a
lead

er
u
sin

g
e.g.,

A
lg
orith

m
43

.
T
h
e
lea

d
er

gets
th
e
n
ex
t
free

n
u
m
b
er

an
d
afterw

ard
s
leaves

th
e
p
ro
cess.

W
e
k
n
ow

th
at

th
is

w
ork

s
w
ith

p
rob

ab
ility

1
/e.

T
h
e
ex
p
ected

tim
e
to

fi
n
ish

is
h
en

ce
e·

n
.

R
e
m
a
rk

s:

•
B
u
t
th
is

algorith
m

req
u
ires

th
at

th
e
n
o
d
es

k
n
ow

n
in

o
rd
er

to
give

th
em

ID
s
from

1,...,n
!
F
or

a
m
ore

realistic
scen

a
rio

w
e
n
eed

a
u
n
ifo

rm
algo-

rith
m
,
i.e,

th
e
n
o
d
es

d
o
n
ot

k
n
ow

n
.

1
1
.2
.2

U
n
ifo

r
m

In
itia

liz
a
tio

n
w
ith

C
D

D
e
fi
n
itio

n
1
1
.3

(C
o
llision

D
etection

,
C
D
).

T
w
o
o
r
m
o
re

n
od
es

tra
n
sm

ittin
g

co
n
cu
rren

tly
is

ca
lled

in
terferen

ce.
In

a
system

w
ith

co
llisio

n
d
etectio

n
,
a
re-

ceiver
ca
n
d
istin

gu
ish

in
terferen

ce
fro

m
n
o
bod

y
tra

n
sm

ittin
g.

In
a
system

w
ith

-
o
u
t
co
llisio

n
d
etectio

n
,
a
receiver

ca
n
n
o
t
d
istin

gu
ish

th
e
tw
o
ca
ses.

L
et

u
s
fi
rst

p
resen

t
a
h
igh

-level
id
ea.

T
h
e
set

of
n
o
d
es

is
recu

rsively
p
ar-

tition
ed

in
to

tw
o
n
on

-em
p
ty

sets,
sim

ilarly
to

a
b
in
ary

tree.
T
h
is

is
rep

eated
recu

rsively
u
n
til

a
set

con
tain

s
on

ly
on

e
n
o
d
e
w
h
ich

gets
th
e
n
ex
t
free

ID
.
A
f-

terw
ard

s,
th
e
algorith

m
con

tin
u
es

w
ith

th
e
n
ex
t
set.

R
e
m
a
rk

s:

•
In

lin
e
8
th
e
tra

n
sm

ittin
g
n
o
d
es

n
eed

to
k
n
ow

if
th
ey

w
ere

th
e
on

ly
on

e
tran

sm
ittin

g.
S
in
ce

w
e
h
ave

en
ou

gh
tim

e,
w
e
can

d
o
a
lead

er
election

fi
rst

an
d
u
se

a
sim

ila
r
trick

as
b
efore

to
en

su
re

th
is.

A
lg
o
rith

m
4
5
In
itia

lization
w
ith

C
ollision

D
etection

1
:
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
follow

in
g
co
d
e:

2
:
glob

al
variab

le
m

:=
0
{
n
u
m
b
er

of
alread

y
id
en
tifi

ed
n
o
d
es}

3
:
lo
cal

va
riab

le
b
v
:=

‘’{cu
rren

t
b
itstrin

g
of

n
o
d
e
v
,
in
itially

em
p
ty}

4
:
R
an

d
om

ized
S
p
lit(‘’)

T
h
e
o
re

m
1
1
.4
.
A
lgo

rith
m

4
5
co
rrectly

in
itia

lizes
th
e
set

o
f
n
od
es

in
O
(n
).

P
roo

f.
A

su
ccessfu

l
sp
lit

is
d
efi

n
ed

as
a
sp
lit

in
w
h
ich

b
oth

su
b
sets

are
n
on

-
em

p
ty.

W
e
k
n
ow

th
at

th
ere

are
ex
actly

n
−

1
su
ccessfu

l
sp
lits

b
ecau

se
w
e
h
ave
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C
H
A
P
T
E
R

1
1
.

W
IR

E
L
E
S
S
P
R
O
T
O
C
O
L
S

A
lg
o
rith

m
4
4
R
a
n
d
o
m
ized

S
p
lit(b)

1
:
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
fo
llow

in
g
co
d
e:

2
:
re

p
e
a
t

3
:

if
b
v
=

b
th

e
n

4
:

ch
o
o
se

r
u
n
ifo

rm
ly

at
ra
n
d
o
m

from
{0,1}

5
:

in
th
e
n
ex
t
tw

o
tim

e
slo

ts:
6
:

tra
n
sm

it
in

slo
t
r,

a
n
d
listen

in
o
th
er

slo
t

7
:

e
n
d
if

8
:
u
n
til

th
ere

w
a
s
a
t
lea

st
1
tra

n
sm

issio
n
in

b
o
th

slots
9
:
if

b
v
=

b
th

e
n

1
0
:

b
v
:=

b
v
+

r
{a

p
p
en

d
b
it
r
to

b
itstrin

g
b
v }

1
1
:
e
n
d
if

1
2
:
if

so
m
e
n
o
d
e
u
tra

n
sm

itted
a
lo
n
e
in

slo
t
r∈

{0,1}
th

e
n

1
3
:

n
o
d
e
u
g
ets

ID
m

{a
n
d
b
eco

m
es

p
a
ssive}

1
4
:

m
:=

m
+
1

1
5
:
e
lse

1
6
:

R
a
n
d
o
m
ized

S
p
lit(b

+
0
)

1
7
:

R
a
n
d
o
m
ized

S
p
lit(b

+
1)

1
8
:
e
n
d
if

a
b
in
a
ry

tree
w
ith

n
leaves

an
d
n
−

1
in
n
er

n
o
d
es.

L
et

u
s
n
ow

calcu
late

th
e

p
rob

a
b
ility

fo
r
creatin

g
tw

o
n
o
n
-em

p
ty

sets
fro

m
a
set

of
size

k
≥

2
as

P
r[1

≤
X

≤
k−

1
]
=

1−
P
r[X

=
0
]−

P
r[X

=
k
]
=

1−
12
k
−

12
k
≥

12
.

T
h
u
s,

in
ex
p
ectatio

n
w
e
n
eed

O
(n
)
sp
lits.

R
e
m
a
rk

s:

•
W

h
a
t
if
w
e
d
o
n
o
t
h
ave

collisio
n
d
etection

?

1
1
.2
.3

U
n
ifo

r
m

In
itia

liz
a
tio

n
w
ith

o
u
t
C
D

L
et

u
s
a
ssu

m
e
th
a
t
w
e
h
ave

a
sp
ecial

n
o
d
e
ℓ
(lea

d
er)

an
d
let

S
d
en

ote
th
e
set

o
f
n
o
d
es

w
h
ich

w
a
n
t
to

tra
n
sm

it.
W
e
n
ow

sp
lit

ev
ery

tim
e
slot

from
b
efore

in
to

tw
o
tim

e
slo

ts
a
n
d
u
se

th
e
lea

d
er

to
h
elp

u
s
d
istin

gu
ish

b
etw

een
silen

ce
an

d
n
oise.

In
th
e
fi
rst

slo
t
every

n
o
d
e
from

th
e
set

S
tran

sm
its,

in
th
e
secon

d
slot

th
e
n
o
d
es

in
S
∪
{ℓ}

tran
sm

it.
T
h
is

g
ives

th
e
n
o
d
es

su
ffi
cien

t
in
form

ation
to

d
istin

g
u
ish

th
e
d
iff
eren

t
ca
ses

(see
T
a
b
le

1
1
.1
).

n
o
d
es

in
S

tra
n
sm

it
n
o
d
es

in
S
∪
{
ℓ}

tran
sm

it
|S|

=
0

✗
✔

|S|
=

1,S
=

{
ℓ}

✔
✔

|S|
=

1,S
6=

{
ℓ}

✔
✗

|S|≥
2

✗
✗

T
a
b
le
11

.1
:
U
sin

g
a
lea

d
er

to
d
istin

g
u
ish

b
etw

een
n
oise

an
d
silen

ce:
✗
rep

resen
ts

n
oise/silen

ce,
✔

rep
resen

ts
a
su
ccessfu

l
tra

n
sm

ission
.

1
1
.3
.

L
E
A
D
E
R

E
L
E
C
T
IO

N
113

R
e
m
a
rk

s:

•
A
s
su
ch
,
A
lgorith

m
45

w
o
rk
s
also

w
ith

ou
t
C
D
,
w
ith

on
ly

a
facto

r
2
over-

h
ead

.

•
M
ore

gen
erally,

a
lead

er
im

m
ed

iately
b
rin

gs
C
D

to
an

y
p
roto

col.

•
T
h
is

p
roto

col
h
as

an
im

p
ortan

t
real

life
ap

p
lication

,
for

in
stan

ce
w
h
en

ch
eck

in
g
ou

t
a
sh
op

p
in
g
cart

w
ith

item
s
w
h
ich

h
av
e
R
F
ID

tags.

•
B
u
t
h
ow

d
o
w
e
d
eterm

in
e
su
ch

a
lea

d
er?

A
n
d
h
ow

lon
g
d
o
es

it
ta
ke

u
n
til

w
e
are

“su
re”

th
at

w
e
h
av
e
on

e?
L
et

u
s
rep

eat
th
e
n
otion

of
w
ith

h
igh

p
ro
ba
bility.

1
1
.3

L
e
a
d
e
r
E
le
c
tio

n

1
1
.3
.1

W
ith

H
ig
h

P
r
o
b
a
b
ility

D
e
fi
n
itio

n
1
1
.5

(W
ith

H
igh

P
rob

ab
ility

).
S
o
m
e
p
ro
ba
bilistic

even
t
is

sa
id

to
occu

r
w
ith

h
igh

p
rob

ab
ility

(w
.h
.p
.),

if
it

h
a
p
pen

s
w
ith

a
p
ro
ba
bility

p
≥

1−
1
/n

c,
w
h
ere

c
is

a
co
n
sta

n
t.

T
h
e
co
n
sta

n
t
c
m
a
y
be

ch
o
sen

a
rbitra

rily,
bu
t
it
is

co
n
sid

ered
co
n
sta

n
t
w
ith

respect
to

B
ig-O

n
o
ta
tio

n
.

T
h
e
o
re

m
1
1
.6
.
A
lgo

rith
m

4
3
elects

a
lea

d
er

w
.h
.p
.
in

O
(lo

g
n
)
tim

e
slo

ts.

P
roo

f.
T
h
e
p
rob

ab
ility

for
n
ot

electin
g
a
lead

er
a
fter

c·
log

n
tim

e
slots,

i.e.,
c
log

n
slots

w
ith

ou
t
a
su
ccessfu

l
tran

sm
ission

is

(

1−
1e

)

c
ln

n

=

(

1−
1e

)

e·c
′
ln

n

≤
1

e
ln

n·c
′
=

1n
c
′ .

R
e
m
a
rk

s:

•
W

h
at

ab
ou

t
u
n
iform

algorith
m
s,
i.e.

th
e
n
u
m
b
er

of
n
o
d
es

n
is
n
ot

k
n
ow

n
?

1
1
.3
.2

U
n
ifo

r
m

L
e
a
d
e
r
E
le
c
tio

n

A
lg
o
rith

m
4
6
U
n
ifo

rm
lead

er
election

1
:
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
follow

in
g
co
d
e:

2
:
fo
r
k
=

1,2,3
,...

d
o

3
:

fo
r
i
=

1
to

ck
d
o

4
:

tran
sm

it
w
ith

p
rob

ab
ility

p
:=

1/2
k

5
:

if
n
o
d
e
v
w
as

th
e
on

ly
n
o
d
e
w
h
ich

tran
sm

itted
th

e
n

6
:

v
b
ecom

es
th
e
lead

er
7
:

b
re

a
k

8
:

e
n
d
if

9
:

e
n
d
fo
r

1
0
:
e
n
d
fo
r
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1
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.

W
IR

E
L
E
S
S
P
R
O
T
O
C
O
L
S

T
h
e
o
re

m
1
1
.7
.
B
y
u
sin

g
A
lgo

rith
m

4
6
it
is

po
ssible

to
elect

a
lea

d
er

w
.h
.p
.
in

O
(lo

g
2
n
)
tim

e
slo

ts
if
n
is

n
o
t
kn

o
w
n
.

P
roo

f.
L
et

u
s
b
riefl

y
d
escrib

e
th
e
a
lg
o
rith

m
.

T
h
e
n
o
d
es

tran
sm

it
w
ith

p
rob

-
ab

ility
p
=

2 −
k
fo
r
ck

tim
e
slo

ts
fo
r
k
=

1
,2,....

A
t
fi
rst

p
w
ill

b
e
to
o
h
igh

a
n
d
h
en

ce
th
ere

w
ill

b
e
a
lo
t
o
f
in
terferen

ce.
B
u
t
after

log
n
p
h
ases,

w
e
h
ave

k
≈

lo
g
n
a
n
d
th
u
s
th
e
n
o
d
es

tra
n
sm

it
w
ith

p
rob

ab
ility

≈
1n
.
F
or

sim
p
licity

’s
sa
ke,

let
u
s
a
ssu

m
e
th
a
t
n
is

a
p
ow

er
o
f
2
.
U
sin

g
th
e
ap

p
roach

ou
tlin

ed
ab

ove,
w
e
k
n
ow

th
at

a
fter

lo
g
n
itera

tio
n
s,
w
e
h
av
e
p
=

1n
.
T
h
eorem

11.6
y
ield

s
th
at

w
e

ca
n
elect

a
lea

d
er

w
.h
.p
.
in

O
(lo

g
n
)
slo

ts.
S
in
ce

w
e
h
ave

to
try

log
n
estim

ates
u
n
til

k
≈

n
,
th
e
to
ta
l
ru
n
tim

e
isO

(lo
g
2
n
).

R
e
m
a
rk

s:

•
N
o
te

th
a
t
ou

r
p
ro
p
o
sed

a
lg
o
rith

m
h
a
s
n
o
t
u
sed

collision
d
etection

.
C
an

w
e

so
lve

lea
d
er

electio
n
fa
ster

in
a
u
n
ifo

rm
settin

g
w
ith

collision
d
etection

?

1
1
.3
.3

F
a
st

L
e
a
d
e
r
E
le
c
tio

n
w
ith

C
D

A
lg
o
rith

m
4
7
U
n
ifo

rm
lea

d
er

electio
n
w
ith

C
D

1
:
E
v
e
ry

n
o
d
e
v
ex
ecu

tes
th
e
fo
llow

in
g
co
d
e:

2
:
re

p
e
a
t

3
:

tra
n
sm

it
w
ith

p
ro
b
a
b
ility

12
4
:

if
at

least
o
n
e
n
o
d
e
tra

n
sm

itted
th

e
n

5
:

all
n
o
d
es

th
a
t
d
id

n
ot

tran
sm

it
q
u
it

th
e
p
roto

col
6
:

e
n
d
if

7
:
u
n
til

o
n
e
n
o
d
e
tra

n
sm

its
a
lo
n
e

T
h
e
o
re

m
1
1
.8
.
W
ith

co
llisio

n
d
etectio

n
w
e
ca
n
elect

a
lea

d
er

u
sin

g
A
lgo

rith
m

4
7
w
.h
.p
.
in

O
(lo

g
n
)
tim

e
slo

ts.

P
roo

f.
T
h
e
n
u
m
b
er

o
f
a
ctive

n
o
d
es

k
is

m
o
n
o
ton

ically
d
ecreasin

g
an

d
alw

ay
s

g
rea

ter
th
a
n
1
w
h
ich

y
ield

s
th
e
co
rrectn

ess.
A

slot
is
called

su
ccessfu

l
if
at

m
ost

h
a
lf
th
e
a
ctive

n
o
d
es

tra
n
sm

it.
W
e
ca
n
a
ssu

m
e
th
at

k
≥

2
sin

ce
oth

erw
ise

w
e

w
ou

ld
h
av
e
a
lread

y
elected

a
lea

d
er.

W
e
ca
n
calcu

late
th
e
p
rob

ab
ility

th
at

a
tim

e
slo

t
is

su
ccessfu

l
a
s

P
r

[

1
≤

X
≤
⌈

k2

⌉
]

=
P

[

X
≤
⌈

k2

⌉
]−

P
r[X

=
0]≥

12
−

12
k
≥

14
.

S
in
ce

th
e
n
u
m
b
er

o
f
activ

e
n
o
d
es

a
t
lea

st
h
a
lves

in
every

su
ccessfu

l
tim

e
slot,

lo
g
n
su
ccessfu

l
tim

e
slo

ts
a
re

su
ffi
cien

t
to

elect
a
lead

er.
N
ow

let
Y

b
e
a
ran

d
om

va
ria

b
le

w
h
ich

co
u
n
ts

th
e
n
u
m
b
er

o
f
su
ccessfu

l
tim

e
slots

after
8·

c·
log

n
tim

e
slo

ts.
T
h
e
ex
p
ected

va
lu
e
is

E
[Y

]≥
8·

c·
lo
g
n
·
14
≥

2·
log

n
.
S
in
ce

all
th
ose

tim
e
slots

a
re

in
d
ep

en
d
en
t
fro

m
each

o
th
er,

w
e
ca
n
ap

p
ly

a
C
h
ern

off
b
ou

n
d
(see

T
h
eo
rem

1
1.2

2
)
w
ith

δ
=

12
w
h
ich

sta
tes

P
r[Y

<
(1−

δ)E
[Y

]]≤
e −

δ
22
E
[Y

]≤
e −

18 ·2
c
lo
g
n
≤

n
−
α

for
a
n
y
co
n
sta

n
t
α
.

1
1
.3
.
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R
e
m
a
rk

s:

•
C
an

w
e
b
e
even

faster?

1
1
.3
.4

E
v
e
n

F
a
ste

r
L
e
a
d
e
r
E
le
c
tio

n
w
ith

C
D

L
et

u
s
fi
rst

b
riefl

y
d
escrib

e
an

algorith
m

for
th
is.

In
th
e
fi
rst

p
h
ase

th
e
n
o
d
es

tran
sm

it
w
ith

p
rob

ab
ility

1
/
2
2
0,1/2

2
1,1/

2
2
2,...

u
n
til

n
o
n
o
d
e
tran

sm
its.

T
h
is

y
ield

s
a
fi
rst

ap
p
rox

im
ation

on
th
e
n
u
m
b
er

of
n
o
d
es.

A
fterw

ard
s,
a
b
in
ary

search
is
p
erform

ed
to

d
eterm

in
e
an

even
b
etter

ap
p
rox

im
a
tion

of
n
.
F
in
ally,

th
e
th
ird

p
h
ase

fi
n
d
s
a
con

stan
t
ap

p
rox

im
ation

of
n

u
sin

g
a
b
iased

ran
d
om

w
a
lk
.
T
h
e

algorith
m

stop
s
in

an
y
case

as
so
on

as
on

ly
on

e
n
o
d
e
is
tran

sm
ittin

g
w
h
ich

w
ill

b
ecom

e
th
e
lead

er.

A
lg
o
rith

m
4
8
F
ast

u
n
iform

lead
er

election

1
:
i
:=

1
2
:
re

p
e
a
t

3
:

i
:=

2·i
4
:

tran
sm

it
w
ith

p
rob

ab
ility

1/2
i

5
:
u
n
til

n
o
n
o
d
e
tra

n
sm

itted
{E

n
d
of

P
h
ase

1}
6
:
l
:=

2
i−

2

7
:
u
:=

2
i

8
:
w
h
ile

l
+
1
<

u
d
o

9
:

j
:=

⌈
l+

u
2
⌉

1
0
:

tran
sm

it
w
ith

p
rob

ab
ility

1/2
j

1
1
:

if
n
o
n
o
d
e
tran

sm
itted

th
e
n

1
2
:

u
:=

j
1
3
:

e
lse

1
4
:

l
:=

j
1
5
:

e
n
d
if

1
6
:
e
n
d
w
h
ile

{E
n
d
of

P
h
ase

2}
1
7
:
k
:=

u
1
8
:
re

p
e
a
t

1
9
:

tran
sm

it
w
ith

p
rob

ab
ility

1/2
k

2
0
:

if
n
o
n
o
d
e
tran

sm
itted

th
e
n

2
1
:

k
:=

k−
1

2
2
:

e
lse

2
3
:

k
:=

k
+
1

2
4
:

e
n
d
if

2
5
:
u
n
til

ex
actly

on
e
n
o
d
e
tran

sm
itted

L
e
m
m
a
1
1
.9
.
If

j
>

log
n
+
lo
g
log

n
,
th
en

P
r[X

>
1]≤

1
lo
g
n
.

P
roo

f.
T
h
e
n
o
d
es

tra
n
sm

it
w
ith

p
rob

ab
ility

1
/
2
j
<

1
/2

lo
g
n
+
lo
g
lo
g
n
=

1
n
lo
g
n
.

T
h
e
ex
p
ected

n
u
m
b
er

of
n
o
d
es

tran
sm

ittin
g
is

E
[X

]
=

n
n
lo
g
n
.
U
sin

g
M
arkov

’s

in
eq
u
ality

(see
T
h
eorem

11.21)
y
ield

s
P
r[X

>
1]≤

P
r[X

>
E
[X

]·
log

n
]≤

1
lo
g
n
.
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L
e
m
m
a
1
1
.1
0
.
If

j
<

lo
g
n
−

lo
g
lo
g
n
,
th
en

P
[X

=
0]≤

1n
.

P
roo

f.
T
h
e
n
o
d
es

tra
n
sm

it
w
ith

p
ro
b
a
b
ility

1/2
j
<

1
/2

lo
g
n−

lo
g
lo
g
n

=
lo
g
n

n
.

H
en

ce,
th
e
p
rob

a
b
ility

fo
r
a
silen

t
tim

e
slot

is
(1−

lo
g
n

n
)
n
=

e −
lo
g
n
=

1n
.

C
o
ro

lla
ry

1
1
.1
1
.
If

i
>

2
log

n
,
th
en

P
r[X

>
1
]≤

1
lo
g
n
.

P
roo

f.
T
h
is

follow
s
fro

m
L
em

m
a
1
1
.9

sin
ce

th
e
d
ev
iation

in
th
is

corollary
is

even
la
rg
er.

C
o
ro

lla
ry

1
1
.1
2
.
If

i
<

12
lo
g
n
,
th
en

P
[X

=
0
]≤

1n
.

P
roo

f.
T
h
is

follow
s
fro

m
L
em

m
a
1
1
.1
0
sin

ce
th
e
d
ev
iation

in
th
is

corollary
is

even
la
rg
er.

L
e
m
m
a
1
1
.1
3
.
L
et

v
be

su
ch

th
a
t
2
v−

1
<

n
≤

2
v,

i.e.,
v
≈

log
n
.
If

k
>

v
+
2
,

th
en

P
r[X

>
1
]≤

14
.

P
roo

f.
M
a
rkov

’s
in
eq
u
a
lity

y
ield

s

P
r[X

>
1
]
=

P
r

[

X
>

2
kn
E
[X

]

]

<
P
r[X

>
2
k

2
v
E
[X

]]
<

P
r[X

>
4
E
[X

]]
<

14
.

L
e
m
m
a
1
1
.1
4
.
If

k
<

v−
2,

th
en

P
[X

=
0
]≤

14
.

P
roo

f.
A

sim
ila

r
a
n
a
ly
sis

is
p
o
ssib

le
to

u
p
p
er

b
ou

n
d

th
e
p
rob

ab
ility

th
at

a
tran

sm
issio

n
fa
ils

if
o
u
r
estim

a
te

is
to
o
sm

a
ll.

W
e
k
n
ow

th
at

k
≤

v−
2
an

d
th
u
s

P
r[X

=
0
]
=

(

1−
12
k

)

n

<
e −

n2
k
<

e −
2
v
−

1

2
k

<
e −

2
<

14
.

L
e
m
m
a
1
1
.1
5
.
If

v−
2
≤

k
≤

v
+
2,

th
en

th
e
p
ro
ba
bility

th
a
t
exa

ctly
o
n
e
n
od
e

tra
n
sm

its
is

co
n
sta

n
t.

P
roo

f.
T
h
e
tra

n
sm

issio
n
p
ro
b
a
b
ility

is
p
=

1
2
v
±

Θ
(
1
)
=

Θ
(1
/n

),
an

d
th
e
lem

m
a

fo
llow

s
w
ith

a
slig

h
tly

a
d
a
p
ted

versio
n
o
f
T
h
eo
rem

11.1.

L
e
m
m
a
1
1
.1
6
.
W
ith

p
ro
ba
bility

1−
1

lo
g
n
w
e
fi
n
d
a
lea

d
er

in
p
h
a
se

3
in

O
(log

log
n
)

tim
e.

P
roo

f.
F
o
r
a
n
y
k
,
b
ecau

se
o
f
L
em

m
a
s
1
1
.1
3
a
n
d
11.14,

th
e
ran

d
om

w
alk

of
th
e

th
ird

p
h
a
se

is
b
iased

tow
a
rd
s
th
e
g
o
o
d
a
rea

.
O
n
e
can

sh
ow

th
at

in
O
(log

log
n
)

step
s
o
n
e
g
ets

Ω
(lo

g
lo
g
n
)
g
o
o
d
tran

sm
ission

s.
L
et

Y
d
en

ote
th
e
n
u
m
b
er

of
tim

es
ex
actly

o
n
e
n
o
d
e
tra

n
sm

itted
.

W
ith

L
em

m
a
11.15

w
e
ob

tain
E
[Y

]
=

Ω
(log

log
n
).

N
ow

a
d
irect

a
p
p
lica

tio
n
o
f
a
C
h
ern

o
ff
b
ou

n
d
(see

T
h
eorem

11.22)
y
ield

s
th
a
t
th
ese

tra
n
sm

issio
n
s
elect

a
lea

d
er

w
ith

p
rob

ab
ility

1−
1

lo
g
n
.

T
h
e
o
re

m
1
1
.1
7
.
T
h
e
A
lgo

rith
m

4
8
elects

a
lea

d
er

w
ith

p
ro
ba
bility

o
f
a
t
lea

st
1−

lo
g
lo
g
n

lo
g
n

in
tim

e
O
(lo

g
lo
g
n
).

1
1
.3
.
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P
roo

f.
F
rom

C
orollary

11.11
w
e
k
n
ow

th
at

after
O
(log

log
n
)
tim

e
slots,

th
e

fi
rst

p
h
ase

term
in
ates.

S
in
ce

w
e
p
erform

a
b
in
ary

search
on

an
in
terva

l
of

size
O
(log

n
),

th
e
secon

d
p
h
ase

also
takes

at
m
ostO

(lo
g
log

n
)
tim

e
slots.

F
or

th
e

th
ird

p
h
ase

w
e
k
n
ow

th
atO

(log
log

n
)
slo

ts
are

su
ffi
cien

t
to

elect
a
lea

d
er

w
ith

p
rob

ab
ility

1−
1

lo
g
n
b
y
L
em

m
a
11.16.

T
h
u
s,

th
e
to
tal

ru
n
tim

e
isO

(log
log

n
).

N
ow

w
e
can

com
b
in
e
th
e
resu

lts.
W
e
k
n
ow

th
at

th
e
error

p
rob

ab
ility

for
every

tim
e
slot

in
th
e
fi
rst

tw
o
p
h
ases

is
at

m
ost

1
lo
g
n
.
U
sin

g
a
u
n
ion

b
o
u
n
d
(see

T
h
eorem

11
.20),

w
e
can

u
p
p
er

b
ou

n
d
th
e
p
rob

ab
ility

th
at

n
o
error

o
ccu

rred
b
y

lo
g
lo
g
n

lo
g
n

.
T
h
u
s,
w
e
k
n
ow

th
at

after
p
h
ase

2
ou

r
estim

ate
is
at

m
ost

log
lo
g
n
aw

ay

from
log

n
w
ith

p
rob

a
b
ility

of
a
t
least

1−
lo
g
lo
g
n

lo
g
n

.
H
en

ce,
w
e
can

ap
p
ly

L
em

m
a

11.16
an

d
th
u
s
su
ccessfu

lly
elect

a
lead

er
w
ith

p
rob

ab
ility

of
a
t
least

1−
lo
g
lo
g
n

lo
g
n

(again
u
sin

g
a
u
n
ion

b
ou

n
d
)
in

tim
e
O
(lo

g
log

n
).

R
e
m
a
rk

s:

•
T
igh

ten
in
g
th
is
an

aly
sis

a
b
it
m
ore,

on
e
can

elect
a
lead

er
w
ith

p
ro
b
ab

ility
1−

1
lo
g
n
in

tim
e
log

log
n
+
o(log

log
n
).

•
C
an

w
e
b
e
even

faster?

1
1
.3
.5

L
o
w
e
r
B
o
u
n
d

T
h
e
o
re

m
1
1
.1
8
.
A
n
y
u
n
ifo

rm
p
ro
toco

l
th
a
t
elects

a
lea

d
er

w
ith

p
ro
ba
bility

o
f

a
t
lea

st
1−

12

t
m
u
st

ru
n
fo
r
a
t
lea

st
t
tim

e
slo

ts.

P
roo

f.
C
on

sid
er

a
sy
stem

w
ith

on
ly

2
n
o
d
es.

T
h
e
p
rob

ab
ility

th
at

ex
a
ctly

on
e

tran
sm

its
is

at
m
ost

P
r[X

=
1]

=
2
p·(1−

p
)≤

12
.

T
h
u
s,

after
t
tim

e
slots

th
e
p
rob

ab
ility

th
at

a
lea

d
er

w
as

elected
is

at
m
ost

1−
12

t.

R
e
m
a
rk

s:

•
S
ettin

g
t
=

log
log

(n
)
sh
ow

s
th
at

algorith
m

4
8
is

alm
ost

tigh
t.

1
1
.3
.6

U
n
ifo

r
m

A
sy

n
c
h
r
o
n
o
u
s
W

a
k
e
u
p
w
ith

o
u
t
C
D

U
n
til

n
ow

w
e
h
ave

assu
m
ed

th
a
t
all

n
o
d
es

start
th
e
algorith

m
in

th
e
sa
m
e
tim

e
slot.

B
u
t
w
h
at

h
ap

p
en

s
if
th
is

is
n
ot

th
e
case?

H
ow

lon
g
d
o
es

it
take

to
elect

a
lead

er
if
w
e
w
an

t
a
u
n
iform

a
n
d
an

on
y
m
ou

s
(n
o
d
es

d
o
n
ot

h
av
e
an

id
en
tifi

er
an

d
th
u
s
ca
n
n
ot

b
ase

th
eir

d
ecision

on
it)

algorith
m
?

T
h
e
o
re

m
1
1
.1
9
.
If

n
od
es

w
a
ke

u
p
in

a
n
a
rbitra

ry
(w

o
rst-ca

se)
w
a
y,

a
n
y
a
l-

go
rith

m
m
a
y
ta
ke

Ω
(n
/
log

n
)
tim

e
slo

ts
u
n
til

a
sin

gle
n
od
e
ca
n

su
ccessfu

lly
tra

n
sm

it.
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P
roo

f.
N
o
d
es

m
u
st

tra
n
sm

it
a
t
so
m
e
p
o
in
t,
o
r
th
ey

w
ill

su
rely

n
ever

su
ccessfu

lly
tran

sm
it.

W
ith

a
u
n
ifo

rm
p
ro
to
co
l,
every

n
o
d
e
ex
ecu

tes
th
e
sam

e
co
d
e.

W
e

fo
cu

s
on

th
e
fi
rst

slot
w
h
ere

n
o
d
es

m
ay

tra
n
sm

it.
N
o
m
atter

w
h
at

th
e
p
roto

col
is,

th
is

h
ap

p
en

s
w
ith

p
ro
b
ab

ility
p
.
S
in
ce

th
e
p
roto

col
is

u
n
iform

,
p
m
u
st

b
e
a

con
sta

n
t,

in
d
ep

en
d
en
t
o
f
n
.

T
h
e
a
d
versa

ry
w
a
kes

u
p
w

=
cp
ln

n
n
o
d
es

in
each

tim
e
slot

w
ith

som
e
con

-
sta

n
t
c.

A
ll
n
o
d
es

w
o
ken

u
p
in

th
e
fi
rst

tim
e
slo

t
w
ill

tran
sm

it
w
ith

p
rob

ab
ility

p
.
W
e
stu

d
y
th
e
even

t
E

1
th
at

ex
a
ctly

o
n
e
o
f
th
em

tran
sm

its
in

th
at

fi
rst

tim
e

slot.
U
sin

g
th
e
in
eq
u
a
lity

(1
+
t/
n
)
n
≤

e
t
fro

m
L
em

m
a
11.23

w
e
get

P
r[E

1 ]
=

w
·
p·(1−

p
)
w
−
1

=
c
ln
n
(1−

p
)

1p
(c

ln
n−

p
)

≤
c
ln
n
·e −

c
ln

+
p

=
c
ln
n
·n

−
ce

p

=
n
−
c·O

(lo
g
n
)

<
1

n
c−

1
=

1n
c
′ .

In
o
th
er

w
o
rd
s,

w
.h
.p
.
th
at

tim
e
slo

t
w
ill

n
o
t
b
e
su
ccessfu

l.
S
in
ce

th
e
n
o
d
es

can
n
o
t
d
istin

g
u
ish

n
o
ise

fro
m

silen
ce,

th
e
sa
m
e
a
rgu

m
en
t
ap

p
lies

to
ev
ery

set
of

n
o
d
es

w
h
ich

w
a
kes

u
p
.
L
et

E
α
b
e
th
e
even

t
th
a
t
all

n
/w

tim
e
slots

w
ill

n
ot

b
e

su
ccessfu

l.
U
sin

g
th
e
in
eq
u
a
lity

1−
p
≤

(1−
p
/
k
)
k
from

L
em

m
a
11.24

w
e
get

P
r[E

α
]
=

(1−
P
r(E

1 ))
n
/
w
>

(

1−
1n
c
′

)

Θ
(n

/
lo
g
n
)

>
1−

1n
c
′′ .
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oth

er
w
o
rd
s,

w
.h
.p
.
it
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k
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m
o
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th
a
n
n
/
w

tim
e
slots

u
n
til

som
e
n
o
d
e
can

tra
n
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it
a
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n
e.
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U
se
fu
l
F
o
r
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s

In
th
is

ch
a
p
ter

w
e
h
ave

u
sed

severa
l
in
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u
a
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ou

r
p
ro
ofs.

F
or

sim
p
licity

’s
sake

w
e
list

a
ll
o
f
th
em

in
th
is
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.

T
h
e
o
re

m
1
1
.2
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.
B
oo
le’s
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equ

a
lity

o
r
u
n
io
n

bo
u
n
d
:
F
o
r
a
co
u
n
ta
ble

set
o
f

even
ts

E
1 ,E

2 ,E
3 ,...,

w
e
h
a
ve

P
r[
⋃

i

E
i ]≤

∑

i

P
r[E

i ].

T
h
e
o
re

m
1
1
.2
1
.
M
a
rko

v’s
in
equ

a
lity:

If
X

is
a
n
y
ra
n
d
o
m

va
ria

ble
a
n
d
a
>

0
,

th
en

P
r[|X

|≥
a
]≤

E
[X

]

a
.

T
h
e
o
re

m
1
1
.2
2
.
C
h
ern

o
ff

bo
u
n
d
:
L
et

Y
1 ,...,Y

n
be

a
in
d
epen

d
en

t
B
ern

o
u
lli

ra
n
d
o
m

va
ria

bles
let

Y
:=
∑

i Y
i .

F
o
r
a
n
y
0
≤

δ≤
1
it
h
o
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s

P
r[Y

<
(1−

δ)E
[Y
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e −

δ
22
E
[Y

]
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a
n
d
fo
r
δ
>

0

P
r[Y

≥
(1

+
δ)·

E
[Y

]]≤
e −

m
in

{
δ
,
δ
2
}

3
·E

[Y
]

T
h
e
o
re

m
1
1
.2
3
.
W
e
h
a
ve

e
t

(

1−
t
2n

)

≤
(

1
+

tn

)

n

≤
e
t

fo
r
a
ll
n
∈
N
,|t|≤

n
.
N
o
te

th
a
t

lim
n→

∞

(

1
+

tn

)

n

=
e
t.

T
h
e
o
re

m
1
1
.2
4
.
F
o
r
a
ll
p
,k

su
ch

th
a
t
0
<

p
<

1
a
n
d
k
≥

1
w
e
h
a
ve

1−
p
≤

(1−
p
/k

)
k.

C
h
a
p
te
r
N
o
te
s

T
h
e
A
loh

a
p
roto

col
is
p
resen

ted
an

d
an

aly
zed

in
[A

b
r70,

B
A
K

+
75,

A
b
r85];

th
e

b
asic

tech
n
iq
u
e
th
at

u
n
slotted

p
roto

cols
are

tw
ice

as
b
ad

a
slotted

p
ro
to
cols

is
from

[R
ob

75
].

T
h
e
id
ea

to
b
ro
ad

cast
in

a
p
acket

rad
io

n
etw

ork
b
y
b
u
ild

in
g
a

tree
w
as

fi
rst

p
resen

ted
in

[T
M
78,

C
ap

79
].

T
h
is

id
ea

is
also

u
sed

in
[H

N
O
99]

to
in
itialize

th
e
n
o
d
es.

W
illard

[W
il86]

w
as

th
e
fi
rst

th
at

m
an

aged
to

elect
a
lead

er
in

O
(log

log
n
)
tim

e
in

ex
p
ecta

tion
.

L
o
o
k
in
g
m
ore

carefu
lly

at
th
e

su
ccess

rate,
it
w
as

sh
ow

n
th
at

on
e
can

elect
a
lead

er
w
ith

p
rob

ab
ility

1−
1

lo
g
n

in
tim

e
log

log
n
+

o(log
log

n
)
[N

O
98].

F
in
ally,

ap
p
rox

im
atin

g
th
e
n
u
m
b
er

of
n
o
d
es

in
th
e
n
etw

ork
is

an
aly

zed
in

[J
K
Z
02,

C
G
K
05].

T
h
e
low

er
b
o
u
n
d

for
p
rob

ab
ilistic

w
ake-u

p
is
p
u
b
lish

ed
in

[J
S
0
2].

In
ad

d
ition

to
sin

gle-h
op

n
etw

ork
s,

m
u
lti-h

op
n
etw

ork
s
h
ave

b
een

a
n
aly

zed
,
e.g.

b
road

cast
[B
Y
G
I92,

K
M
98

,
C
R
06],

or
d
ep

loy
m
en
t
[M

v
R
W

06].
T
h
is

ch
a
p
ter

w
as

w
ritten

in
collab

ora
tion

w
ith

P
h
ilip

p
B
ran

d
es.

B
ib
lio

g
r
a
p
h
y

[A
b
r70]

N
orm

an
A
b
ram

son
.
T
H
E

A
L
O
H
A

S
Y
S
T
E
M
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a
n
oth

er
altern

ativ
e

for
com

p
u
ter
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m
u
n
ication

s.
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P
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in
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o
f
th
e
N
o
vem

ber
1
7
-

1
9
,
1
9
7
0
,
fa
ll
jo
in
t
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m
p
u
ter
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n
feren

ce,
p
ages

28
1–285,

19
70.
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b
r85]

N
orm

an
M
.
A
b
ram

son
.
D
evelop

m
en
t
of

th
e
A
L
O
H
A
N
E
T
.
IE

E
E

T
ra
n
sa
ctio

n
s
o
n
In
fo
rm

a
tio

n
T
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.
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p
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retrosp

ect.
In

A
m
erica

n
F
ed
era

tio
n
o
f
In
fo
rm

a
tio

n
P
rocessin

g
S
ocieties

N
a
tio

n
a
l
C
o
m
p
u
ter

C
o
n
feren

ce
(A

F
IP

S
N
C
C
),

19
75.

[B
Y
G
I92]

R
eu

ven
B
ar-Y

eh
u
d
a
,
O
d
ed

G
old

reich
,
a
n
d
A
lon

Itai.
O
n
th
e
T
im

e-
C
om

p
lex

ity
of

B
roa

d
cast

in
M
u
lti-h
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ra
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u
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P
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p
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d
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-

ch
ro
n
o
u
s
ro
u
n
d
a
re

T
(α

)
=

O
(1)

a
n
d

M
(α

)
=

O
(m

).

P
roo

f.
C
om

m
u
n
icatio

n
is

on
ly

b
etw

een
n
eigh

b
ors.

A
s
so
on

as
all

n
eig

h
b
ors

of
a
n
o
d
e
v
b
ecom

e
safe,

v
k
n
ow

s
of

th
is

fa
ct

after
on

e
ad

d
itio

n
al

tim
e
u
n
it.

F
or

every
clo

ck
p
u
lse,

sy
n
ch
ron

izer
α

sen
d
s
a
t
m
ost

fo
u
r
ad

d
itio

n
al

m
essa

ges
over

every
ed

ge:
E
ach

of
th
e
n
o
d
es

m
ay

h
ave

to
ack

n
ow

led
ge

a
m
essage

an
d
rep

orts
safety.

R
e
m
a
rk

s:

•
S
y
n
ch
ron

izer
α

w
as

p
resen

ted
in

a
fram

ew
ork

,
m
ostly

set
u
p
to

h
ave

a
com

m
on

stan
d
a
rd

to
d
iscu

ss
d
iff
eren

t
sy
n
ch
ro
n
izers.

W
ith

ou
t
th
e
fram

e-
w
ork

,
sy
n
ch
ron

izer
α
can

b
e
ex
p
lain

ed
m
ore

easily
:

1.
S
en

d
m
essa

ge
to

all
n
eigh

b
ors,

in
clu

d
e
ro
u
n
d
in
form

ation
i
an

d
actu

al
d
ata

of
rou

n
d
i
(if

an
y
).

2.
W
ait

for
m
essage

of
rou

n
d
i
fro

m
all

n
eig

h
b
ors,

an
d
go

to
n
ex
t
rou

n
d
.

•
A
lth

ou
gh

sy
n
ch
ron

izer
α

allow
s
fo
r
sim

p
le

a
n
d

fast
sy
n
ch
ron

ization
,
it

p
ro
d
u
ces

aw
fu
lly

m
an

y
m
essages.

C
an

w
e
d
o
b
etter?

Y
es.

1
2
.3

T
h
e
G
lo
b
a
l
S
y
n
c
h
r
o
n
iz
e
r
β

A
lg
o
rith

m
5
0
S
y
n
ch
ron

izer
β
(at

n
o
d
e
v
)

1
:
w
a
it

u
n
til

v
is

safe
2
:
w
a
it

u
n
til

v
receives

S
A
F
E

m
essages

from
all

its
ch
ild

ren
in

T
3
:
if

v
6=

ℓ
th

e
n

4
:

se
n
d
S
A
F
E

m
essage

to
p
aren

t
in

T
5
:

w
a
it

u
n
til

P
U
L
S
E

m
essa

ge
received

from
p
a
ren

t
in

T
6
:
e
n
d
if

7
:
se
n
d
P
U
L
S
E

m
essage

to
ch
ild

ren
in

T
8
:
start

n
ew

p
u
lse

S
y
n
ch
ron

izer
β
n
eed

s
an

in
itialization

th
at

com
p
u
tes

a
lead

er
n
o
d
e
ℓ
an

d
a

sp
an

n
in
g
tree

T
ro
oted

at
ℓ.

A
s
so
on

as
all

n
o
d
es

are
safe,

th
is

in
form

ation
is

p
rop

agated
to

ℓ
b
y
a
con

vergeca
st.

T
h
e
lead

er
th
en

b
road

casts
th
is
in
fo
rm

ation
to

all
n
o
d
es.

T
h
e
d
eta

ils
of

sy
n
ch
ron

izer
β
are

giv
en

in
A
lgorith

m
50.

T
h
e
o
re

m
1
2
.6
.
T
h
e
tim

e
a
n
d
m
essa

ge
co
m
p
lexities

o
f
syn

ch
ro
n
izer

β
per

syn
-

ch
ro
n
o
u
s
ro
u
n
d
a
re

T
(β

)
=

O
(d
iam

eter(T
))

≤
O
(n
)

a
n
d

M
(β

)
=

O
(n
).

T
h
e
tim

e
a
n
d
m
essa

ge
co
m
p
lexities

fo
r
th
e
in
itia

liza
tio

n
a
re

T
in
it (β

)
=

O
(n
)

a
n
d

M
in
it (β

)
=

O
(m

+
n
log

n
).
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S
Y
N
C
H
R
O
N
IZ
A
T
IO

N

P
roo

f.
B
ecau

se
th
e
d
ia
m
eter

o
f
T

is
a
t
m
ost

n
−

1,
th
e
con

vergecast
an

d
th
e

b
roa

d
ca
st

to
g
eth

er
ta
ke

a
t
m
o
st

2n
−

2
tim

e
u
n
its.

P
er

clo
ck

p
u
lse,

th
e
sy
n
-

ch
ron

izer
sen

d
s
a
t
m
o
st

2n
−
2
sy
n
ch
ro
n
iza

tio
n
m
essages

(on
e
in

each
d
irection

over
each

ed
g
e
o
f
T
).

W
ith

a
n
im

p
rovem

en
t
(d
u
e
to

A
w
erb

u
ch
)
o
f
th
e
G
H
S
algorith

m
(A

lgorith
m

1
5
)
yo
u

saw
in

C
h
a
p
ter

3,
it

is
p
o
ssib

le
to

co
n
stru

ct
an

M
S
T

in
tim

e
O
(n
)

w
ith

O
(m

+
n
lo
g
n
)
m
essa

ges
in

a
n
a
sy
n
ch
ro
n
o
u
s
en
v
iron

m
en
t.

O
n
ce

th
e
tree

is
com

p
u
ted

,
th
e
tree

ca
n
b
e
m
a
d
e
ro
o
ted

in
tim

e
O
(n
)
w
ith

O
(n
)
m
essages.

R
e
m
a
rk

s:

•
W
e
n
ow

g
o
t
a
tim

e-effi
cien

t
sy
n
ch
ron

izer
(α

)
an

d
a
m
essage-effi

cien
t
sy
n
-

ch
ron

izer
(β

),
it

is
o
n
ly

n
a
tu
ral

to
a
sk

w
h
eth

er
w
e
can

h
ave

th
e
b
est

of
b
o
th

w
o
rld

s.
A
n
d
,
in
d
eed

,
w
e
ca
n
.
H
ow

is
th
at

sy
n
ch
ron

izer
called

?
Q
u
ite

o
b
v
io
u
sly

:
γ
.

1
2
.4

T
h
e
H
y
b
r
id

S
y
n
c
h
r
o
n
iz
e
r
γ

F
igu

re
1
2.1

:
A

clu
ster

p
a
rtitio

n
o
f
a
n
etw

o
rk
:
T
h
e
d
ash

ed
cy
cles

sp
ecify

th
e

clu
sters,

clu
ster

lea
d
ers

are
b
lack

,
th
e
so
lid

ed
g
es

are
th
e
ed

ges
of

th
e
in
traclu

ster
trees,

a
n
d
th
e
b
old

so
lid

ed
g
es

a
re

th
e
in
terclu

ster
ed

ges

S
y
n
ch
ro
n
izer

γ
ca
n
b
e
seen

a
s
a
co
m
b
in
a
tio

n
o
f
sy
n
ch
ron

izers
α
an

d
β
.
In

th
e

in
itializa

tio
n
p
h
a
se,

th
e
n
etw

o
rk

is
p
a
rtitio

n
ed

in
to

clu
sters

of
sm

all
d
iam

eter.
In

ea
ch

clu
ster,

a
lea

d
er

n
o
d
e
is

ch
osen

a
n
d
a
B
F
S
tree

ro
oted

at
th
is

lead
er

n
o
d
e
is

com
p
u
ted

.
T
h
ese

trees
a
re

ca
lled

th
e
in
tra

clu
ster

trees.
T
w
o
clu

sters
C

1
a
n
d
C

2
a
re

ca
lled

n
eigh

b
o
rin

g
if

th
ere

a
re

n
o
d
es

u
∈

C
1
an

d
v
∈

C
2
for

w
h
ich

(u
,v
)
∈

E
.
F
o
r
every

tw
o
n
eig

h
b
o
rin

g
clu

sters,
an

in
terclu

ster
ed
ge

is
ch
o
sen

,
w
h
ich

w
ill

serve
fo
r
com

m
u
n
icatio

n
b
etw

een
th
ese

clu
sters.

F
igu

re
12.1

illu
stra

tes
th
is

p
a
rtitio

n
in
g
in
to

clu
sters.

W
e
w
ill

d
iscu

ss
th
e
d
etails

of
h
ow

to
co
n
stru

ct
su
ch

a
p
a
rtitio

n
in

th
e
n
ex
t
sectio

n
.
W
e
say

th
at

a
clu

ster
is

safe
if

all
its

n
o
d
es

a
re

sa
fe.

1
2
.4
.

S
Y
N
C
H
R
O
N
IZ
E
R

γ
125

S
y
n
ch
ron

izer
γ

w
ork

s
in

tw
o
p
h
ases.

In
a
fi
rst

p
h
ase,

sy
n
ch
ron

izer
β

is
ap

p
lied

sep
a
rately

in
each

clu
ster

b
y
u
sin

g
th
e
in
traclu

ster
trees.

W
h
en

ever
th
e
lead

er
o
f
a
clu

ster
learn

s
th
at

its
clu

ster
is

safe,
it

rep
o
rts

th
is

fa
ct

to
all

th
e
n
o
d
es

in
th
e
clu

sters
as

w
ell

as
to

th
e
lead

ers
of

th
e
n
eigh

b
orin

g
clu

sters.
N
ow

,
th
e
n
o
d
es

of
th
e
clu

ster
en
ter

th
e
secon

d
p
h
ase

w
h
ere

th
ey

w
ait

u
n
til

all
th
e
n
eig

h
b
orin

g
clu

sters
are

k
n
ow

n
to

b
e
safe

an
d
th
en

gen
erate

th
e
n
ex
t

p
u
lse.

H
en

ce,
w
e
essen

tially
ap

p
ly

sy
n
ch
ron

izer
α
b
etw

een
clu

sters.
A

d
etailed

d
escrip

tion
is

given
b
y
A
lgorith

m
51.

A
lg
o
rith

m
5
1
S
y
n
ch
ron

izer
γ
(at

n
o
d
e
v
)

1
:
w
a
it

u
n
til

v
is

safe
2
:
w
a
it

u
n
til

v
receives

S
A
F
E

m
essages

from
all

ch
ild

ren
in

in
traclu

ster
tree

3
:
if

v
is

n
ot

clu
ster

lead
er

th
e
n

4
:

se
n
d
S
A
F
E

m
essage

to
p
aren

t
in

in
traclu

ster
tree

5
:

w
a
it

u
n
til

C
L
U
S
T
E
R
S
A
F
E

m
essag

e
received

from
p
aren

t
6
:
e
n
d
if

7
:
se
n
d
C
L
U
S
T
E
R
S
A
F
E

m
essage

to
all

ch
ild

ren
in

in
traclu

ster
tree

8
:
se
n
d
N
E
IG

H
B
O
R
S
A
F
E

m
essage

over
all

in
terclu

ster
ed

g
es

of
v

9
:
w
a
it

u
n
til

v
receives

N
E
IG

H
B
O
R
S
A
F
E

m
essa

ges
from

all
ad

jacen
t
in
ter-

clu
ster

ed
ges

an
d
all

ch
ild

ren
in

in
tra

clu
ster

tree
1
0
:
if

v
is

n
ot

clu
ster

lead
er

th
e
n

1
1
:

se
n
d
N
E
IG

H
B
O
R
S
A
F
E

m
essage

to
p
aren

t
in

in
traclu

ster
tree

1
2
:

w
a
it

u
n
til

P
U
L
S
E

m
essa

ge
received

from
p
a
ren

t
1
3
:
e
n
d
if

1
4
:
se
n
d
P
U
L
S
E

m
essage

to
ch
ild

ren
in

in
traclu

ster
tree

1
5
:
start

n
ew

p
u
lse

T
h
e
o
re

m
1
2
.7
.
L
et

m
C

be
th
e
n
u
m
ber

o
f
in
terclu

ster
ed
ges

a
n
d
let

k
be

th
e

m
a
xim

u
m

clu
ster

ra
d
iu
s
(i.e.,

th
e
m
a
xim

u
m

d
ista

n
ce

o
f
a

lea
f
to

its
clu

ster
lea

d
er).

T
h
e
tim

e
a
n
d
m
essa

ge
co
m
p
lexities

o
f
syn

ch
ro
n
izer

γ
a
re

T
(γ
)

=
O
(k
)

a
n
d

M
(γ
)

=
O
(n

+
m

C
).

P
roo

f.
W
e
ign

ore
ack

n
ow

led
gem

en
ts,

as
th
ey

d
o
n
o
t
aff

ect
th
e
asy

m
p
to
tic

com
-

p
lex

ities.
L
et

u
s
fi
rst

lo
ok

at
th
e
n
u
m
b
er

of
m
essages.

O
ver

every
in
traclu

s-
ter

tree
ed

g
e,

ex
actly

on
e
S
A
F
E

m
essag

e,
on

e
C
L
U
S
T
E
R
S
A
F
E

m
essage,

on
e

N
E
IG

H
B
O
R
S
A
F
E

m
essage,

an
d

on
e
P
U
L
S
E

m
essage

is
sen

t.
F
u
rth

er,
on

e
N
E
IG

H
B
O
R
S
A
F
E

m
essage

is
sen

t
over

every
in
terclu

ster
ed

ge.
B
ecau

se
th
ere

are
less

th
a
n
n
in
traclu

ster
tree

ed
ges,

th
e
total

m
essage

com
p
lex

ity
th
erefore

is
at

m
ost

4
n
+
2
m

C
=

O
(n

+
m

C
).

F
or

th
e
tim

e
com

p
lex

ity,
n
o
te

th
at

th
e
d
ep

th
o
f
each

in
traclu

ster
tree

is
at

m
ost

k
.
O
n
each

in
traclu

ster
tree,

tw
o
con

vergecasts
(th

e
S
A
F
E

a
n
d
N
E
IG

H
-

B
O
R
S
A
F
E

m
essages)

an
d
tw

o
b
road

casts
(th

e
C
L
U
S
T
E
R
S
A
F
E

an
d
P
U
L
S
E

m
essages)

a
re

p
erform

ed
.
T
h
e
tim

e
com

p
lex

ity
fo
r
th
is

is
a
t
m
ost

4
k
.
T
h
ere

is
on

e
m
ore

tim
e
u
n
it
n
eed

ed
to

sen
d
th
e
N
E
IG

H
B
O
R
S
A
F
E

m
essages

over
th
e

in
terclu

ster
ed

ges.
T
h
e
total

tim
e
com

p
lex

ity
th
erefore

is
a
t
m
ost

4k
+

1
=

O
(k
).
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Y
N
C
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N
IZ
A
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N

1
2
.5

N
e
tw

o
r
k
P
a
r
titio

n

W
e
w
ill

n
ow

lo
o
k
at

th
e
in
itia

liza
tio

n
p
h
a
se

o
f
sy
n
ch
ron

izer
γ
.
A
lgorith

m
52

d
escrib

es
h
ow

to
co
n
stru

ct
a
p
artitio

n
in
to

clu
sters

th
at

can
b
e
u
sed

for
sy
n
-

ch
ro
n
izer

γ
.

In
A
lg
o
rith

m
5
2
,
B
(v
,r)

d
en

o
tes

th
e
b
all

of
rad

iu
s
r
arou

n
d
v
,

i.e.,
B
(v
,r)

=
{u

∈
V

:
d
(u
,v
)≤

r}
w
h
ere

d
(u
,v
)
is

th
e
h
op

d
istan

ce
b
etw

een
u
an

d
v
.
T
h
e
a
lg
o
rith

m
h
a
s
a
p
ara

m
eter

ρ
>

1
.
T
h
e
clu

sters
are

con
stru

cted
seq

u
en
tia

lly.
E
ach

clu
ster

is
sta

rted
at

a
n
a
rb
itrary

n
o
d
e
th
at

h
as

n
ot

b
een

in
clu

d
ed

in
a
clu

ster.
T
h
en

th
e
clu

ster
ra
d
iu
s
is

grow
n
as

lon
g
as

th
e
clu

ster
g
row

s
b
y
a
fa
cto

r
m
o
re

th
a
n
ρ
.

A
lg
o
rith

m
5
2
C
lu
ster

co
n
stru

ctio
n

1
:
w
h
ile

u
n
p
ro
cessed

n
o
d
es

d
o

2
:

select
a
n
a
rb
itra

ry
u
n
p
ro
cessed

n
o
d
e
v
;

3
:

r
:=

0
;

4
:

w
h
ile

|B
(v
,r

+
1
)|
>

ρ|B
(v
,r)|

d
o

5
:

r
:=

r
+
1

6
:

e
n
d
w
h
ile

7
:

m
a
keC

lu
ster(B

(v
,r))

/
/
a
ll
n
o
d
es

in
B
(v
,r)

are
n
ow

p
ro
cessed

8
:
e
n
d
w
h
ile

R
e
m
a
rk

s:

•
T
h
e
a
lg
o
rith

m
allow

s
a
trad

e-o
ff
b
etw

een
th
e
clu

ster
d
iam

eter
k
(an

d
th
u
s

th
e
tim

e
co
m
p
lex

ity
)
a
n
d
th
e
n
u
m
b
er

o
f
in
terclu

ster
ed

ges
m

C
(an

d
th
u
s

th
e
m
essa

g
e
co
m
p
lex

ity
).

W
e
w
ill

q
u
a
n
tify

th
e
p
ossib

ilities
in

th
e
n
ex
t

sectio
n
.

•
T
w
o
very

sim
p
le

p
a
rtitio

n
s
w
o
u
ld

b
e
to

m
a
ke

a
clu

ster
ou

t
of

ev
ery

sin
gle

n
o
d
e
o
r
to

m
ak

e
o
n
e
b
ig

clu
ster

th
a
t
co
n
ta
in
s
th
e
w
h
ole

grap
h
.
W
e
th
en

g
et

sy
n
ch
ro
n
izers

α
a
n
d
β
a
s
sp
ecia

l
cases

of
sy
n
ch
ron

izer
γ
.

T
h
e
o
re

m
1
2
.8
.
A
lgo

rith
m

5
2
co
m
p
u
tes

a
pa
rtitio

n
o
f
th
e
n
etw

o
rk

gra
p
h
in
to

clu
sters

o
f
ra
d
iu
s
a
t
m
o
st

lo
g
ρ
n
.
T
h
e
n
u
m
ber

o
f
in
terclu

ster
ed
ges

is
a
t
m
o
st

(ρ−
1
)·n

.

P
roo

f.
T
h
e
ra
d
iu
s
o
f
a
clu

ster
is

in
itia

lly
0
a
n
d
d
o
es

on
ly

grow
as

lon
g
as

it
g
row

s
b
y
a
fa
cto

r
la
rg
er

th
a
n
ρ
.
S
in
ce

th
ere

a
re

o
n
ly

n
n
o
d
es

in
th
e
grap

h
,
th
is

ca
n
h
ap

p
en

a
t
m
o
st

lo
g
ρ
n
tim

es.
T
o
co
u
n
t
th
e
n
u
m
b
er

o
f
in
terclu

ster
ed

g
es,

ob
serve

th
at

an
ed

ge
can

on
ly

b
eco

m
e
an

in
terclu

ster
ed

g
e
if
it

co
n
n
ects

a
n
o
d
e
at

th
e
b
ou

n
d
ary

of
a
clu

ster
w
ith

a
n
o
d
e
o
u
tsid

e
a
clu

ster.
C
o
n
sid

er
a
clu

ster
C

of
size

|C
|.

W
e
k
n
ow

th
at

C
=

B
(v
,r)

fo
r
so
m
e
v
∈
V

an
d
r
≥

0
.
F
u
rth

er,
w
e
k
n
ow

th
at|B

(v
,r

+
1)|≤

ρ
·|B

(v
,r)|.

T
h
e
n
u
m
b
er

o
f
n
o
d
es

ad
ja
cen

t
to

clu
ster

C
is

th
erefore

at
m
ost

|B
(v
,r

+
1
)\

B
(v
,r)|≤

ρ·|C
|−

|C
|.
B
eca

u
se

th
ere

is
on

ly
on

e
in
terclu

ster
ed

ge
co
n
n
ectin

g
tw

o
clu

sters
b
y
d
efi

n
itio

n
,
th
e
n
u
m
b
er

of
in
terclu

ster
ed

ges
ad

jacen
t

to
C

is
a
t
m
o
st

(ρ−
1)·|C

|.
S
u
m
m
in
g
ov
er

a
ll
clu

sters,
w
e
get

th
at

th
e
total

n
u
m
b
er

o
f
in
terclu

ster
ed

g
es

is
a
t
m
o
st

(ρ−
1
)·

n
.

C
o
ro

lla
ry

1
2
.9
.
U
sin

g
ρ
=

2,
A
lgo

rith
m

5
2
co
m
p
u
tes

a
clu

sterin
g
w
ith

clu
ster

ra
d
iu
s
a
t
m
o
st

lo
g
2
n
a
n
d
w
ith

a
t
m
o
st

n
in
terclu

ster
ed
ges.

1
2
.5
.
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C
o
ro

lla
ry

1
2
.1
0
.
U
sin

g
ρ
=

n
1
/
k,

A
lgo

rith
m

5
2
co
m
p
u
tes

a
clu

sterin
g
w
ith

clu
ster

ra
d
iu
s
a
t
m
o
st

k
a
n
d
a
t
m
o
stO

(n
1
+
1
/
k)

in
terclu

ster
ed
ges.

R
e
m
a
rk

s:

•
A
lgorith

m
52

d
escrib

es
a
cen

tralized
con

stru
ction

of
th
e
p
artition

in
g
of

th
e
grap

h
.
F
or

ρ
≥

2,
th
e
clu

sterin
g
can

b
e
co
m
p
u
ted

b
y
an

asy
n
ch
ron

ou
s

d
istrib

u
ted

algo
rith

m
in

tim
eO

(n
)
w
ith

O
(m

+
n
log

n
)
(reason

ab
ly

sized
)

m
essa

ges
(sh

ow
in
g
th
is

w
ill

b
e
p
art

of
th
e
ex
ercises).

•
It

can
b
e
sh
ow

n
th
at

th
e
trad

e-off
b
etw

een
clu

ster
rad

iu
s
an

d
n
u
m
b
er

of
in
terclu

ster
ed

g
es

of
A
lgo

rith
m

52
is

asy
m
p
totically

op
tim

al.
T
h
ere

are
grap

h
s
for

w
h
ich

every
clu

sterin
g
in
to

clu
sters

of
rad

iu
s
at

m
ost

k
req

u
ires

n
1
+
c
/
k
in
terclu

ster
ed

ges
for

som
e
con

stan
t
c.

T
h
e
ab

ove
rem

ark
s
lead

to
a
com

p
lete

ch
aracterization

of
th
e
com

p
lex

ity
of

sy
n
ch
ron

izer
γ
.

C
o
ro

lla
ry

1
2
.1
1
.
T
h
e
tim

e
a
n
d
m
essa

ge
co
m
p
lexities

o
f
syn

ch
ro
n
izer

γ
per

syn
ch
ro
n
o
u
s
ro
u
n
d
a
re

T
(γ
)

=
O
(k
)

a
n
d

M
(γ
)

=
O
(n

1
+
1
/
k).

T
h
e
tim

e
a
n
d
m
essa

ge
co
m
p
lexities

fo
r
th
e
in
itia

liza
tio

n
a
re

T
in
it (γ

)
=

O
(n
)

a
n
d

M
in
it (γ

)
=

O
(m

+
n
log

n
).

R
e
m
a
rk

s:

•
T
h
e
sy
n
ch
ron

izer
id
ea

an
d
th
e
sy
n
ch
ron

izers
d
iscu

ssed
in

th
is
ch
a
p
ter

are
d
u
e
to

B
aru

ch
A
w
erb

u
ch
.

•
In

C
h
a
p
ter

3,
yo
u
h
ave

seen
th
at

b
y
u
sin

g
fl
o
o
d
in
g,

th
ere

is
a
v
ery

sim
p
le

sy
n
ch
ron

ou
s
alg

orith
m

to
com

p
u
te

a
B
F
S
tree

in
tim

e
O
(D

)
w
ith

m
es-

sage
com

p
lex

ity
O
(m

).
If

w
e
u
se

sy
n
ch
ron

izer
γ
to

m
a
ke

th
is

a
lgorith

m
asy

n
ch
ron

ou
s,

w
e
get

an
algorith

m
w
ith

tim
e
com

p
lex

ity
O
(n

+
D

log
n
)

an
d
m
essage

com
p
lex

ity
O
(m

+
n
lo
g
n
+
D

·n
)
(in

clu
d
in
g
in
itialization

).

•
T
h
e
sy
n
ch
ron

izers
α
,
β
,
an

d
γ

ach
ieve

glob
al

sy
n
ch
ron

ization
,
i.e.

ev
-

ery
n
o
d
e
gen

era
tes

every
clo

ck
p
u
lse.

T
h
e
d
isad

van
ta
ge

of
th
is

is
th
at

n
o
d
es

th
at

d
o
n
o
t
p
articip

ate
in

a
co
m
p
u
tatio

n
also

h
ave

to
p
articip

ate
in

th
e
sy
n
ch
ron

iza
tion

.
In

m
an

y
com

p
u
tation

s
(e.g.

in
a
B
F
S
con

stru
ction

),
m
an

y
n
o
d
es

on
ly

p
articip

ate
for

a
few

sy
n
ch
ron

ou
s
rou

n
d
s.

A
n
im

p
roved

sy
n
ch
ron

izer
d
u
e
to

A
w
erb

u
ch

an
d
P
eleg

can
ex
p
loit

su
ch

a
scen

ario
an

d
ach

ieves
tim

e
an

d
m
essag

e
com

p
lex

ity
O
(log

3
n
)
p
er

sy
n
ch
ron

ou
s
rou

n
d

(w
ith

o
u
t
in
itialization

).

•
It

can
b
e
sh
ow

n
th
at

if
all

n
o
d
es

in
th
e
n
etw

ork
n
eed

to
g
en

erate
a
ll
p
u
lses,

th
e
tra

d
e-off

of
sy
n
ch
ron

izer
γ
is

asy
m
p
totica

lly
op

tim
a
l.

•
P
artition

s
of

n
etw

ork
s
in
to

clu
sters

o
f
sm

all
d
iam

eter
an

d
coverin

g
s
of

n
et-

w
ork

s
w
ith

clu
sters

of
sm

all
d
iam

eters
com

e
in

m
an

y
variation

s
a
n
d
h
ave

variou
s
ap

p
lication

s
in

d
istrib

u
ted

co
m
p
u
tatio

n
s.

In
p
articu

lar,
ap

art
from

sy
n
ch
ron

izers,
a
lgorith

m
s
for

rou
tin

g,
th
e
con

stru
ction

of
sp
arse

sp
an

n
in
g

su
b
gra

p
h
s,

d
istrib

u
ted

d
a
ta

stru
ctu

res,
an

d
even

com
p
u
tation

s
of

lo
cal

stru
ctu

res
su
ch

as
a
M
IS

or
a
d
om

in
atin

g
set

are
b
ased

on
som

e
k
in
d
of

n
etw

o
rk

p
artitio

n
s
or

covers.
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C
H
A
P
T
E
R

1
2
.

S
Y
N
C
H
R
O
N
IZ
A
T
IO

N

1
2
.6

C
lo
c
k
S
y
n
c
h
r
o
n
iz
a
tio

n

“A
m
a
n
w
ith

o
n
e
clo

ck
k
n
ow

s
w
h
at

tim
e
it
is
–
a
m
an

w
ith

tw
o
is
n
ever

su
re.”

S
y
n
ch
ron

izers
ca
n
d
irectly

b
e
u
sed

to
g
ive

n
o
d
es

in
an

asy
n
ch
ron

ou
s
n
etw

ork
a

com
m
on

n
o
tio

n
o
f
tim

e.
In

w
ireless

n
etw

o
rk
s,
fo
r
in
stan

ce,
m
an

y
b
asic

p
roto

cols
n
eed

a
n

a
ccu

ra
te

tim
e.

S
o
m
etim

es
a
com

m
o
n

tim
e
in

th
e
w
h
ole

n
etw

ork
is

n
eed

ed
,
o
ften

it
is

en
o
u
gh

to
sy
n
ch
ro
n
ize

n
eig

h
b
ors.

T
h
e
p
u
rp
ose

of
th
e
tim

e
d
iv
isio

n
m
u
ltip

le
a
ccess

(T
D
M
A
)
p
roto

co
l
is
to

u
se

th
e
com

m
on

w
ireless

ch
an

n
el

as
effi

cien
tly

as
p
o
ssib

le,
i.e.,

in
terferin

g
n
o
d
es

sh
ou

ld
n
ever

tran
sm

it
at

th
e

sam
e
tim

e
(o
n
th
e
sa
m
e
freq

u
en

cy
).

If
w
e
u
se

sy
n
ch
ron

izer
β
to

give
th
e
n
o
d
es

a
com

m
o
n
n
o
tio

n
o
f
tim

e,
every

sin
g
le

clo
ck

cy
cle

costs
D

tim
e
u
n
its!

O
ften

,
ea
ch

(w
ireless)

n
o
d
e
is

eq
u
ip
p
ed

w
ith

an
in
tern

al
clo

ck
.
U
sin

g
th
is

clo
ck
,
it

sh
o
u
ld

b
e
p
ossib

le
to

d
iv
id
e
tim

e
in
to

slots,
an

d
m
ake

each
n
o
d
e
sen

d
(o
r
listen

,
o
r
sleep

,
resp

ectiv
ely

)
in

th
e
a
p
p
ro
p
ria

te
slots

accord
in
g
to

th
e
m
ed

ia
a
ccess

co
n
tro

l
(M

A
C
)
layer

p
ro
to
co
l
u
sed

.
H
ow

ever,
a
s
it

tu
rn
s
o
u
t,

sy
n
ch
ro
n
izin

g
clo

ck
s
in

a
n
etw

ork
is

n
ot

triv
ial.

A
s
n
o
d
es’

in
tern

a
l
clo

ck
s
are

n
o
t
p
erfect,

th
ey

w
ill

ru
n
at

sp
eed

s
th
at

are
tim

e-
d
ep

en
d
en
t.

F
o
r
in
sta

n
ce,

va
ria

tio
n
s
in

tem
p
era

tu
re

or
su
p
p
ly

voltage
w
ill

aff
ect

th
is
clock

d
rift.

F
o
r
sta

n
d
a
rd

clo
ck
s,
th
e
d
rift

is
in

th
e
ord

er
of

p
arts

p
er

m
illion

,
i.e.,

w
ith

in
a
seco

n
d
,
it

w
ill

a
ccu

m
u
la
te

to
a
co
u
p
le

of
m
icrosecon

d
s.

W
ireless

T
D
M
A

p
ro
to
co
ls
a
cco

u
n
t
fo
r
th
is
b
y
in
tro

d
u
cin

g
gu
a
rd

tim
es.

W
h
en

ever
a
n
o
d
e

k
n
ow

s
th
a
t
it

is
a
b
o
u
t
to

receive
a
m
essa

g
e
fro

m
a
n
eigh

b
or,

it
p
ow

ers
u
p
its

ra
d
io

a
little

b
it

ea
rlier

to
m
a
ke

su
re

th
at

it
d
o
es

n
ot

m
iss

th
e
m
essage

even
w
h
en

clo
ck
s
a
re

n
o
t
p
erfectly

sy
n
ch
ro
n
ized

.
If

n
o
d
es

are
b
ad

ly
sy
n
ch
ron

ized
,

m
essag

es
o
f
d
iff
eren

t
slo

ts
m
ig
h
t
co
llid

e.
In

th
e
clock

syn
ch
ro
n
iza

tio
n
p
ro
b
lem

,
w
e
a
re

given
a
n
etw

ork
(g
rap

h
)
w
ith

n
n
o
d
es.

T
h
e
g
o
a
l
fo
r
ea
ch

n
o
d
e
is

to
h
ave

a
log

ical
clo

ck
su
ch

th
at

th
e
logical

clo
ck

va
lu
es

a
re

w
ell

sy
n
ch
ro
n
ized

,
a
n
d
clo

se
to

real
tim

e.
E
ach

n
o
d
e
is
eq
u
ip
p
ed

w
ith

a
h
a
rd
w
a
re

clo
ck
,
th
a
t
tick

s
m
o
re

o
r
less

in
real

tim
e,

i.e.,
th
e
tim

e
b
etw

een
tw

o
p
u
lses

is
a
rb
itra

ry
b
etw

een
[1−

ǫ,1
+
ǫ],

fo
r
a
con

stan
t
ǫ≪

1.
S
im

ilarly
as

in
o
u
r
asy

n
ch
ron

o
u
s
m
o
d
el,

w
e
a
ssu

m
e
th
a
t
m
essages

sen
t
over

th
e
ed

ges
of

th
e

g
rap

h
h
ave

a
d
elivery

tim
e
b
etw

een
[0,1

].
In

o
th
er

w
ord

s,
w
e
h
ave

a
b
ou

n
d
ed

b
u
t
va
ria

b
le

d
rift

o
n
th
e
h
a
rd
w
a
re

clo
ck
s
a
n
d
an

arb
itrary

jitter
in

th
e
d
elivery

tim
es.

T
h
e
go

a
l
is

to
d
esig

n
a
m
essa

g
e-p

a
ssin

g
a
lgorith

m
th
at

en
su
res

th
at

th
e

lo
gica

l
clo

ck
skew

o
f
a
d
ja
cen

t
n
o
d
es

is
as

sm
a
ll
as

p
ossib

le
at

all
tim

es.

T
h
e
o
re

m
1
2
.1
2
.
T
h
e
glo

ba
l
clock

skew
(th

e
logica

l
clock

d
iff
eren

ce
betw

een
a
n
y

tw
o
n
od
es

in
th
e
gra

p
h
)
is

Ω
(D

),
w
h
ere

D
is

th
e
d
ia
m
eter

o
f
th
e
gra

p
h
.

P
roo

f.
F
o
r
a
n
o
d
e
u
,
let

t
u
b
e
th
e
lo
g
ica

l
tim

e
of

u
an

d
let

(u
→

v
)
d
en

ote
a

m
essa

ge
sen

t
fro

m
u
to

a
n
o
d
e
v
.
L
et

t(m
)
b
e
th
e
tim

e
d
elay

of
a
m
essage

m
an

d
let

u
a
n
d
v
b
e
n
eig

h
b
o
rin

g
n
o
d
es.

F
irst

co
n
sid

er
a
case

w
h
ere

th
e
m
essage

d
elay

s
b
etw

een
u
a
n
d
v
are

1/2
.
T
h
en

all
th
e
m
essages

sen
t
b
y
u
an

d
v
at

tim
e

i
a
ccord

in
g
to

th
e
clo

ck
o
f
th
e
sen

d
er

a
rrive

a
t
tim

e
i
+

1
/
2
accord

in
g
to

th
e

clo
ck

of
th
e
receiver.

T
h
en

co
n
sid

er
th
e
follow

in
g
cases

•
t
u
=

t
v
+
1
/2

,
t(u

→
v
)
=

1
,
t(v

→
u
)
=

0

•
t
u
=

t
v −

1/2
,
t(u

→
v
)
=

0
,
t(v

→
u
)
=

1
,

1
2
.6
.
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w
h
ere

th
e
m
essage

d
elivery

tim
e
is

alw
ay
s
fast

for
on

e
n
o
d
e
an

d
slow

for
th
e

oth
er

an
d
th
e
logical

clo
ck
s
are

off
b
y
1
/
2
.
In

b
oth

scen
arios,

th
e
m
essa

ges
sen

t
at

tim
e
i
accord

in
g
to

th
e
clo

ck
of

th
e
sen

d
er

arriv
e
at

tim
e
i
+

1
/
2
a
ccord

in
g

to
th
e
logical

clo
ck

o
f
th
e
receiv

er.
T
h
erefore,

for
n
o
d
es

u
an

d
v
,
b
o
th

cases
w
ith

clo
ck

d
rift

seem
th
e
sam

e
as

th
e
ca
se

w
ith

p
erfectly

sy
n
ch
ron

ized
clo

ck
s.

F
u
rth

erm
ore,

in
a
lin

ked
list

of
D

n
o
d
es,

th
e
left-

an
d
righ

tm
ost

n
o
d
es

l,r
can

n
ot

d
istin

gu
ish

t
l
=

t
r
+

D
/2

from
t
l
=

t
r −

D
/2.

R
e
m
a
rk

s:

•
F
rom

T
h
eorem

1
2.12,

it
d
irectly

follow
s
th
at

a
ll
th
e
clo

ck
sy
n
ch
ro
n
ization

algorith
m
s
w
e
stu

d
ied

h
av
e
a
glob

a
l
skew

of
Ω
(D

).

•
M
an

y
n
atu

ral
algorith

m
s
m
an

age
to

ach
ieve

a
glob

al
clo

ck
skew

o
fO

(D
).

A
s
b
oth

th
e
m
essage

jitter
an

d
h
ard

w
are

clo
ck

d
rift

are
b
ou

n
d
ed

b
y
con

-
stan

ts,
it
feels

like
w
e
sh
ou

ld
b
e
ab

le
to

get
a
con

sta
n
t
d
rift

b
etw

een
n
eig

h
b
orin

g
n
o
d
es.

A
s
sy
n
ch
ron

izer
α
p
ay
s
m
ost

atten
tion

to
th
e
lo
cal

sy
n
ch
ron

iza
tion

,
w
e

take
a
lo
ok

at
a
p
roto

col
in
sp
ired

b
y
th
e
sy
n
ch
ron

izer
α
.
A

p
seu

d
o-co

d
e
rep

re-
sen

tation
fo
r
th
e
clo

ck
sy
n
ch
ron

ization
p
roto

col
α
is

giv
en

in
A
lgorith

m
53.

A
lg
o
rith

m
5
3
C
lo
ck

sy
n
ch
ron

ization
α
(at

n
o
d
e
v
)

1
:
re

p
e
a
t

2
:

se
n
d
logical

tim
e
t
v
to

all
n
eigh

b
ors

3
:

if
R
eceive

logical
tim

e
t
u
,
w
h
ere

t
u
>

t
v ,

from
an

y
n
eig

h
b
or

u
th

e
n

4
:

t
v
:=

t
u

5
:

e
n
d
if

6
:
u
n
til

d
o
n
e

L
e
m
m
a
1
2
.1
3
.
T
h
e
clock

syn
ch
ro
n
iza

tio
n
p
ro
toco

l
α
h
a
s
a
loca

l
skew

o
f
Ω
(n
).

P
roo

f.
L
et

th
e
grap

h
b
e
a
lin

k
ed

list
of

D
n
o
d
es.

W
e
d
en

ote
th
e
n
o
d
es

b
y

v
1 ,v

2 ,...,v
D

from
left

to
righ

t
an

d
th
e
logical

clo
ck

of
n
o
d
e
v
i
b
y
t
i .

A
p
art

from
th
e
left-m

ost
n
o
d
e
v
1
all

h
ard

w
are

clo
ck
s
ru
n
w
ith

sp
eed

1
(rea

l
tim

e).
N
o
d
e
v
1
ru
n
s
at

m
ax

im
u
m

sp
eed

,
i.e.

th
e
tim

e
b
etw

een
tw

o
p
u
lses

is
n
ot

1
b
u
t

1−
ǫ.

A
ssu

m
e
th
at

in
itially

all
m
essage

d
elay

s
are

1.
A
fter

som
e
tim

e,
n
o
d
e
v
1

w
ill

start
to

sp
eed

u
p
v
2 ,

an
d
after

som
e
m
ore

tim
e
v
2
w
ill

sp
eed

u
p
v
3 ,

an
d

so
on

.
A
t
so
m
e
p
oin

t
of

tim
e,

w
e
w
ill

h
ave

a
clo

ck
skew

of
1
b
etw

een
an

y
tw

o
n
eigh

b
ors.

In
p
articu

lar
t
1
=

t
D
+
D

−
1.

N
ow

w
e
start

p
lay

in
g
arou

n
d
w
ith

th
e
m
essage

d
elay

s.
L
et

t
1
=

T
.
F
irst

w
e

set
th
e
d
elay

b
etw

een
th
e
v
1
an

d
v
2
to

0.
N
ow

n
o
d
e
v
2
im

m
ed

iately
ad

ju
sts

its
logical

clo
ck

to
T
.
A
fter

th
is
even

t
(w

h
ich

is
in
stan

tan
eou

s
in

ou
r
m
o
d
el)

w
e
set

th
e
d
elay

b
etw

een
v
2
a
n
d
v
3
to

0
,
w
h
ich

resu
lts

in
v
3
settin

g
its

logical
clo

ck
to

T
as

w
ell.

W
e
p
erform

th
is
su
ccessiv

ely
to

a
ll
p
airs

of
n
o
d
es

u
n
til

v
D
−
2
an

d
v
D
−
1 .

N
ow

n
o
d
e
v
D
−
1
sets

its
logical

clo
ck

to
T
,
w
h
ich

in
d
icates

th
at

th
e
d
iff
eren

ce
b
etw

een
th
e
logical

clo
ck
s
of

v
D
−
1
an

d
v
D

is
T
−

(T
−

(D
−

1))
=

D
−

1.
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R
e
m
a
rk

s:

•
T
h
e
in
tro

d
u
ced

ex
a
m
p
les

m
ay

seem
co
o
ked

-u
p
,
b
u
t
ex
am

p
les

like
th
is

ex
ist

in
all

n
etw

o
rk
s,

a
n
d
fo
r
a
ll
a
lg
orith

m
s.

In
d
eed

,
it

w
as

sh
ow

n
th
at

an
y
n
a
tu
ra
l
clo

ck
sy
n
ch
ro
n
iza

tio
n
alg

o
rith

m
m
u
st

h
ave

a
b
ad

lo
cal

skew
.

In
p
a
rticu

la
r,
a
p
ro
to
co
l
th
a
t
avera

g
es

b
etw

een
all

n
eigh

b
ors

is
even

w
orse

th
a
n

th
e
in
tro

d
u
ced

α
a
lg
o
rith

m
.

T
h
is

a
lgorith

m
h
as

a
clo

ck
skew

of
Ω
(D

2)
in

th
e
lin

ked
list,

at
a
ll
tim

es.

•
R
ecen

tly,
th
ere

w
as

a
lo
t
o
f
p
ro
gress

in
th
is

area,
an

d
it

w
as

sh
ow

n
th
at

th
e
lo
ca
l
clo

ck
skew

is
Θ
(lo

g
D
),
i.e.,

th
ere

is
a
p
roto

col
th
at

ach
ieves

th
is

b
o
u
n
d
,
an

d
th
ere

p
ro
o
f
th
a
t
n
o
a
lg
o
rith

m
can

b
e
b
etter

th
an

th
is
b
ou

n
d
!

•
N
o
te

th
a
t
th
ese

a
re

w
o
rst-ca

se
b
o
u
n
d
s.

In
p
ractice,

clo
ck

d
rift

an
d
m
essage

d
elay

s
m
ay

n
o
t
b
e
th
e
w
o
rst

p
o
ssib

le,
ty
p
ically

th
e
sp
eed

of
h
ard

w
are

clo
ck
s
ch
a
n
g
es

a
t
a
co
m
p
a
ra
tiv

ely
slow

p
a
ce

an
d
th
e
m
essage

tran
sm

ission
tim

es
fo
llow

a
b
en

ig
n
p
ro
b
a
b
ility

d
istrib

u
tion

.
If

w
e
assu

m
e
th
is,

b
etter

p
ro
to
co
ls

d
o
ex
ist.

C
h
a
p
te
r
N
o
te
s

T
h
e
id
ea

b
eh

in
d
sy
n
ch
ro
n
izers

is
q
u
ite

in
tu
itiv

e
a
n
d
as

su
ch
,
sy
n
ch
ron

izers
α
an

d
β
w
ere

im
p
licitly

u
sed

in
vario

u
s
a
sy
n
ch
ro
n
ou

s
a
lgorith

m
s
[G

al76,
C
h
a79,

C
L
85]

b
efore

b
ein

g
p
ro
p
o
sed

a
s
sep

a
ra
te

en
tities.

T
h
e
gen

eral
id
ea

of
ap

p
ly
in
g
sy
n
-

ch
ro
n
izers

to
ru
n
sy
n
ch
ro
n
o
u
s
a
lg
o
rith

m
s
in

a
sy
n
ch
ron

ou
s
n
etw

ork
s
w
as

fi
rst

in
tro

d
u
ced

b
y
A
w
erb

u
ch

[A
w
e8
5a

].
H
is

w
o
rk

a
lso

form
ally

in
tro

d
u
ced

th
e
sy
n
-

ch
ro
n
izers

α
a
n
d
β
,
w
h
erea

s
o
th
er

co
n
stru

ctio
n
s
w
ere

p
resen

ted
in

[A
P
90,

P
U
87].

N
a
tu
ra
lly,

a
s
sy
n
ch
ro
n
izers

are
m
o
tiva

ted
b
y
p
ractical

d
iffi

cu
lties

w
ith

lo
cal

clo
ck
s,

th
ere

a
re

p
len

ty
of

rea
l
life

a
p
p
licatio

n
s.

S
tu
d
ies

regard
in
g
ap

p
lication

s
ca
n
b
e
fo
u
n
d
in
,
e.g

.,
[S
M
8
6
,
A
w
e8
5
b
,
L
T
C
8
9
,
A
P
90,

P
U
87].

S
y
n
ch
ron

izers
in

th
e
p
resen

ce
of

n
etw

o
rk

fa
ilu

res
h
ave

b
een

d
iscu

ssed
in

[A
P
88,

H
S
94].

It
h
a
s
b
een

k
n
ow

n
fo
r
a
lo
n
g
tim

e
th
a
t
th
e
g
lob

al
clo

ck
skew

is
Θ
(D

)
[L
L
84,

S
T
8
7
].

T
h
e
p
ro
b
lem

o
f
sy
n
ch
ro
n
izin

g
th
e
clo

ck
s
of

n
earb

y
n
o
d
es

w
as

in
tro-

d
u
ced

b
y
F
an

a
n
d
L
y
n
ch

in
[L
F
0
4
];

th
ey

p
roved

a
su
rp
risin

g
low

er
b
ou

n
d
of

Ω
(lo

g
D
/
lo
g
lo
g
D
)
fo
r
th
e
lo
cal

skew
.

T
h
e
fi
rst

algorith
m

p
rov

id
in
g
a
n
on

-
triv

ial
lo
ca
l
skew

o
fO

( √
D
)
w
a
s
g
iven

in
[L
W

0
6
].

L
ater,

m
atch

in
g
u
p
p
er

an
d

low
er

b
o
u
n
d
s
o
f
Θ
(lo

g
D
)
w
ere

g
iven

in
[L
L
W

1
0].

T
h
e
p
rob

lem
h
as

also
b
een

stu
d
ied

in
a
d
y
n
a
m
ic

settin
g
[K

L
O
0
9,

K
L
L
O
10

].
C
lo
ck

sy
n
ch
ron

iza
tio

n
is

a
w
ell-stu

d
ied

p
ro
b
lem

in
p
ractice,

for
in
stan

ce
rega

rd
in
g

th
e
g
lo
b
a
l
clo

ck
skew

in
sen

so
r
n
etw

ork
s,

e.g.
[E
G
E
02,

G
K
S
03,

M
K
S
L
04

,
P
S
J
0
4
].

O
n
e
m
o
re

recen
t
lin

e
o
f
w
o
rk

is
fo
cu

ssin
g
on

th
e
p
rob

lem
o
f
m
in
im

izin
g
th
e
lo
cal

clo
ck

sk
ew

[B
v
R
W

0
7
,
S
W

09,
L
S
W

09
,
F
W

10,
F
Z
T
S
11].

B
ib
lio

g
r
a
p
h
y

[A
P
8
8]

B
a
ru
ch

A
w
erb

u
ch

a
n
d
D
av

id
P
eleg

.
A
d
ap

tin
g
to

A
sy
n
ch
ron

ou
s
D
y
-

n
a
m
ic
N
etw

o
rk
s
w
ith

P
o
ly
lo
g
a
rith

m
ic
O
verh

ead
.
In

2
4
th

A
C
M

S
ym

-
po
siu

m
o
n

F
o
u
n
d
a
tio

n
s
o
f
C
o
m
p
u
ter

S
cien

ce
(F

O
C
S
),

p
ages

206–
2
2
0
,
1
9
8
8
.

B
IB

L
IO

G
R
A
P
H
Y

131

[A
P
90]

B
aru

ch
A
w
erb

u
ch

a
n
d
D
av
id

P
eleg.

N
etw

ork
S
y
n
ch
ron

ization
w
ith

P
oly

logarith
m
ic

O
verh

ead
.
In

P
roceed

in
gs

o
f
th
e
3
1
st

IE
E
E

S
ym

po
-

siu
m

o
n
F
o
u
n
d
a
tio

n
s
o
f
C
o
m
p
u
ter

S
cien

ce
(F

O
C
S
),

1990.

[A
w
e85a]

B
aru

ch
A
w
erb

u
ch
.
C
om

p
lex

ity
of

N
etw

o
rk

S
y
n
ch
ron

ization
.
J
o
u
rn
a
l

o
f
th
e
A
C
M

(J
A
C
M
),

32(4):80
4–823,

O
ctob

er
198

5.

[A
w
e85b

]
B
aru

ch
A
w
erb

u
ch
.
R
ed

u
cin

g
C
om

p
lex

ities
of

th
e
D
istrib

u
ted

M
ax

-
fl
ow

an
d
B
read

th
-fi
rst-search

A
lgorith

m
s
b
y
M
ean

s
of

N
etw

ork
S
y
n
-

ch
ron

izatio
n
.
N
etw

o
rks,

15:42
5–437,

198
5.

[B
v
R
W

07]
N
icolas

B
u
rri,

P
ascal

von
R
icken

b
ach

,
an

d
R
o
ger

W
atten

h
ofer.

D
ozer:

U
ltra-L

ow
P
ow

er
D
ata

G
ath

erin
g
in

S
en

sor
N
etw

o
rk
s.

In
In
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
In
fo
rm

a
tio

n
P
rocessin

g
in

S
en

so
r
N
et-

w
o
rks

(IP
S
N
),

C
a
m
brid

ge,
M
a
ssa

ch
u
setts,

U
S
A
,
A
p
ril

2007
.

[C
h
a79]

E
.J
.H

.
C
h
a
n
g.

D
ecen

tra
lized

A
lgo

rith
m
s
in

D
istribu

ted
S
ystem

s.
P
h
D

th
esis,

U
n
iv
ersity

of
T
oron

to,
1979.

[C
L
85]

K
.
M
an

i
C
h
an

d
y
an

d
L
eslie

L
am

p
ort.

D
istrib

u
ted

S
n
ap

sh
ots:

D
e-

term
in
in
g
G
lob

al
S
tates

of
D
istrib

u
ted

S
y
stem

s.
A
C
M

T
ra
n
sa
ctio

n
s

o
n
C
o
m
p
u
ter

S
ystem

s,
1:63–7

5,
1985.

[E
G
E
02]

J
erem

y
E
lson

,
L
ew

is
G
iro

d
,
an

d
D
eb

orah
E
strin

.
F
in
e-grain

ed
N
etw

ork
T
im

e
S
y
n
ch
ron

izatio
n
U
sin

g
R
eferen

ce
B
road

casts.
A
C
M

S
IG

O
P
S
O
pera

tin
g
S
ystem

s
R
eview

,
36:147–163,

2002.

[F
W

10]
R
olan

d
F
lu
ry

an
d

R
oger

W
a
tten

h
ofer.

S
lotted

P
rogram

m
in
g
for

S
en

sor
N
etw

ork
s.

In
In
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
In
fo
rm

a
tio

n
P
ro
-

cessin
g
in

S
en

so
r
N
etw

o
rks

(IP
S
N
),

S
tockh

o
lm

,
S
w
ed
en

,
A
p
ril

2010.

[F
Z
T
S
11]

F
ed

erico
F
errari,

M
a
rco

Z
im

m
erlin

g,
L
oth

ar
T
h
iele,

an
d
O
lg
a
S
au

k
h
.

E
ffi
cien

t
N
etw

ork
F
lo
o
d
in
g
an

d
T
im

e
S
y
n
ch
ron

ization
w
ith

G
lossy

.
In

P
roceed

in
gs

o
f
th
e
1
0
th

In
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
In
fo
rm

a
tio

n
P
rocessin

g
in

S
en

so
r
N
etw

o
rks

(IP
S
N
),

p
ages

73–
84,

2011.

[G
al76]

R
ob

ert
G
a
llager.

D
istrib

u
ted

M
in
im

u
m

H
op

A
lgo

rith
m
s.

T
ech

n
ical

rep
ort,

L
a
b
.
for

In
fo
rm

ation
a
n
d
D
ecisio

n
S
y
stem

s,
1976.

[G
K
S
03]

S
au

rab
h
G
an

eriw
al,

R
am

K
u
m
ar,

an
d
M
an

i
B
.
S
rivastava.

T
im

in
g-

sy
n
c
P
roto

col
for

S
en

sor
N
etw

ork
s.
In

P
roceed

in
gs

o
f
th
e
1
st

in
tern

a
-

tio
n
a
l
co
n
feren

ce
o
n
E
m
bed

d
ed

N
etw

o
rked

S
en

so
r
S
ystem

s
(S
en

S
ys),

2
003.

[H
S
94]

M
.
H
arrin

gton
an

d
A
.
K
.
S
om

an
i.

S
y
n
ch
ron

izin
g
H
y
p
ercu

b
e
N
et-

w
ork

s
in

th
e
P
resen

ce
of

F
au

lts.
IE

E
E

T
ra
n
sa
ctio

n
s
o
n
C
o
m
p
u
ters,

4
3(10):117

5–1183,
1
994.

[K
L
L
O
10]

F
ab

ian
K
u
h
n
,
C
h
ristop

h
L
en

zen
,
T
h
om

as
L
o
ch
er,

an
d
R
otem

O
sh
-

m
an

.
O
p
tim

al
G
ra
d
ien

t
C
lo
ck

S
y
n
ch
ron

ization
in

D
y
n
am

ic
N
et-

w
ork

s.
In

2
9
th

S
ym

po
siu

m
o
n
P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

Z
u
rich

,
S
w
itzerla

n
d
,
J
u
ly

201
0.
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[K
L
O
0
9
]
F
a
b
ian

K
u
h
n
,
T
h
o
m
a
s
L
o
ch
er,

a
n
d
R
o
tem

O
sh
m
an

.
G
rad

ien
t
C
lo
ck

S
y
n
ch
ro
n
iza

tio
n

in
D
y
n
a
m
ic

N
etw

o
rk
s.

In
2
1
st

A
C
M

S
ym

po
siu

m
o
n

P
a
ra
llelism

in
A
lgo

rith
m
s
a
n
d
A
rch

itectu
res

(S
P
A
A
),

C
a
lga

ry,
C
a
n
a
d
a
,
A
u
gu

st
20

0
9
.

[L
F
0
4]

N
a
n
cy

L
y
n
ch

a
n
d

R
u
i
F
a
n
.

G
ra
d
ien

t
C
lo
ck

S
y
n
ch
ron

ization
.

In
P
roceed

in
gs

o
f
th
e
2
3
rd

A
n
n
u
a
l
A
C
M

S
ym

po
siu

m
o
n
P
rin

cip
les

o
f

D
istribu

ted
C
o
m
p
u
tin

g
(P

O
D
C
),

2
0
0
4
.

[L
L
8
4
]
J
en

n
ifer

L
u
n
d
eliu

s
a
n
d
N
a
n
cy

L
y
n
ch
.
A
n
U
p
p
er

an
d
L
ow

er
B
ou

n
d

fo
r
C
lo
ck

S
y
n
ch
ro
n
iza

tio
n
.

In
fo
rm

a
tio

n
a
n
d
C
o
n
tro

l,
62:190–204,

19
8
4
.

[L
L
W

1
0]

C
h
risto

p
h
L
en

zen
,
T
h
om

a
s
L
o
ch
er,

a
n
d
R
oger

W
atten

h
ofer.

T
igh

t
B
o
u
n
d
s
fo
r
C
lo
ck

S
y
n
ch
ro
n
izatio

n
.
In

J
o
u
rn
a
l
o
f
th
e
A
C
M
,
V
o
lu
m
e

5
7
,
N
u
m
ber

2
,
J
a
n
u
a
ry

2
01

0
.

[L
S
W

0
9]

C
h
risto

p
h
L
en

zen
,
P
h
ilip

p
S
o
m
m
er,

an
d
R
oger

W
atten

h
ofer.

O
p
-

tim
a
l
C
lo
ck

S
y
n
ch
ro
n
iza

tio
n
in

N
etw

ork
s.

In
7
th

A
C
M

C
o
n
feren

ce
o
n
E
m
bed

d
ed

N
etw

o
rked

S
en

so
r
S
ystem

s
(S
en

S
ys),

B
erkeley,

C
a
li-

fo
rn
ia
,
U
S
A
,
N
ovem

b
er

2
0
0
9
.

[L
T
C
8
9
]
K
.
B
.
L
ak

sh
m
a
n
a
n
,
K
.
T
h
u
la
sira

m
a
n
,
an

d
M
.
A
.
C
om

eau
.
A
n
E
f-

fi
cien

t
D
istrib

u
ted

P
ro
to
co
l
fo
r
F
in
d
in
g
S
h
ortest

P
ath

s
in

N
etw

ork
s

w
ith

N
ega

tive
W
eig

h
ts.

IE
E
E
T
ra
n
s.

S
o
ftw

.
E
n
g.,

15:639–644,
1989.

[L
W

0
6
]
T
h
o
m
a
s
L
o
ch
er

a
n
d
R
o
g
er

W
a
tten

h
o
fer.

O
b
liv

iou
s
G
rad

ien
t
C
lo
ck

S
y
n
ch
ron

iza
tio

n
.

In
2
0
th

In
tern

a
tio

n
a
l
S
ym

po
siu

m
o
n

D
istribu

ted
C
o
m
p
u
tin

g
(D

IS
C
),

S
tockh

o
lm

,
S
w
ed
en

,
S
ep

tem
b
er

2006.

[M
K
S
L
0
4
]
M
ik
ló
s
M
a
ró
ti,

B
ra
n
islav

K
u
sy,

G
y
u
la

S
im

on
,
an

d
Á
kos

L
éd

eczi.
T
h
e

F
lo
o
d
in
g
T
im

e
S
y
n
ch
ro
n
ization

P
ro
to
col.

In
P
roceed

in
gs

o
f
th
e
2
n
d

in
tern

a
tio

n
a
l
C
o
n
feren

ce
o
n
E
m
bed

d
ed

N
etw

o
rked

S
en

so
r
S
ystem

s,
S
en

S
y
s
’0
4
,
20

0
4
.

[P
S
J
0
4
]
S
a
n
ta
sh
il
P
a
lC

h
a
u
d
h
u
ri,

A
m
it
K
u
m
a
r
S
ah

a,
an

d
D
av
id

B
.
J
oh

n
son

.
A
d
a
p
tive

C
lo
ck

S
y
n
ch
ro
n
iza

tion
in

S
en

sor
N
etw

ork
s.

In
P
roceed

in
gs

o
f
th
e
3
rd

In
tern

a
tio

n
a
l
S
ym

po
siu

m
o
n

In
fo
rm

a
tio

n
P
rocessin

g
in

S
en

so
r
N
etw

o
rks,

IP
S
N

’0
4
,
2
0
0
4
.

[P
U
8
7
]
D
av
id

P
eleg

a
n
d
J
eff

rey
D
.
U
llm

a
n
.
A
n
O
p
tim

al
S
y
n
ch
ron

izer
for

th
e
H
y
p
ercu

b
e.

In
P
roceed

in
gs

o
f
th
e
sixth

a
n
n
u
a
l
A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g,
P
O
D
C

’87,
p
ages

77–85,
1
9
87

.

[S
M
8
6]

B
a
ru
ch

S
h
ieb

er
a
n
d
S
h
lo
m
o
M
o
ra
n
.
S
low

in
g
S
eq
u
en
tial

A
lgorith

m
s

fo
r
O
b
ta
in
in
g
F
a
st

D
istrib

u
ted

a
n
d
P
arallel

A
lgorith

m
s:

M
ax

im
u
m

M
a
tch

in
g
s.

In
P
roceed

in
gs

o
f
th
e
fi
fth

a
n
n
u
a
l
A
C
M

S
ym

po
siu

m
o
n

P
rin

cip
les

o
f
D
istribu

ted
C
o
m
p
u
tin

g,
P
O
D
C

’86,
p
ages

282–292,
1
9
86

.

[S
T
8
7]

T
.
K
.
S
rika

n
th

a
n
d
S
.
T
o
u
eg
.
O
p
tim

a
l
C
lo
ck

S
y
n
ch
ron

ization
.
J
o
u
r-

n
a
l
o
f
th
e
A
C
M
,
34

:6
2
6
–
6
4
5
,
1
9
8
7
.

B
IB

L
IO

G
R
A
P
H
Y

133

[S
W

09]
P
h
ilip

p
S
o
m
m
er

an
d
R
oger

W
atten

h
ofer.

G
rad

ien
t
C
lo
ck

S
y
n
ch
ro-

n
ization

in
W

ireless
S
en

sor
N
etw

ork
s.

In
8
th

A
C
M
/
IE

E
E

In
ter-

n
a
tio

n
a
l
C
o
n
feren

ce
o
n
In
fo
rm

a
tio

n
P
rocessin

g
in

S
en

so
r
N
etw

o
rks

(IP
S
N
),

S
a
n
F
ra
n
cisco

,
U
S
A
,
A
p
ril

200
9.
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C
H
A
P
T
E
R

1
2
.

S
Y
N
C
H
R
O
N
IZ
A
T
IO

N

C
h
a
p
te
r
1
3

P
e
e
r
-to

-P
e
e
r
C
o
m
p
u
tin

g

“
In
d
eed

,
I
b
eliev

e
th
at

v
irtu

ally
every

im
p
ortan

t
a
sp
ect

of
p
rogra

m
m
in
g
arises

som
ew

h
ere

in
th
e
con

tex
t
of

[sortin
g
an

d
]
sea

rch
in
g!”

–
D
on

ald
E
.
K
n
u
th
,
T
h
e
A
rt

of
C
om

p
u
ter

P
rogram

m
in
g

1
3
.1

In
tr
o
d
u
c
tio

n

U
n
fortu

n
ately,

th
e
term

peer-to
-peer

(P
2
P
)
is

am
b
igu

ou
s,

u
sed

in
a
variety

of
d
iff
eren

t
con

tex
ts,

su
ch

as:

•
In

p
op

u
lar

m
ed

ia
coverage,

P
2P

is
o
ften

sy
n
on

y
m
ou

s
to

softw
are

o
r
p
roto-

cols
th
at

allow
u
sers

to
“sh

are”
fi
les,

often
of

d
u
b
iou

s
o
rigin

.
In

th
e
early

d
ay
s,

P
2P

u
sers

m
ostly

sh
ared

m
u
sic,

p
ictu

res,
an

d
so
ftw

are;
n
ow

ad
ay
s

b
o
ok

s,
m
ov
ies

o
r
tv

sh
ow

s
h
ave

cau
gh

t
on

.
P
2P

fi
le

sh
a
rin

g
is

im
m
en

sely
p
op

u
la
r,

cu
rren

tly
at

least
h
alf

of
th
e
total

In
tern

et
tra

ffi
c
is

d
u
e
to

P
2P

!

•
In

aca
d
em

ia,
th
e
term

P
2
P

is
u
sed

m
ostly

in
tw

o
w
ay
s.

A
n
arrow

v
iew

essen
tially

d
efi

n
es

P
2P

as
th
e
“th

eo
ry

b
eh

in
d
fi
le

sh
arin

g
p
roto

cols”.
In

oth
er

w
ord

s,
h
ow

d
o
In
tern

et
h
osts

n
eed

to
b
e
organ

ized
in

ord
er

to
d
eliver

a
search

en
gin

e
to

fi
n
d
(fi
le

sh
arin

g
)
con

ten
t
effi

cien
tly

?
A

p
op

u
lar

term
is

“d
istrib

u
ted

h
ash

tab
le”

(D
H
T
),

a
d
istrib

u
ted

d
ata

stru
ctu

re
th
at

im
-

p
lem

en
ts

su
ch

a
con

ten
t
search

en
g
in
e.

A
D
H
T

sh
ou

ld
su
p
p
ort

a
t
least

a
search

(for
a
key

)
an

d
an

in
sert

(key,
ob

ject)
o
p
eration

.
A

D
H
T

h
as

m
an

y
ap

p
lication

s
b
eyon

d
fi
le

sh
arin

g,
e.g.,

th
e
In
tern

et
d
om

ain
n
am

e
sy
stem

(D
N
S
).

•
A

b
ro
ad

er
v
iew

gen
eralizes

P
2P

b
ey
on

d
fi
le

sh
arin

g:
In
d
eed

,
th
ere

is
a

grow
in
g
n
u
m
b
er

of
ap

p
lication

s
op

eratin
g
ou

tsid
e
th
e
ju
rid

ical
gray

area,
e.g.,

P
2P

In
tern

et
telep

h
o
n
y
à
la

S
k
y
p
e,

P
2P

m
ass

p
lay

er
gam

es
on

v
id
eo

con
soles

con
n
ected

to
th
e
In
tern

et,
P
2P

live
v
id
eo

strea
m
in
g
as

in
Z
atto

o
or

S
tream

F
orge,

or
P
2P

so
cial

stora
ge

su
ch

a
s
W
u
ala.

S
o,

again
,
w
h
at

is
P
2P

?!
S
till

n
ot

an
easy

q
u
estion

...
T
ry
in
g
to

acco
u
n
t
fo
r
th
e
n
ew

ap
p
lica-

tion
s
b
ey
on

d
fi
le
sh
arin

g,
o
n
e
m
igh

t
d
efi

n
e
P
2P

as
a
larg

e-scale
d
istrib

u
ted

sy
stem

th
at

op
erates

w
ith

ou
t
a
cen

tral
server

b
ottlen

eck
.
H
ow

ever,
w
ith

135
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C
H
A
P
T
E
R

1
3
.

P
E
E
R
-T

O
-P

E
E
R

C
O
M
P
U
T
IN

G

th
is

d
efi

n
itio

n
a
lm

o
st

every
th
in
g
w
e
lea

rn
in

th
is

cou
rse

is
P
2P

!
M
ore-

over,
acco

rd
in
g
to

th
is

d
efi

n
itio

n
early

-d
ay

fi
le

sh
arin

g
ap

p
lication

s
su
ch

a
s
N
a
p
ster

(1
9
9
9
)
th
a
t
essen

tia
lly

m
a
d
e
th
e
term

P
2P

p
op

u
lar

w
ou

ld
n
ot

b
e
P
2
P
!
O
n
th
e
o
th
er

h
a
n
d
,
th
e
p
la
in

o
ld

telep
h
on

e
sy
stem

or
th
e
w
orld

w
id
e
w
eb

d
o
fi
t
th
e
P
2
P

d
efi

n
itio

n
...

•
F
ro
m

a
d
iff
eren

t
v
iew

p
o
in
t,

th
e
term

P
2
P

m
ay

also
b
e
sy
n
on

y
m
ou

s
for

p
riva

cy
p
rotectio

n
,
a
s
va
rio

u
s
P
2
P
sy
stem

s
su
ch

as
F
reen

et
allow

p
u
b
lish

-
ers

of
in
fo
rm

a
tion

to
rem

ain
a
n
on

y
m
ou

s
a
n
d
u
n
cen

sored
.
(S
tu
d
ies

sh
ow

th
a
t
th
ese

freed
o
m
-o
f-sp

eech
P
2P

n
etw

o
rk
s
d
o
n
ot

featu
re

a
lot

of
con

ten
t

ag
a
in
st

o
p
p
ressiv

e
g
overn

m
en
ts;

in
d
eed

th
e
m
a
jority

of
tex

t
d
o
cu

m
en
ts

seem
to

b
e
a
b
o
u
t
illicit

d
ru
g
s,

n
o
t
to

sp
ea
k
ab

ou
t
th
e
ty
p
e
of

con
ten

t
in

a
u
d
io

o
r
v
id
eo

fi
les.)

In
o
th
er

w
o
rd
s,
w
e
can

n
o
t
h
o
p
e
fo
r
a
sin

g
le

w
ell-fi

ttin
g
d
efi

n
ition

of
P
2P

,
as

som
e
of

th
em

even
co
n
tra

d
ict.

In
th
e
follow

in
g
w
e
m
ostly

em
p
loy

th
e
acad

em
ic

v
iew

p
o
in
ts

(seco
n
d
a
n
d
th
ird

d
efi

n
itio

n
a
b
ove).

In
th
is

con
tex

t,
it

is
gen

erally
b
elieved

th
a
t
P
2
P
w
ill

h
ave

a
n
in
fl
u
en

ce
o
n
th
e
fu
tu
re

of
th
e
In
tern

et.
T
h
e
P
2P

p
a
ra
d
igm

p
ro
m
ises

to
g
ive

b
etter

sca
la
b
ility,

availab
ility,

reliab
ility,

fairn
ess,

in
cen

tives,
p
riva

cy,
a
n
d
secu

rity,
ju
st

a
b
o
u
t
every

th
in
g
research

ers
ex
p
ect

from
a
fu
tu
re

In
tern

et
a
rch

itectu
re.

A
s
su
ch

it
is
n
o
t
su
rp
risin

g
th
at

n
ew

“clean
slate”

In
tern

et
a
rch

itectu
re

p
rop

osa
ls

o
ften

rev
olve

aro
u
n
d
P
2P

con
cep

ts.
O
n
e
m
ig
h
t
n
a
ively

assu
m
e
th
a
t
fo
r
in
sta

n
ce

scalab
ility

is
n
ot

an
issu

e
in

to
d
ay
’s
In
tern

et,
a
s
even

m
o
st

p
o
p
u
la
r
w
eb

p
a
g
es

are
gen

erally
h
igh

ly
availab

le.
H
ow

ever,
th
is

is
n
o
t
rea

lly
b
eca

u
se

o
f
o
u
r
w
ell-d

esign
ed

In
tern

et
arch

itectu
re,

b
u
t
ra
th
er

d
u
e
to

th
e
h
elp

o
f
so
-ca

lled
overlay

n
etw

ork
s:

T
h
e
G
o
ogle

w
eb

site
for

in
stan

ce
m
a
n
a
g
es

to
resp

o
n
d
so

relia
b
ly

a
n
d
q
u
ick

ly
b
ecau

se
G
o
ogle

m
ain

tain
s
a

la
rg
e
d
istrib

u
ted

in
fra

stru
ctu

re,
essen

tia
lly

a
P
2
P

sy
stem

.
S
im

ilarly
com

p
an

ies
like

A
ka
m
a
i
sell

“
P
2
P

fu
n
ctio

n
a
lity

”
to

th
eir

cu
stom

ers
to

m
ake

to
d
ay
’s

u
ser

ex
p
erien

ce
p
o
ssib

le
in

th
e
fi
rst

p
la
ce.

Q
u
ite

p
o
ssib

ly
to
d
ay
’s

P
2P

ap
p
lication

s
a
re

ju
st

testb
ed

s
for

to
m
o
rrow

’s
In
tern

et
a
rch

itectu
re.

1
3
.2

A
r
c
h
ite

c
tu

r
e
V
a
r
ia
n
ts

S
evera

l
P
2P

a
rch

itectu
res

a
re

k
n
ow

n
:

•
C
lien

t/
S
erver

g
o
es

P
2
P
:
E
ven

th
o
u
g
h
N
a
p
ster

is
k
n
ow

n
to

th
e
b
e
fi
rst

P
2P

sy
stem

(1
9
99

),
b
y
to
d
ay
’s
stan

d
a
rd
s
its

a
rch

itectu
re

w
ou

ld
n
ot

d
eserve

th
e

la
b
el
P
2
P
a
n
y
m
o
re.

N
a
p
ster

clien
ts

accessed
a
cen

tral
serv

er
th
at

m
an

aged
a
ll
th
e
in
fo
rm

a
tio

n
o
f
th
e
sh
a
red

fi
les,

i.e.,
w
h
ich

fi
le

w
as

to
b
e
fou

n
d
on

w
h
ich

clien
t.

O
n
ly

th
e
d
ow

n
lo
a
d
in
g
p
ro
cess

itself
w
as

b
etw

een
clien

ts
(“p

eers”
)
d
irectly,

h
en

ce
p
eer-to

-p
eer.

In
th
e
early

d
ay

s
of

N
ap

ster
th
e

lo
a
d
o
f
th
e
server

w
a
s
relativ

ely
sm

a
ll,

so
th
e
sim

p
le

N
ap

ster
arch

itectu
re

m
a
d
e
a
lo
t
o
f
sen

se.
L
a
ter

o
n
,
it

b
eca

m
e
clear

th
at

th
e
server

w
ou

ld
even

tu
a
lly

b
e
a
b
o
ttlen

eck
,
a
n
d
m
o
re

so
a
n
attractive

target
for

an
attack

.
In
d
eed

,
even

tu
a
lly

a
ju
d
g
e
ru
led

th
e
server

to
b
e
sh
u
t
d
ow

n
,
in

oth
er

w
o
rd
s,

h
e
co
n
d
u
cted

a
ju
rid

ica
l
d
en

ia
l
o
f
serv

ice
attack

.

•
U
n
stru

ctu
red

P
2
P
:
T
h
e
G
n
u
tella

p
roto

co
l
is

th
e
an

ti-th
esis

of
N
ap

ster,
a
s
it

is
a
fu
lly

d
ecen

tra
lized

sy
stem

,
w
ith

n
o
sin

gle
en
tity

h
av
in
g
a
glob

al
p
ictu

re.
In
stea

d
ea
ch

p
eer

w
o
u
ld

co
n
n
ect

to
a
ran

d
om

sam
p
le

of
oth

er

1
3
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p
eers,

con
stan

tly
ch
an

gin
g
th
e
n
eig

h
b
ors

of
th
is

v
irtu

a
l
overlay

n
etw

ork
b
y
ex
ch
an

gin
g
n
eigh

b
ors

w
ith

n
eigh

b
ors

of
n
eigh

b
ors.

(In
su
ch

a
sy
stem

it
is

p
art

of
th
e
ch
allen

ge
to

fi
n
d
a
d
ecen

tralized
w
ay

to
even

d
iscover

a
fi
rst

n
eigh

b
or;

th
is

is
k
n
ow

n
as

th
e
b
o
otstrap

p
rob

lem
.
T
o
solve

it,
u
su
-

ally
so
m
e
ran

d
o
m

p
eers

o
f
a
list

of
w
ell-k

n
ow

n
p
eers

are
con

tacted
fi
rst.)

W
h
en

search
in
g
for

a
fi
le,

th
e
req

u
est

w
as

b
ein

g
fl
o
o
d
ed

in
th
e
n
etw

ork
(A

lgorith
m

11
in

C
h
ap

ter
3).

In
d
eed

,
sin

ce
u
sers

often
tu
rn

off
th
eir

clien
t

on
ce

th
ey

d
ow

n
load

ed
th
eir

con
ten

t
th
ere

u
su
ally

is
a
lot

of
ch
u
rn

(p
eers

join
in
g
an

d
leav

in
g
at

h
ig
h
rates)

in
a
P
2P

sy
stem

,
so

selectin
g
th
e
righ

t
“ran

d
o
m
”
n
eigh

b
ors

is
an

in
terestin

g
research

p
rob

lem
b
y
itself.

H
ow

ever,
u
n
stru

ctu
red

P
2
P

arch
itectu

res
su
ch

as
G
n
u
tella

h
ave

a
m
a
jor

d
isad

van
-

tage,
n
am

ely
th
at

each
search

w
ill

cost
m

m
essages,

m
b
ein

g
th
e
n
u
m
b
er

of
v
irtu

al
ed

ges
in

th
e
arch

itectu
re.

In
oth

er
w
ord

s,
su
ch

an
u
n
stru

ctu
red

P
2P

a
rch

itectu
re

w
ill

n
ot

scale.

•
H
y
b
rid

P
2P

:
T
h
e
sy
n
th
esis

of
clien

t/server
arch

itectu
res

su
ch

as
N
ap

ster
an

d
u
n
stru

ctu
red

arch
itectu

res
su
ch

as
G
n
u
tella

are
h
y
b
rid

arch
itectu

res.
S
om

e
p
ow

erfu
l
p
eers

are
p
rom

oted
to

so-called
su
p
erp

eers
(or,

sim
ilarly,

trackers).
T
h
e
set

of
su
p
erp

eers
m
ay

ch
an

ge
ov
er

tim
e,

an
d
tak

in
g
d
ow

n
a
fraction

of
su
p
erp

eers
w
ill

n
ot

h
arm

th
e
sy
stem

.
S
earch

req
u
ests

are
h
an

d
led

on
th
e
su
p
erp

eer
level,

resu
ltin

g
in

m
u
ch

less
m
essages

th
an

in
fl
at/h

o
m
ogen

eou
s
u
n
stru

ctu
red

sy
stem

s.
E
ssen

tially
th
e
su
p
erp

eers
to-

geth
er

p
rov

id
e
a
m
ore

fa
u
lt-tolera

n
t
version

of
th
e
N
ap

ster
server,

all
regu

la
r
p
eers

co
n
n
ect

to
a
su
p
erp

eer.
A
s
o
f
to
d
ay,

a
lm

ost
all

p
op

u
lar

P
2P

sy
stem

s
h
ave

su
ch

a
h
y
b
rid

arch
itectu

re,
carefu

lly
trad

in
g
off

relia-
b
ility

an
d
effi

cien
cy,

b
u
t
essen

tially
n
ot

u
sin

g
an

y
fan

cy
algorith

m
s
an

d
tech

n
iq
u
es.

•
S
tru

ctu
red

P
2P

:
In
sp
ired

b
y
th
e
ea
rly

su
ccess

of
N
ap

ster,
th
e
a
cad

em
ic

w
orld

started
to

lo
ok

in
to

th
e
q
u
estion

of
effi

cien
t
fi
le

sh
arin

g.
T
h
e
p
ro-

p
osal

of
h
y
p
ercu

b
ic

arch
itectu

res
lead

to
m
a
n
y
so-called

stru
ctu

red
P
2P

arch
itectu

re
p
ro
p
osals,

su
ch

as
C
h
ord

,
C
A
N
,
P
astry,

T
ap

estry,
V
iceroy,

K
ad

em
lia,

K
o
ord

e,
S
k
ip
G
rap

h
,
S
k
ip
N
et,

etc.
In

p
ractice

stru
ctu

red
P
2P

arch
itectu

res
are

n
ot

yet
p
op

u
lar,

ap
art

from
th
e
K
ad

(from
K
a
d
em

lia)
arch

itectu
re

w
h
ich

com
es

for
free

w
ith

th
e
eM

u
le

clien
t.

1
3
.3

H
y
p
e
r
c
u
b
ic

N
e
tw

o
r
k
s

In
th
is

section
w
e
w
ill

in
tro

d
u
ce

som
e
p
op

u
lar

fam
ilies

of
n
etw

ork
to
p
ologies.

T
h
ese

top
ologies

are
u
sed

in
cou

n
tless

ap
p
lication

d
om

ain
s,
e.g.,

in
classic

p
aral-

lel
com

p
u
ters

or
telecom

m
u
n
ica

tion
n
etw

ork
s,

or
m
ore

recen
tly

(as
said

ab
ove)

in
P
2P

com
p
u
tin

g.
S
im

ilarly
to

C
h
ap

ter
4
w
e
em

p
loy

an
A
ll-to-A

ll
co
m
m
u
n
i-

cation
m
o
d
el,

i.e.,
each

n
o
d
e
can

set
u
p
d
irect

com
m
u
n
ication

lin
k
s
to

a
rb
itrary

oth
er

n
o
d
es.

S
u
ch

a
v
irtu

al
n
etw

ork
is

called
an

o
verla

y
n
etw

o
rk,

o
r
in

th
is

con
tex

t,
P
2
P

arch
itectu

re.
In

th
is

sectio
n
w
e
p
resen

t
a
few

overlay
to
p
ologies

of
gen

eral
in
terest.

T
h
e
m
ost

b
asic

n
etw

ork
top

ologies
u
sed

in
p
ractice

are
trees,

rin
gs,

grid
s
or

tori.
M
an

y
oth

er
su
gg

ested
n
etw

ork
s
are

sim
p
ly

co
m
b
in
ation

s
or

d
erivatives

of
th
ese.

T
h
e
a
d
van

tage
of

trees
is
th
at

th
e
rou

tin
g
is
very

easy
:
for

every
sou

rce-
d
estin

ation
p
air

th
ere

is
on

ly
on

e
p
ossib

le
sim

p
le

p
a
th
.
H
ow

ever,
sin

ce
th
e
ro
ot
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G

o
f
a
tree

is
u
su
a
lly

a
sev

ere
b
o
ttlen

eck
,
so
-called

fa
t
trees

h
ave

b
een

u
sed

.
T
h
ese

trees
h
av
e
th
e
p
rop

erty
th
a
t
every

ed
g
e
con

n
ectin

g
a
n
o
d
e
v
to

its
p
aren

t
u
h
as

a
ca
p
a
city

th
a
t
is
eq
u
a
l
to

a
ll
leaves

of
th
e
su
b
tree

rou
ted

at
v
.
S
ee

F
igu

re
13.1

fo
r
a
n
ex
a
m
p
le.

2

1

4

F
ig
u
re

1
3.1

:
T
h
e
stru

ctu
re

o
f
a
fat

tree.

R
e
m
a
rk

s:

•
F
a
t
trees

b
elo

n
g
to

a
fa
m
ily

o
f
n
etw

ork
s
th
a
t
req

u
ire

ed
ges

of
n
on

-u
n
iform

ca
p
a
city

to
b
e
effi

cien
t.

E
a
sier

to
b
u
ild

a
re

n
etw

ork
s
w
ith

ed
ges

of
u
n
iform

ca
p
acity.

T
h
is

is
u
su
ally

th
e
ca
se

for
g
rid

s
an

d
tori.

U
n
less

ex
p
licitly

m
en
tio

n
ed

,
w
e
w
ill

trea
t
a
ll
ed

g
es

in
th
e
fo
llow

in
g
to

b
e
of

cap
acity

1.
In

th
e
fo
llow

in
g
,
[x
]
m
ea
n
s
th
e
set{

0,...,x
−

1}.

D
e
fi
n
itio

n
1
3
.1

(T
o
ru
s,

M
esh

).
L
et

m
,d

∈
N
.
T
h
e
(m

,d
)-m

esh
M

(m
,d
)
is

a
gra

p
h
w
ith

n
od
e
set

V
=

[m
] d

a
n
d
ed
ge

set

E
=

{

{(a
1 ,...,a

d ),(b
1 ,...,b

d )}
|
a
i ,b

i ∈
[m

],

d
∑i=

1 |a
i −

b
i |
=

1

}

.

T
h
e
(m

,d
)-to

ru
s
T
(m

,d
)
is

a
gra

p
h
th
a
t
co
n
sists

o
f
a
n
(m

,d
)-m

esh
a
n
d
a
d
d
i-

tio
n
a
lly

w
ra
p
-a
ro
u
n
d
ed
ges

fro
m

n
od
es

(a
1 ,...,a

i−
1 ,m

,a
i+

1 ,...,a
d )

to
n
od
es

(a
1 ,...,a

i−
1 ,1,a

i+
1 ,...,a

d )
fo
r
a
ll
i∈

{
1,...,d}

a
n
d
a
ll
a
j ∈

[m
]
w
ith

j
6=

i.
In

o
th
er

w
o
rd
s,

w
e
ta
ke

th
e
exp

ressio
n
a
i −

b
i
in

th
e
su
m

m
od
u
lo

m
p
rio

r
to

co
m
-

p
u
tin

g
th
e
a
bso

lu
te

va
lu
e.

M
(m

,1
)
is

a
lso

ca
lled

a
lin

e,
T
(m

,1)
a
cy
cle,

a
n
d

M
(2
,d
)
=

T
(2
,d
)
a
d
-d
im

en
sio

n
a
l
h
y
p
ercu

b
e.

F
igu

re
1
3
.2

p
resen

ts
a
lin

ea
r

a
rra

y,
a
to
ru
s,

a
n
d
a
h
ypercu

be.

R
e
m
a
rk

s:

•
R
o
u
tin

g
o
n

m
esh

,
to
ru
s,

a
n
d

h
y
p
ercu

b
e
is

triv
ial.

O
n

a
d
-d
im

en
sion

al
h
y
p
ercu

b
e,

to
g
et

fro
m

a
so
u
rce

b
itstrin

g
s
to

a
target

b
itstrin

g
d
on

e
on

ly
n
eed

s
to

fi
x
ea
ch

“
w
ro
n
g
”
b
it,

on
e
a
t
a
tim

e;
in

oth
er

w
ord

s,
if
th
e
sou

rce
an

d
th
e
ta
rg
et

d
iff
er

b
y
k
b
its,

th
ere

a
re

k
!
rou

tes
w
ith

k
h
op

s.

1
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0
1
1

0
1
0

1
1
0

1
0
0

0
0
0

0
0
1

1
0
1

1
1
1

M
(2
,3
)

0
1

2

M
(

,1
)

m

−
1

m

0
1

0
2

0
0

1
0

1
1

1
2

0
3

2
0

2
1

2
2

1
3

3
0

3
1

3
2

2
3

3
3

(4
,2
)

T

F
ig
u
re

13.2:
T
h
e
stru

ctu
re

of
M

(m
,1),

T
(4,2),

an
d
M

(2,3).

•
T
h
e
h
y
p
ercu

b
e
can

d
irectly

b
e
u
sed

for
a
stru

ctu
red

P
2
P

arch
itectu

re.
It

is
triv

ial
to

con
stru

ct
a
d
istrib

u
ted

h
ash

tab
le

(D
H
T
):

W
e
h
ave

n
n
o
d
es,

n
for

sim
p
licity

b
ein

g
a
p
ow

er
of

2,
i.e.,

n
=

2
d.

A
s
in

th
e
h
y
p
ercu

b
e,

each
n
o
d
e
g
ets

a
u
n
iq
u
e
d
-b
it

ID
,
an

d
each

n
o
d
e
con

n
ects

to
d
oth

er
n
o
d
es,

i.e.,
th
e
n
o
d
es

th
at

h
ave

ID
s
d
iff
erin

g
in

ex
a
ctly

on
e
b
it.

N
ow

w
e
u
se

a
glob

ally
k
n
ow

n
h
ash

fu
n
ction

f
,
m
ap

p
in
g
fi
le

n
am

es
to

lon
g
b
it

strin
gs;

S
H
A
-1

is
p
op

u
la
r
in

p
ractice,

p
rov

id
in
g
160

b
its.

L
et

f
d
d
en

ote
th
e
fi
rst

d
b
its

(p
refi

x
)
of

th
e
b
itstrin

g
p
ro
d
u
ced

b
y
f
.
If

a
n
o
d
e
is

search
in
g
for

fi
le

n
am

e
X
,
it

rou
tes

a
req

u
est

m
essag

e
f
(X

)
to

n
o
d
e
f
d (X

).
C
learly,

n
o
d
e

f
d (X

)
can

on
ly

an
sw

er
th
is
req

u
est

if
all

fi
les

w
ith

h
ash

p
refi

x
f
d (X

)
h
ave

b
een

p
rev

iou
sly

registered
at

n
o
d
e
f
d (X

).

•
T
h
ere

are
a
few

issu
es

w
h
ich

n
eed

to
b
e
ad

d
ressed

b
efore

ou
r
D
H
T

w
ork

s,
in

p
articu

lar
ch
u
rn

(n
o
d
es

join
in
g
an

d
leav

in
g
w
ith

ou
t
n
otice).

T
o
d
eal

w
ith

ch
u
rn

th
e
sy
stem

n
eed

s
som

e
level

of
rep

lication
,
i.e.,

a
n
u
m
b
er

of
n
o
d
es

w
h
ich

are
resp

on
sib

le
for

each
p
refi

x
su
ch

th
at

failu
re

of
som

e
n
o
d
es

w
ill

n
ot

com
p
ro
m
ise

th
e
sy
stem

.
W
e
give

so
m
e
m
ore

d
etails

in
S
ection

13.4.
In

ad
d
itio

n
th
ere

a
re

oth
er

issu
es

(e.g
.,
secu

rity,
effi

cien
cy
)
w
h
ich

can
b
e
ad

d
ressed

to
im

p
rove

th
e
sy
stem

.
T
h
ese

issu
es

are
b
eyon

d
th
e

scop
e
of

th
is

lectu
re.

•
T
h
e
h
y
p
ercu

b
e
h
as

m
an

y
d
erivatives,

th
e
so
-called

h
ypercu

bic
n
etw

o
rks.

A
m
on

g
th
ese

are
th
e
b
u
tterfl

y,
cu

b
e-con

n
ected

-cy
cles,

sh
u
ffl
e-ex

ch
an

ge,
an

d
d
e
B
ru
ijn

g
rap

h
.

W
e
start

w
ith

th
e
b
u
tterfl

y,
w
h
ich

is
b
a
sically

a
“rolled

ou
t”

h
y
p
ercu

b
e
(h
en

ce
d
irectly

p
rov

id
in
g
rep

lication
!).

D
e
fi
n
itio

n
1
3
.2

(B
u
tterfl

y
).

L
et

d
∈

N
.
T
h
e
d
-d
im

en
sion

a
l
b
u
tterfl

y
B
F
(d
)

is
a
gra

p
h
w
ith

n
od
e
set

V
=

[d
+
1]×

[2] d
a
n
d
a
n
ed
ge

set
E

=
E

1 ∪
E

2
w
ith

E
1
=

{{
(i,α

),(i
+
1
,α

)}
|
i∈

[d
],
α
∈
[2] d}

a
n
d

E
2

=
{{

(i,α
),(i

+
1
,β

)}
|
i∈

[d
],
α
,β

∈
[2] d,

α
a
n
d
β
d
iff
er

o
n
ly

a
t
th
e
i
t
h
po
sitio

n}
.

A
n
od
e
set

{(i,α
)
|
α

∈
[2] d}

is
sa
id

to
fo
rm

level
i
o
f
th
e
bu
tterfl

y.
T
h
e

d
-d
im

en
sion

al
w
rap

-a
rou

n
d
b
u
tterfl

y
W
-B

F
(d
)
is

d
efi

n
ed

by
ta
kin

g
th
e
B
F
(d
)

a
n
d
id
en

tifyin
g
level

d
w
ith

level
0
.
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G

R
e
m
a
rk

s:

•
F
ig
u
re

1
3
.3

sh
ow

s
th
e
3
-d
im

en
sio

n
al

b
u
tterfl

y
B
F
(3).

T
h
e
B
F
(d
)
h
as

(d
+
1
)2

d
n
o
d
es,

2d·2
d
ed

ges
a
n
d
d
eg
ree

4
.
It

is
n
ot

d
iffi

cu
lt
to

ch
eck

th
at

com
b
in
in
g
th
e
n
o
d
e
sets{

(i,α
)|

i∈
[d
]}

in
to

a
sin

gle
n
o
d
e
resu

lts
in

th
e

h
y
p
ercu

b
e.

•
B
u
tterfl

ies
h
ave

th
e
a
d
va
n
ta
g
e
o
f
a
co
n
sta

n
t
n
o
d
e
d
egree

over
h
y
p
ercu

b
es,

w
h
ereas

h
y
p
ercu

b
es

fea
tu
re

m
o
re

fa
u
lt-to

leran
t
rou

tin
g.

•
T
h
e
stru

ctu
re

of
a
b
u
tterfl

y
m
ig
h
t
rem

in
d
you

of
sortin

g
n
etw

ork
s
from

C
h
a
p
ter

4
.

A
lth

o
u
g
h

b
u
tterfl

ies
a
re

u
sed

in
th
e

P
2P

con
tex

t
(e.g.

V
iceroy

),
th
ey

h
ave

b
een

u
sed

d
eca

d
es

ea
rlier

for
com

m
u
n
ication

sw
itch

es.
T
h
e
w
ell-k

n
ow

n
B
en

es
n
etw

o
rk

is
n
o
th
in
g
b
u
t
tw

o
b
ack

-to-b
ack

b
u
tter-

fl
ies.

A
n
d
in
d
eed

,
b
u
tterfl

ies
(a
n
d
o
th
er

h
y
p
ercu

b
ic

n
etw

ork
s)

are
ev
en

old
er

th
a
n
th
at;

stu
d
en
ts

fa
m
ilia

r
w
ith

fa
st

fou
rier

tran
sform

(F
F
T
)
w
ill

reco
g
n
ize

th
e
stru

ctu
re

w
ith

o
u
t
d
o
u
b
t.

E
very

year
th
ere

is
a
n
ew

ap
p
lica-

tio
n
fo
r
w
h
ich

a
h
y
p
ercu

b
ic

n
etw

ork
is

th
e
p
erfect

solu
tion

!

•
In
d
eed

,
h
y
p
ercu

b
ic

n
etw

ork
s
are

rela
ted

.
S
in
ce

all
stru

ctu
red

P
2P

arch
i-

tectu
res

a
re

b
a
sed

o
n
h
y
p
ercu

b
ic

n
etw

o
rk
s,

th
ey

in
tu
rn

are
all

related
.

•
N
ex
t
w
e
d
efi

n
e
th
e
cu

b
e-co

n
n
ected

-cy
cles

n
etw

ork
.
It

on
ly

h
as

a
d
egree

o
f
3
a
n
d
it
resu

lts
from

th
e
h
y
p
ercu

b
e
b
y
rep

lacin
g
th
e
corn

ers
b
y
cy
cles.

0
0
0

1
0
0

0
1
0

1
1
0

0
0
1

1
0
1

0
1
1

1
1
1

12 03

F
ig
u
re

1
3
.3:

T
h
e
stru

ctu
re

of
B
F
(3).

D
e
fi
n
itio

n
1
3
.3

(C
u
b
e-C

o
n
n
ected

-C
y
cles).

L
et

d
∈

N
.
T
h
e
cu

b
e-con

n
ected

-
cy
cles

n
etw

o
rk

C
C
C
(d
)
is

a
gra

p
h
w
ith

n
od
e
set

V
=

{(a
,p
)|

a
∈
[2] d,p

∈
[d
]}

a
n
d
ed
ge

set

E
=

{{(a
,p
),(a

,(p
+
1
)
m
o
d
d
)}

|
a
∈
[2] d,p

∈
[d
]
}

∪
{{

(a
,p
),(b,p

)}
|
a
,b∈

[2
] d,p

∈
[d
],a

=
b
ex
cep

t
for

a
p

}

.

1
3
.3
.

H
Y
P
E
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C
U
B
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N
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T
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0
0
0

0
0
1

0
1
0

0
1
1

1
0
0

1
0
1

1
1
0

1
1
1
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(1
1
0
,1
)

(0
1
1
,2
)

(1
0
1
,1
)

(0
0
1
,2
)

(0
0
1
,1
)

(0
0
1
,0
)

(0
0
0
,0
)

(1
0
0
,0
)

(1
0
0
,1
)

(1
0
0
,2
)

(0
0
0
,2
)

(0
0
0
,1
)

(0
1
0
,1
)

(0
1
0
,0
)

(0
1
0
,2
)

(1
1
0
,2
)

(1
1
0
,0
)

(1
1
1
,0
)

(1
1
1
,1
)

(1
1
1
,2
)

(0
1
1
,1
)

(0
1
1
,0
)

(1
0
1
,2
)

(1
0
1
,0
)F
igu

re
13.4

:
T
h
e
stru

ctu
re

of
C
C
C
(3).

R
e
m
a
rk

s:

•
T
w
o
p
ossib

le
rep

resen
tation

s
of

a
C
C
C

can
b
e
fou

n
d
in

F
igu

re
1
3.4.

•
T
h
e
sh
u
ffl
e-ex

ch
an

ge
is

yet
an

oth
er

w
ay

of
tran

sform
in
g
th
e
h
y
p
ercu

b
ic

in
terco

n
n
ection

stru
ctu

re
in
to

a
con

stan
t
d
eg
ree

n
etw

ork
.

D
e
fi
n
itio

n
1
3
.4

(S
h
u
ffl
e-E

x
ch
an

ge).
L
et

d
∈

N
.

T
h
e
d
-d
im

en
sion

al
sh
u
ffl
e-

ex
ch
an

ge
S
E
(d
)
is

d
efi

n
ed

a
s
a
n
u
n
d
irected

gra
p
h
w
ith

n
od
e
set

V
=

[2] d
a
n
d

a
n
ed
ge

set
E

=
E

1 ∪
E

2
w
ith

E
1
=

{{(a
1 ,...,a

d ),(a
1 ,...,ā

d )}
|
(a

1 ,...,a
d )∈

[2] d,
ā
d
=

1−
a
d }

a
n
d

E
2
=

{{
(a

1 ,...,a
d ),(a

d ,a
1 ,...,a

d−
1 )}

|
(a

1 ,...,a
d )∈

[2] d}
.

F
igu

re
1
3
.5

sh
o
w
s
th
e
3
-
a
n
d
4
-d
im

en
sio

n
a
l
sh
u
ffl
e-exch

a
n
ge

gra
p
h
.

000
001

100

010

101

011

110
111

0000
0001

0010
0011

0100
0101

0110
0111

1000
1001

1010
1011

1100
1101

1110
1111

S
E
(3)

S
E
(4)

EE

12

F
igu

re
13.5:

T
h
e
stru

ctu
re

of
S
E
(3)

an
d
S
E
(4
).

D
e
fi
n
itio

n
1
3
.5

(D
eB

ru
ijn

).
T
h
e

b-a
ry

D
eB

ru
ijn

grap
h

of
d
im

en
sion

d
D
B
(b,d

)
is

a
n

u
n
d
irected

gra
p
h

G
=

(V
,E

)
w
ith

n
od
e
set

V
=

{
v

∈
[b] d}

a
n
d

ed
ge

set
E

th
a
t
co
n
ta
in
s
a
ll

ed
ges

{v
,w}

w
ith

th
e

p
ro
perty

th
a
t
w

∈
{
(x
,v

1 ,...,v
d−

1 )
:
x
∈
[b]}

,
w
h
ere

v
=

(v
1 ,...,v

d ).
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G

0
1
0

1
0
0

0
0
1

1
1
0

1
1
1

1
1

0
0

0
1

0
0
0

1
0
1

0
1
1

1
0

F
ig
u
re

1
3
.6
:
T
h
e
stru

ctu
re

o
f
D
B
(2
,2)

an
d
D
B
(2,3).

R
e
m
a
rk

s:

•
T
w
o
ex
a
m
p
les

o
f
a
D
eB

ru
ijn

g
ra
p
h

ca
n

b
e
fou

n
d

in
F
igu

re
13.6.

T
h
e

D
eB

ru
ijn

g
ra
p
h
is

th
e
b
a
sis

o
f
th
e
K
o
o
rd
e
P
2P

arch
itectu

re.

•
T
h
ere

a
re

so
m
e
d
a
ta

stru
ctu

res
w
h
ich

a
lso

q
u
alify

as
h
y
p
ercu

b
ic
n
etw

ork
s.

A
n
o
b
v
io
u
s
ex
a
m
p
le

is
th
e
C
h
o
rd

P
2
P

a
rch

itectu
re,

w
h
ich

u
ses

a
sligh

tly
d
iff
eren

t
h
y
p
ercu

b
ic

to
p
o
log

y.
A

less
o
b
v
io
u
s
(an

d
th
erefore

go
o
d
)
ex
am

-
p
le
is
th
e
sk
ip

list,
th
e
b
a
la
n
ced

b
in
a
ry

sea
rch

tree
for

th
e
lazy

p
rogram

m
er:

D
e
fi
n
itio

n
1
3
.6

(S
k
ip

L
ist).

T
h
e
skip

list
is

a
n

o
rd
in
a
ry

o
rd
ered

lin
ked

list
o
f
o
bjects,

a
u
gm

en
ted

w
ith

a
d
d
itio

n
a
l
fo
rw

a
rd

lin
ks.

T
h
e
o
rd
in
a
ry

lin
ked

list
is

th
e
level

0
o
f
th
e
skip

list.
In

a
d
d
itio

n
,
every

o
bject

is
p
ro
m
o
ted

to
level

1
w
ith

p
ro
ba
bility

1
/
2
.
A
s
fo
r
level

0
,
a
ll
level

1
o
bjects

a
re

co
n
n
ected

by
a
lin

ked
list.

In
gen

era
l,
every

o
bject

o
n
level

i
is

p
ro
m
o
ted

to
th
e
n
ext

level
w
ith

p
ro
ba
bility

1/
2.

A
specia

l
sta

rt-o
bject

po
in
ts

to
th
e
sm

a
llest/

fi
rst

o
bject

o
n
ea
ch

level.

R
e
m
a
rk

s:

•
S
ea
rch

,
in
sert,

a
n
d
d
elete

ca
n
b
e
im

p
lem

en
ted

in
O
(log

n
)
ex
p
ected

tim
e

in
a
sk
ip

list,
sim

p
ly

b
y
ju
m
p
in
g
fro

m
h
ig
h
er

lev
els

to
low

er
on

es
w
h
en

oversh
o
otin

g
th
e
sea

rch
ed

p
o
sition

.
A
lso

,
th
e
am

ortized
m
em

ory
cost

of
ea
ch

o
b
ject

is
co
n
sta

n
t,

a
s
o
n

avera
g
e
a
n

ob
ject

on
ly

h
as

tw
o
forw

ard
p
o
in
ters.

•
T
h
e
ra
n
d
o
m
iza

tio
n
can

ea
sily

b
e
d
isca

rd
ed

,
b
y
d
eterm

in
istically

p
rom

otin
g

a
co
n
sta

n
t
fractio

n
of

ob
jects

o
f
lev

el
i
to

level
i
+

1,
for

all
i.

W
h
en

in
sertin

g
o
r
d
eletin

g
,
o
b
ject

o
sim

p
ly

ch
eck

s
w
h
eth

er
its

left
an

d
righ

t
level

i
n
eig

h
b
o
rs

are
b
ein

g
p
rom

o
ted

to
level

i
+

1.
If

n
on

e
of

th
em

is,
p
ro
m
o
te

o
b
ject

o
itself.

E
ssen

tia
lly

w
e
esta

b
lish

a
M
IS

on
each

level,
h
en

ce
a
t
lea

st
every

th
ird

a
n
d
a
t
m
o
st

every
seco

n
d
ob

ject
is

p
rom

oted
.

•
T
h
ere

a
re

o
b
v
io
u
s
va
ria

n
ts

o
f
th
e
sk
ip

list,
e.g.,

th
e
sk
ip

grap
h
.
In
stead

of
p
ro
m
o
tin

g
o
n
ly

h
a
lf
o
f
th
e
n
o
d
es

to
th
e
n
ex
t
level,

w
e
alw

ay
s
p
rom

ote
all

th
e
n
o
d
es,

sim
ila

rly
to

a
b
ala

n
ced

b
in
a
ry

tree:
A
ll
n
o
d
es

are
p
art

of
th
e
ro
o
t
lev

el
o
f
th
e
b
in
a
ry

tree.
H
a
lf
th
e
n
o
d
es

are
p
rom

oted
left,

an
d

h
a
lf
th
e
n
o
d
es

a
re

p
rom

o
ted

righ
t,
o
n
ea
ch

level.
H
en

ce
on

level
i
w
e
h
ave

h
ave

2
i
lists

(o
r,

m
o
re

sy
m
m
etrica

lly
:
rin

g
s)

of
ab

ou
t
n
/
2
i
ob

jects.
T
h
is

is
p
retty

m
u
ch

w
h
a
t
w
e
n
eed

fo
r
a
n
ice

h
y
p
ercu

b
ic

P
2P

arch
itectu

re.

•
O
n
e
im

p
o
rta

n
t
g
o
a
l
in

ch
o
o
sin

g
a
top

olog
y
for

a
n
etw

ork
is

th
at

it
h
as

a
sm

a
ll
d
ia
m
eter.

T
h
e
fo
llow

in
g
th
eo
rem

p
resen

ts
a
low

er
b
ou

n
d
for

th
is.

1
3
.4
.

D
H
T

&
C
H
U
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T
h
e
o
re

m
1
3
.7
.
E
very

gra
p
h
o
f
m
a
xim

u
m

d
egree

d
>

2
a
n
d
size

n
m
u
st

h
a
ve

a
d
ia
m
eter

o
f
a
t
lea

st⌈(log
n
)/(log

(d−
1))⌉−

2.

P
roo

f.
S
u
p
p
ose

w
e
h
av
e
a
grap

h
G

=
(V

,E
)
of

m
ax

im
u
m

d
egree

d
an

d
size

n
.
S
tart

fro
m

an
y
n
o
d
e
v
∈

V
.
In

a
fi
rst

step
at

m
ost

d
o
th
er

n
o
d
es

can
b
e

reach
ed

.
In

tw
o
step

s
at

m
ost

d·(d−
1)

a
d
d
ition

al
n
o
d
es

can
b
e
reach

ed
.
T
h
u
s,

in
gen

eral,
in

at
m
ost

k
step

s
a
t
m
ost

1
+

k−
1

∑i=
0

d·
(d−

1)
i
=

1
+

d·
(d−

1)
k−

1

(d−
1)−

1
≤

d·(d−
1)

k

d−
2

n
o
d
es

(in
clu

d
in
g
v
)
ca
n
b
e
reach

ed
.
T
h
is

h
as

to
b
e
at

least
n
to

en
su
re

th
at

v
can

reach
all

oth
er

n
o
d
es

in
V

w
ith

in
k
step

s.
H
en

ce,

(d−
1)

k≥
(d−

2)·n
d

⇔
k
≥

log
d−

1 ((d−
2)·n

/d
)
.

S
in
ce

log
d−

1 ((d
−

2)/d
)

>
−
2

for
all

d
>

2,
th
is

is
tru

e
on

ly
if

k
≥

⌈(log
n
)/(log

(d−
1))⌉−

2.

R
e
m
a
rk

s:

•
In

oth
er

w
ord

s,
con

stan
t-d

egree
h
y
p
ercu

b
ic

n
etw

ork
s
featu

re
an

asy
m
p
-

totically
op

tim
a
l
d
iam

eter.

•
T
h
ere

are
a
few

oth
er

in
terestin

g
grap

h
classes,

e.g.,
ex
p
an

d
er

gra
p
h
s
(an

ex
p
an

d
er

grap
h
is

a
sp
arse

grap
h
w
h
ich

h
as

h
igh

con
n
ectiv

ity
p
rop

erties,
th
at

is,
from

every
n
ot

to
o
large

su
b
set

o
f
n
o
d
es

you
are

con
n
ected

to
a
larg

er
set

of
n
o
d
es),

or
sm

all-w
orld

grap
h
s
(p
op

u
lar

rep
resen

ta
tion

s
of

so
cial

n
etw

ork
s).

A
t
fi
rst

sigh
t
h
y
p
ercu

b
ic

n
etw

ork
s
seem

to
b
e
related

to
ex
p
an

d
ers

an
d
sm

all-w
orld

grap
h
s,

b
u
t
th
ey

a
re

n
ot.

1
3
.4

D
H
T

&
C
h
u
r
n

A
s
w
ritten

earlier,
a
D
H
T
essen

tially
is
a
h
y
p
ercu

b
ic
stru

ctu
re

w
ith

n
o
d
es

h
av
in
g

id
en
tifi

ers
su
ch

th
at

th
ey

sp
an

th
e
ID

sp
ace

of
th
e
ob

jects
to

b
e
sto

red
.
W
e

d
escrib

ed
th
e
straigh

tforw
ard

w
ay

h
ow

th
e
ID

sp
ace

is
m
ap

p
ed

on
to

th
e
p
eers

for
th
e
h
y
p
ercu

b
e.

O
th
er

h
y
p
ercu

b
ic

stru
ctu

res
m
ay

b
e
m
ore

com
p
licated

:
T
h
e

b
u
tterfl

y
n
etw

ork
,
for

in
stan

ce,
m
ay

d
irectly

u
se

th
e
d
+
1
layers

for
rep

lication
,

i.e.,
all

th
e
d
+

1
n
o
d
es

w
ith

th
e
sam

e
ID

are
resp

on
sib

le
for

th
e
sa
m
e
h
ash

p
refi

x
.
F
or

oth
er

h
y
p
ercu

b
ic

n
etw

ork
s,

e.g.,
th
e
p
a
n
cake

gra
p
h
(see

ex
ercises),

assign
in
g
th
e
ob

ject
sp
ace

to
p
eer

n
o
d
es

m
ay

b
e
m
ore

d
iffi

cu
lt.

In
gen

era
l
a
D
H
T
h
as

to
w
ith

stan
d
ch
u
rn
.
U
su
ally,

p
eers

a
re

u
n
d
er

con
trol

of
in
d
iv
id
u
al

u
sers

w
h
o
tu
rn

th
eir

m
ach

in
es

on
or

off
a
t
an

y
tim

e.
S
u
ch

p
eers

join
an

d
leav

e
th
e
P
2P

sy
stem

at
h
ig
h
rates

(“
ch
u
rn
”),

a
p
rob

lem
th
at

is
n
ot

ex
isten

t
in

orth
o
d
ox

d
istrib

u
ted

sy
stem

s,
h
en

ce
P
2P

sy
stem

s
fu
n
d
am

en
tally

d
iff
er

from
old

-sch
o
ol

d
istrib

u
ted

sy
stem

s
w
h
ere

it
is
assu

m
ed

th
at

th
e
n
o
d
es

in
th
e
sy
stem

are
relativ

ely
stab

le.
In

trad
ition

al
d
istrib

u
ted

sy
stem

s
a
sin

gle
u
n
availab

le
n
o
d
e
is
a
m
in
or

d
isaster:

all
th
e
oth

er
n
o
d
es

h
ave

to
get

a
con

sisten
t
v
iew

of
th
e

sy
stem

again
,
essen

tia
lly

th
ey

h
ave

to
reach

con
sen

su
s
w
h
ich

n
o
d
es

are
availab

le.
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E
E
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C
O
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U
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G

In
a
P
2P

sy
stem

th
ere

is
u
su
a
lly

so
m
u
ch

ch
u
rn

th
at

it
is

im
p
ossib

le
to

h
ave

a
co
n
sisten

t
v
iew

a
t
an

y
tim

e.
M
o
st

P
2
P

sy
stem

s
in

th
e
litera

tu
re

a
re

a
n
aly

zed
again

st
an

ad
versary

th
at

ca
n
cra

sh
a
fra

ctio
n
of

ra
n
d
om

p
eers.

A
fter

crash
in
g
a
few

p
eers

th
e
sy
stem

is
given

su
ffi
cien

t
tim

e
to

recover
a
ga

in
.
H
ow

ever,
th
is

seem
s
u
n
realistic.

T
h
e

sch
em

e
sketch

ed
in

th
is

section
sig

n
ifi
ca
n
tly

d
iff
ers

from
th
is

in
tw

o
m
a
jor

as-
p
ects.

F
irst,

w
e
a
ssu

m
e
th
a
t
jo
in
s
a
n
d
leaves

o
ccu

r
in

a
w
orst-case

m
an

n
er.

W
e

th
in
k
o
f
a
n
ad

versa
ry

th
a
t
can

rem
ove

a
n
d
a
d
d
a
b
ou

n
d
ed

n
u
m
b
er

of
p
eers;

it
can

ch
o
o
se

w
h
ich

p
eers

to
cra

sh
an

d
h
ow

p
eers

join
.
W
e
assu

m
e
th
at

a
join

in
g

p
eer

k
n
ow

s
a
p
eer

w
h
ich

a
lread

y
b
elo

n
g
s
to

th
e
sy
stem

.
S
econ

d
,
th
e
ad

v
ersary

d
o
es

n
ot

h
ave

to
w
a
it

u
n
til

th
e
sy
stem

is
recovered

b
efore

it
crash

es
th
e
n
ex
t

b
a
tch

o
f
p
eers.

In
stea

d
,
th
e
a
d
versa

ry
ca
n
co
n
sta

n
tly

crash
p
eers,

w
h
ile

th
e
sy
s-

tem
is
try

in
g
to

stay
a
liv

e.
In
d
eed

,
th
e
sy
stem

is
n
ever

fu
lly

repa
ired

b
u
t
a
lw
a
ys

fu
lly

fu
n
ctio

n
a
l.
In

p
a
rticu

la
r,

th
e
sy
stem

is
resilien

t
again

st
an

ad
v
ersary

th
at

co
n
tin

u
o
u
sly

a
tta

ck
s
th
e
“
w
ea
kest

p
a
rt”

of
th
e
sy
stem

.
T
h
e
ad

versary
cou

ld
for

ex
am

p
le

in
sert

a
craw

ler
in
to

th
e
P
2
P
sy
stem

,
learn

th
e
top

ology
of

th
e
sy
stem

,
an

d
th
en

rep
ea
ted

ly
cra

sh
selected

p
eers,

in
a
n
attem

p
t
to

p
artition

th
e
P
2P

n
etw

o
rk
.
T
h
e
sy
stem

co
u
n
ters

su
ch

a
n
a
d
versa

ry
b
y
con

tin
u
ou

sly
m
ov
in
g
th
e

rem
a
in
in
g
o
r
n
ew

ly
jo
in
in
g
p
eers

tow
a
rd
s
th
e
sp
arse

areas.
C
learly,

w
e
ca
n
n
o
t
a
llow

th
e
a
d
versa

ry
to

h
ave

u
n
b
ou

n
d
ed

cap
ab

ilities.
In

p
a
rticu

la
r,
in

a
n
y
co
n
sta

n
t
tim

e
in
terva

l,
th
e
a
d
v
ersary

can
at

m
ost

ad
d
an

d
/or

rem
ove

O
(lo

g
n
)
p
eers,

n
b
ein

g
th
e
to
ta
l
n
u
m
b
er

of
p
eers

cu
rren

tly
in

th
e
sy
s-

tem
.
T
h
is
m
o
d
el

covers
a
n
a
d
versa

ry
w
h
ich

rep
ea
ted

ly
takes

d
ow

n
m
ach

in
es

b
y

a
d
istrib

u
ted

d
en

ia
l
o
f
serv

ice
a
tta

ck
,
h
ow

ever
o
n
ly

a
logarith

m
ic
n
u
m
b
er

of
m
a-

ch
in
es

a
t
each

p
o
in
t
in

tim
e.

T
h
e
a
lgo

rith
m

relies
on

m
essages

b
ein

g
d
elivered

tim
ely,

in
a
t
m
o
st

co
n
sta

n
t
tim

e
b
etw

een
a
n
y
p
a
ir
of

op
eration

al
p
eers,

i.e.,
th
e

sy
n
ch
ro
n
o
u
s
m
o
d
el.

U
sin

g
th
e
triv

ia
l
sy
n
ch
ro
n
izer

th
is

is
n
ot

a
p
rob

lem
.
W
e

o
n
ly

n
eed

b
o
u
n
d
ed

m
essa

ge
d
elay

s
in

o
rd
er

to
h
ave

a
n
otion

of
tim

e
w
h
ich

is
n
eed

ed
fo
r
th
e
a
d
versa

ria
l
m
o
d
el.

T
h
e
d
u
ra
tio

n
o
f
a
rou

n
d
is
th
en

p
rop

ortion
al

to
th
e
p
ro
p
a
g
a
tio

n
d
elay

o
f
th
e
slow

est
m
essa

ge.
In

th
e
rem

a
in
d
er

o
f
th
is

sectio
n
,
w
e
g
ive

a
sketch

of
th
e
sy
stem

:
F
or

sim
-

p
licity,

th
e
b
a
sic

stru
ctu

re
o
f
th
e
P
2
P
sy
stem

is
a
h
y
p
ercu

b
e.

E
ach

p
eer

is
p
art

of
a
d
istin

ct
h
y
p
ercu

b
e
n
o
d
e;

ea
ch

h
y
p
ercu

b
e
n
o
d
e
con

sists
of

Θ
(log

n
)
p
eers.

P
eers

h
ave

co
n
n
ectio

n
s
to

o
th
er

p
eers

o
f
th
eir

h
y
p
ercu

b
e
n
o
d
e
an

d
to

p
eers

of
th
e
n
eigh

b
o
rin

g
h
y
p
ercu

b
e
n
o
d
es. 1

B
eca

u
se

o
f
ch
u
rn
,
som

e
of

th
e
p
eers

h
ave

to
ch
a
n
g
e
to

a
n
o
th
er

h
y
p
ercu

b
e
n
o
d
e
su
ch

th
at

u
p
to

con
stan

t
factors,

all
h
y
p
er-

cu
b
e
n
o
d
es

ow
n
th
e
sa
m
e
n
u
m
b
er

o
f
p
eers

at
a
ll
tim

es.
If

th
e
total

n
u
m
b
er

of
p
eers

g
row

s
o
r
sh
rin

k
s
a
b
ov
e
o
r
b
elow

a
certa

in
th
resh

old
,
th
e
d
im

en
sion

of
th
e

h
y
p
ercu

b
e
is

in
creased

or
d
ecreased

b
y
o
n
e,

resp
ectively.

T
h
e
b
a
la
n
cin

g
o
f
p
eers

a
m
o
n
g
th
e
h
y
p
ercu

b
e
n
o
d
es

can
b
e
seen

as
a
d
y
n
am

ic
to
ken

d
istrib

u
tio

n
p
rob

lem
o
n
th
e
h
y
p
ercu

b
e.

E
a
ch

n
o
d
e
of

th
e
h
y
p
ercu

b
e
h
as

a
certa

in
n
u
m
b
er

of
to
ken

s,
th
e
g
o
a
l
is
to

d
istrib

u
te

th
e
token

s
alon

g
th
e
ed

ges
of

th
e
g
rap

h
su
ch

th
a
t
a
ll
n
o
d
es

en
d
u
p
w
ith

th
e
sa
m
e
or

alm
ost

th
e
sam

e
n
u
m
b
er

o
f
to
ken

s.
W

h
ile

token
s
a
re

m
oved

a
ro
u
n
d
,
an

a
d
versary

con
stan

tly
in
serts

an
d

d
eletes

to
k
en

s.
S
ee

a
lso

F
ig
u
re

13
.7
.

In
su
m
m
a
ry,

th
e
P
2
P

sy
stem

b
u
ild

s
on

tw
o
b
asic

com
p
on

en
ts:

i)
an

algo-
rith

m
w
h
ich

p
erfo

rm
s
th
e
d
escrib

ed
d
y
n
a
m
ic

to
ken

d
istrib

u
tion

an
d
ii)

an
in
-

1
H
a
v
in
g
a
lo
g
a
rith

m
ic

n
u
m
b
er

o
f
h
y
p
ercu

b
e
n
eig

h
b
o
r
n
o
d
es,

ea
ch

w
ith

a
lo
g
a
rith

m
ic

n
u
m
-

b
er

o
f
p
eers,

m
ea

n
s
th

a
t
ea

ch
p
eers

h
a
s
Θ
(lo

g
2
n
)
n
eig

h
b
o
r
p
eers.

H
o
w
ev

er,
w
ith

so
m
e
a
d
d
i-

tio
n
a
l
b
ells

a
n
d
w
h
istles

o
n
e
ca

n
a
ch

iev
e
Θ
(lo

g
n
)
n
eig

h
b
o
r
p
eers.

1
3
.5
.

S
T
O
R
A
G
E

A
N
D

M
U
L
T
IC

A
S
T

145

F
igu

re
13.7:

A
sim

u
la
ted

2-d
im

en
sion

al
h
y
p
ercu

b
e
w
ith

fou
r
n
o
d
es,

each
con

-
sistin

g
of

sev
eral

p
eers.

A
lso,

all
th
e
p
eers

are
eith

er
in

th
e
core

o
r
in

th
e

p
erip

h
ery

of
a
n
o
d
e.

A
ll
p
eers

w
ith

in
th
e
sam

e
n
o
d
e
are

com
p
letely

co
n
n
ected

to
each

oth
er,

an
d
ad

d
ition

ally,
all

p
eers

of
a
n
o
d
e
are

con
n
ected

to
th
e
core

p
eers

of
th
e
n
eigh

b
orin

g
n
o
d
es.

O
n
ly

th
e
core

p
eers

store
d
ata

item
s,
w
h
ile

th
e

p
erip

h
eral

p
eers

m
ov
e
b
etw

een
th
e
n
o
d
es

to
b
alan

ce
b
iased

ad
versarial

ch
an

ges.

form
ation

a
ggregation

algorith
m

w
h
ich

is
u
sed

to
estim

ate
th
e
n
u
m
b
er

of
p
eers

in
th
e
sy
stem

an
d
to

ad
ap

t
th
e
d
im

en
sion

of
th
e
h
y
p
ercu

b
e
a
ccord

in
gly

:

T
h
e
o
re

m
1
3
.8

(D
H
T

w
ith

C
h
u
rn
).

W
e
h
a
ve

a
fu
lly

sca
la
ble,

effi
cien

t
P
2
P

system
w
h
ich

to
lera

tes
O
(log

n
)
w
o
rst-ca

se
jo
in
s
a
n
d
/
o
r
cra

sh
es

per
co
n
sta

n
t

tim
e
in
terva

l.
A
s
in

o
th
er

P
2
P

system
s,

peers
h
a
ve

O
(log

n
)
n
eigh

bo
rs,

a
n
d
th
e

u
su
a
l
o
pera

tio
n
s
(e.g.,

sea
rch

,
in
sert)

ta
ke

tim
e
O
(log

n
).

R
e
m
a
rk

s:

•
In
d
eed

,
h
an

d
lin

g
ch
u
rn

is
on

ly
a
m
in
im

al
req

u
irem

en
t
to

m
ake

a
P
2P

sy
stem

w
ork

.
L
ater

stu
d
ies

p
rop

osed
m
ore

elab
orate

a
rch

itectu
res

w
h
ich

can
also

h
an

d
le

oth
er

secu
rity

issu
es,

e.g.,
p
rivacy

or
B
y
zan

tin
e
a
ttack

s.

•
It

is
su
rp
risin

g
th
at

u
n
stru

ctu
red

(in
fact,

h
y
b
rid

)
P
2P

sy
stem

s
d
om

in
ate

stru
ctu

red
P
2P

sy
stem

s
in

th
e
real

w
orld

.
O
n
e
w
ou

ld
th
in
k
th
at

stru
ctu

red
P
2P

sy
stem

s
h
ave

ad
van

ta
ges,

in
p
a
rticu

lar
th
eir

effi
cien

t
logarith

m
ic
d
ata

lo
ok

u
p
.
O
n
th
e
oth

er
h
a
n
d
,
u
n
stru

ctu
red

P
2P

n
etw

ork
s
are

sim
p
ler,

in
p
articu

lar
in

lig
h
t
of

n
on

-ex
act

q
u
eries.

1
3
.5

S
to
r
a
g
e
a
n
d
M

u
ltic

a
st

A
s
seen

in
th
e
p
rev

io
u
s
sectio

n
,
p
ractical

im
p
lem

en
tation

s
often

in
corp

orate
som

e
n
on

-rigid
(fl
ex
ib
le)

p
art.

In
a
sy
stem

called
P
astry,

p
refi

x
-b
ased

overlay
stru

ctu
res

sim
ilar

to
h
y
p
ercu

b
es

are
u
sed

to
im

p
lem

en
t
a
D
H
T
.
P
eers

m
ain

-
tain

con
n
ection

s
to

o
th
er

p
eers

in
th
e
overlay

acco
rd
in
g
to

th
e
len

gth
s
of

th
e

sh
ared

p
refi

x
es

of
th
eir

resp
ectiv

e
id
en
tifi

ers,
w
h
ere

each
p
eer

carries
a
d
-b
it

p
eer

id
en
tifi

er.
L
et

β
d
en

ote
th
e
n
u
m
b
er

of
b
its

th
at

can
b
e
fi
x
ed

a
t
a
p
eer

to
rou

te
an

y
m
essage

to
an

arb
itrary

d
estin

ation
.
F
or

i
=

{0
,β

,2
β
,3
β
,...},

a
p
eer

ch
o
oses,

if
p
ossib

le,
2
β
−

1
n
eigh

b
o
rs

w
h
ose

id
en
tifi

ers
are

eq
u
al

in
th
e
i
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G

m
o
st

sig
n
ifi
ca
n
t
b
its

a
n
d
d
iff
er

in
th
e
su
b
seq

u
en
t
β
b
its

b
y
on

e
of

2
β
−

1
p
os-

sib
ilities.

If
p
eer

id
en
tifi

ers
are

ch
o
sen

u
n
iform

ly
at

ran
d
om

,
th
e
len

gth
of

th
e

lo
n
g
est

sh
a
red

p
refi

x
is

b
o
u
n
d
ed

b
y
O
(log

n
)
in

a
n
ov
erlay

con
tain

in
g
n
p
eers;

th
u
s,

o
n
ly

O
(lo

g
n
(2

β
−

1
)/
β
)
co
n
n
ectio

n
s
n
eed

to
b
e
m
ain

tain
ed

.
M
oreover,

every
p
eer

rea
ch
es

every
o
th
er

p
eer

in
O
(
lo
g
n

β
)
h
op

s
b
y
rep

etitiv
ely

selectin
g

th
e
n
ex
t
h
o
p
to

fi
x
β
m
o
re

b
its

tow
a
rd

th
e
d
estin

ation
p
eer

id
en
tifi

er,
y
ield

in
g

a
lo
g
arith

m
ic

overlay
d
ia
m
eter.

T
h
e
a
d
va
n
ta
g
e
o
f
p
refi

x
-b
a
sed

over
m
o
re

rig
id

D
H
T

stru
ctu

res
is
th
at

th
ere

is
a
larg

e
ch
o
ice

o
f
n
eig

h
b
o
rs

fo
r
m
o
st

p
refi

x
es.

P
eers

are
n
o
lon

ger
b
ou

n
d
to

co
n
n
ect

to
p
eers

ex
a
ctly

m
atch

in
g
a
g
iv
en

id
en
tifi

er.
In
stead

p
eers

are
en

ab
led

to
co
n
n
ect

to
an

y
p
eer

m
a
tch

in
g
a
d
esired

p
refi

x
,
regard

less
of

su
b
seq

u
en
t
id
en
tifi

er
b
its.

In
p
a
rticu

la
r,

a
m
o
n
g
h
a
lf
o
f
a
ll
p
eers

ca
n
b
e
ch
osen

for
a
sh
ared

p
refi

x
of

len
gth

0
.
T
h
e
fl
ex
ib
ility

o
f
su
ch

a
n
eig

h
b
o
r
p
o
licy

allow
s
th
e
op

tim
ization

of
secon

d
a
ry

criteria.
P
eers

m
ay

favo
r
p
eers

w
ith

a
low

-laten
cy

an
d
select

m
u
ltip

le
n
eig

h
b
o
rs

fo
r
th
e
sa
m
e
p
refi

x
to

g
a
in

resilien
ce

again
st

ch
u
rn
.

R
egard

less
of

th
e
ch
oice

o
f
n
eig

h
b
o
rs,

th
e
overlay

a
lw
ay
s
rem

a
in
s
con

n
ected

w
ith

a
b
ou

n
d
ed

d
eg
ree

a
n
d
d
ia
m
eter.

S
u
ch

ov
erlay

stru
ctu

res
a
re

n
o
t
lim

ited
to

d
istrib

u
ted

storage.
In
stead

,
th
ey

a
re

eq
u
a
lly

w
ell

su
ited

fo
r
th
e
d
istrib

u
tio

n
o
f
co
n
ten

t,
su
ch

as
m
u
ltica

stin
g
of

rad
io

sta
tio

n
s
o
r
telev

isio
n
ch
a
n
n
els.

In
a
b
a
sic

m
u
lticastin

g
sch

em
e,

a
sou

rce
w
ith

id
en
tifi

er
0
0
...0

m
ay

fo
rw

ard
n
ew

d
a
ta

b
lo
ck
s
to

tw
o
p
eers

h
av
in
g
id
en
ti-

fi
ers

sta
rtin

g
w
ith

0
an

d
1
.
T
h
ey

in
tu
rn

fo
rw

a
rd

th
e
con

ten
t
to

p
eers

h
av
in
g

id
en
tifi

ers
sta

rtin
g
w
ith

00
,
0
1,

1
0
,
a
n
d
1
1
.
T
h
e
recu

rsion
fi
n
ish

es
on

ce
all

p
eers

a
re

rea
ch
ed

.
T
h
is

b
a
sic

sch
em

e
h
a
s
th
e
su
b
tle

sh
ortcom

in
g
th
at

d
ata

b
lo
ck
s

m
ay

p
a
ss

b
y
m
u
ltip

le
tim

es
a
t
a
sin

g
le

p
eer

b
eca

u
se

a
p
red

ecessor
can

m
atch

a
p
refi

x
fu
rth

er
d
ow

n
in

its
d
istrib

u
tio

n
b
ran

ch
.

T
h
e
su
b
seq

u
en
t
m
u
ltica

stin
g
sch

em
e
M

avo
id
s
th
is

p
rob

lem
b
y
m
o
d
ify

in
g

th
e
to
p
o
lo
g
y
a
n
d
u
sin

g
a
d
iff
eren

t
ro
u
tin

g
sch

em
e.

F
or

sim
p
licity,

th
e
n
eigh

b
or

selectio
n
p
o
licy

is
p
resen

ted
fo
r
th
e
ca
se

β
=

1
.
In

ord
er

to
u
se

M
,
th
e
p
eers

m
u
st

sto
re

lin
k
s
to

a
d
iff
eren

t
set

of
n
eigh

b
o
rs.

A
p
eer

v
w
ith

th
e
id
en
tifi

er
b
v0
...b

vd−
1
sto

res
lin

k
s
to

p
eers

w
h
ose

id
en
tifi

ers
start

w
ith

b
v0 b

v1
...b

vi−
1 b

vi b
vi+

1

a
n
d
b
v0 b

v1
...b

vi−
1 b

vi b
vi+

1
for

a
ll
i∈

{0,...,d−
2}.

F
or

ex
am

p
le,

th
e
p
eer

w
ith

th
e

id
en
tifi

er
0
0
0
0
h
a
s
to

m
a
in
ta
in

co
n
n
ectio

n
s
to

p
eers

w
h
ose

id
en
tifi

ers
start

w
ith

th
e
p
refi

x
es

1
0
,
1
1
,
0
1
0
,
0
1
1
,
0
0
1
0
,
an

d
0
01

1
.
P
seu

d
o-co

d
e
for

th
e
algorith

m
is

given
in

A
lg
o
rith

m
5
4.

T
h
e
p
a
ra
m
eters

a
re

th
e
len

gth
π
of

th
e
p
refi

x
th
at

is
n
ot

to
b
e
m
o
d
ifi
ed

an
d

a
t
m
o
st

o
n
e
critica

l
p
red

ecesso
r
v
c .

If
β
=

1
,
a
n
y
n
o
d
e
v
tries

to
forw

ard
th
e

d
a
ta

b
lo
ck

to
tw

o
p
eers

v
1
a
n
d
v
2 .

T
h
e
p
ro
ced

u
re

is
called

at
th
e
sou

rce
v
0
w
ith

a
rgu

m
en
ts

π
:=

0
a
n
d
v
c
:=

∅
,
resu

ltin
g
in

th
e
tw

o
m
essages

fo
rw

a
rd
(1,v

0 )
to

v
1
an

d
fo
rw

a
rd
(1,∅

)
to

v
2 .

T
h
e
p
eer

v
1
is
ch
o
sen

lo
cally

su
ch

th
at

th
e
p
refi

x
its

id
en
tifi

er
sh
a
res

w
ith

th
e
id
en
tifi

er
o
f
v
is

th
e
sh
ortest

am
on

g
all

th
ose

w
h
ose

sh
ared

p
refi

x
len

g
th

is
a
t
lea

st
π
+

1
.
T
h
is

va
lu
e
ℓ(v

1 ,v
)
an

d
v
itself

are
th
e

p
a
ra
m
eters

in
clu

d
ed

in
th
e
fo
rw

a
rd

m
essa

g
e
to

p
eer

v
1 ,

if
su
ch

a
p
eer

ex
ists.

T
h
e
seco

n
d
p
eer

is
ch
o
sen

sim
ila

rly,
b
u
t
w
ith

resp
ect

to
v
c
an

d
n
ot

v
itself.

If
n
o

su
itab

le
p
eer

is
fo
u
n
d
in

th
e
ro
u
tin

g
ta
b
le,

th
e
p
eer

v
c
is
q
u
eried

for
a
can

d
id
ate

u
sin

g
th
e
su
b
ro
u
tin

e
getN

ext
w
h
ich

is
d
escrib

ed
in

A
lgorith

m
55.

T
h
is

step
is

req
u
ired

b
eca

u
se

n
o
d
e
v
can

n
o
t
d
ed

u
ce

fro
m

its
rou

tin
g
tab

le
w
h
eth

er
a
p
eer

v
2
w
ith

th
e
p
ro
p
erty

ℓ(v
2 ,v

c )≥
π
+

1
ex
ists.

In
th
e
sp
ecial

case
w
h
en

v
c
=

∅
,

v
2
is
ch
o
sen

lo
ca
lly,

if
p
o
ssib

le,
su
ch

th
at

ℓ(v
2 ,v

)
=

π
.
In

F
igu

re
13.8,

a
sam

p
le

1
3
.5
.
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A
lg
o
rith

m
5
4
M

:
fo
rw

ard
(π
,v

c )
at

p
eer

v
.

1
:S

:=
{v ′∈

N
v |

ℓ(v ′,v
)≥

π
+
1}

2
:
ch
o
ose

v
1 ∈

S
:
ℓ(v

1 ,v
)≤

ℓ(ṽ
,v
)∀

ṽ
∈
S

3
:
if

v
1 6=

∅
th

e
n

4
:

forw
a
rd
(ℓ(v

1 ,v
),v

)
to

v
1

5
:
e
n
d
if

6
:
if

v
c 6=

∅
th

e
n

7
:

ch
o
ose

v
2 ∈

N
v :

ℓ(v
2 ,v

c )
=

π
+
1

8
:

if
v
2
=

∅
th

e
n

9
:

v
2
:=

getN
ex
t(v

)
from

v
c

1
0
:

e
n
d
if

1
1
:

if
v
2 6=

∅
th

e
n

1
2
:

forw
ard

(ℓ(v
2 ,v

c ),v
c )

to
v
2

1
3
:

e
n
d
if

1
4
:
e
lse

1
5
:

ch
o
ose

v
2 ∈

N
v :

ℓ(v
2 ,v

)
=

π
1
6
:

if
v
2 6=

∅
th

e
n

1
7
:

forw
ard

(π
+
1
,v

c )
to

v
2

1
8
:

e
n
d
if

1
9
:
e
n
d
if

sp
an

n
in
g
tree

resu
ltin

g
from

th
e
ex
ecu

tio
n
ofM

is
d
ep

icted
.

A
lg
o
rith

m
5
5
getN

ex
t(v

s )
at

p
eer

v

1
:S

:=
{v ′∈

N
v |

ℓ(v ′,v
)
>

ℓ(v
s ,v

)}
2
:
ch
o
ose

v
r ∈

S
:
ℓ(v

r ,v
)≤

ℓ(ṽ
,v
)∀

ṽ
∈
S

3
:
sen

d
v
r
to

v
s

T
h
e
p
resen

ted
m
u
lticastin

g
sch

em
e
M

h
as

th
e
p
rop

erty
th
at,

at
least

in
a

static
settin

g,
w
h
erein

p
eers

n
eith

er
join

n
or

leave
th
e
overlay,

all
p
eers

can
b
e

reach
ed

an
d
each

p
eer

receives
a
d
ata

b
lo
ck

ex
actly

on
ce

as
su
m
m
arized

b
y
th
e

follow
in
g
th
eorem

:

T
h
e
o
re

m
1
3
.9
.
In

a
sta

tic
o
verla

y,
a
lgo

rith
m

M
h
a
s
th
e
fo
llo

w
in
g
p
ro
perties:

(a
)
It

d
oes

n
o
t
in
d
u
ce

a
n
y
d
u
p
lica

te
m
essa

ges
(loo

p
-free),

a
n
d

(b)
a
ll
peers

a
re

rea
ch
ed

(co
m
p
lete).

R
e
m
a
rk

s:

•
T
h
e
m
u
lticast

sch
em

e
M

b
en

efi
ts

from
th
e
sam

e
ov
erlay

p
rop

erties
as

D
H
T
s;

th
ere

is
a
b
ou

n
d
ed

d
iam

eter
an

d
p
eer

d
egree.

P
eers

can
m
ain

tain
b
ack

u
p
n
eigh

b
o
rs

an
d
favor

low
-laten

cy,
h
igh

-b
an

d
w
id
th

p
eers

a
s
n
eigh

-
b
ors.

M
ost

im
p
o
rtan

tly,
in
term

ed
ia
te

p
eers

h
av
e
th
e
p
o
ssib

ility
to

ch
o
ose

am
on

g
m
u
ltip

le
(b
ack

u
p
)
n
eigh

b
o
rs

to
forw

ard
in
com

in
g

d
ata

b
lo
ck
s.

T
h
is,

in
tu
rn
,
allow

s
p
eers

to
q
u
ick

ly
ad

ap
t
to

ch
an

gin
g
n
etw

ork
co
n
d
ition

s
su
ch

a
s
ch
u
rn

a
n
d
con

gestion
.
It

is
n
ot

n
ecessary

to
reb

u
ild

th
e
overlay

stru
ctu

re
after

failu
res.

In
d
oin

g
so
,
a
sy
stem

can
gain

b
oth

ro
b
u
stn

ess
an

d
effi

en
cy.
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C
H
A
P
T
E
R

1
3
.

P
E
E
R
-T

O
-P

E
E
R

C
O
M
P
U
T
IN

G

v
0

v
1

v
2

v
3

v
4

v
6

v
7

(1
,v

  )
0

(1
,0

 )

(2
,v

  )
0

(2
,v

  )
2

(2
,v

  )
1

(2
,0

 )

0
0
0
0

0
1

0
1

1
0
1
0

1
0
0

1
1

0
1
1

0
0
1
0

0
1

0
1

F
igu

re
1
3
.8
:
T
h
e
sp
a
n
n
in
g
tree

in
d
u
ced

b
y
a
fo
rw

ard
m
essage

in
itiated

at
p
eer

v
0
is

sh
ow

n
.
T
h
e
fi
x
ed

p
refi

x
is

u
n
d
erlin

ed
a
t
each

p
eer,

w
h
ereas

p
refi

x
es

in
b
o
ld

p
rin

t
in
d
ica

te
th
a
t
th
e
p
a
ren

t
p
eer

h
a
s
b
een

con
strain

ed
to

forw
ard

th
e

p
a
cket

to
p
eers

w
ith

th
ese

p
refi

x
es.

•
In

co
n
trast,

fo
r
m
o
re

rig
id

d
a
ta

stru
ctu

res,
su
ch

as
trees,

d
ata

b
lo
ck
s
are

fo
rced

to
travel

a
lo
n
g
fi
x
ed

d
a
ta

p
a
th
s,
ren

d
erin

g
th
em

su
scep

tib
le

to
an

y
k
in
d
o
f
failu

re.

•
C
o
n
versely,

u
n
stru

ctu
red

a
n
d

m
o
re

ra
n
d
o
m

overlay
n
etw

ork
s
lack

th
e

stru
ctu

re
to

im
m
ed

ia
tely

fo
rw

a
rd

in
co
m
in
g
d
ata

b
lo
ck
s.

In
stead

,
su
ch

sy
stem

s
h
ave

to
rely

o
n
th
e
ex
ch
a
n
g
e
o
f
p
erio

d
ic

n
otifi

cation
s
ab

ou
t
avail-

a
b
le

d
a
ta

b
lo
ck
s
a
n
d
req

u
ests

a
n
d
resp

o
n
ses

for
th
e
d
ow

n
load

of
m
issin

g
b
lo
ck
s,

sig
n
ifi
ca
n
tly

in
crea

sin
g
d
istrib

u
tio

n
d
elay

s.
F
u
rth

erm
ore,

th
e
lack

o
f
stru

ctu
re

m
a
k
es

it
h
a
rd

to
m
ain

tain
co
n
n
ectiv

ity
am

on
g
all

p
eers.

If
th
e

n
eigh

b
o
r
selectio

n
is

n
o
t
tru

ly
ra
n
d
o
m
,
b
u
t
b
ased

on
oth

er
criertia

su
ch

a
s
la
ten

cy
a
n
d
b
a
n
d
w
id
th
,
clu

sters
m
ay

fo
rm

th
at

d
iscon

n
ect

th
em

selv
es

fro
m

th
e
rem

a
in
in
g
overlay.

T
h
ere

is
a
va
rierty

o
f
fu
rth

er
fl
av
o
rs

a
n
d
op

tim
ization

s
for

p
refi

x
-b
ased

overlay
stru

ctu
res.

F
o
r
ex
a
m
p
le,

p
eers

h
ave

a
lo
g
a
rith

m
ic

n
u
m
b
er

of
n
eigh

b
ors

in
th
e

p
resen

ted
stru

ctu
re.

F
o
r
1
0
0,0

00
an

d
m
o
re

p
eers,

p
eers

h
ave

at
least

20
n
eigh

-
b
o
rs.

S
electin

g
a
b
ack

u
p
n
eig

h
b
or

d
ou

b
les

th
e
n
u
m
b
er

of
n
eigh

b
ors

to
40.

U
sin

g
M

fu
rth

er
d
o
u
b
les

th
eir

n
u
m
b
er

to
8
0
.
A

la
rg
e
n
u
m
b
er

of
n
eigh

b
ors

accru
es

su
b
sta

n
tia

l
m
a
in
ten

a
n
ce

costs.
T
h
e
su
b
seq

u
en
t
variation

lim
its

th
e
n
u
m
b
er

of
n
eig

h
b
o
rs

w
ith

a
slig

h
t
ad

ju
stm

en
t
of

th
e
overlay

stru
ctu

re.
It

organ
izes

p
eers

in
to

d
isjo

in
t
g
ro
u
p
s
G
0 ,G

1 ,...,G
m

o
f
a
b
o
u
t
eq
u
al

size.
T
h
e
in
tro

d
u
ction

of
g
ro
u
p
s
is
m
o
tiva

ted
b
y
th
e
fact

th
a
t
th
ey

w
ill

en
a
b
le

p
eers

to
h
ave

n
eigh

b
orin

g
co
n
n
ectio

n
s
fo
r
a
su
b
set

o
f
a
ll
sh
a
red

p
refi

x
es

w
h
ile

m
ain

tain
in
g
th
e
fav

orab
le

overlay
p
ro
p
erties.

T
h
e
so
u
rce,

feed
in
g
b
lo
ck
s
in
to

th
e
overlay,

join
s
grou

p
G
0 .

T
h
e
o
th
er

p
eers

ra
n
d
o
m
ly

jo
in

gro
u
p
s.

L
et

g
(v
)
d
en

ote
th
e
fu
n
ction

th
at

assign
s

ea
ch

p
eer

v
to

a
g
ro
u
p
,
i.e.,

v
∈
G
g
(v

) .
P
eers

select
n
eigh

b
o
rin

g
p
eers

b
a
sed

n
o
t
so
lely

on
sh
ared

p
refi

x
es

b
u
t
also

on
gro

u
p
m
em

b
ersh

ip
.
A

p
eer

v
w
ith

th
e
id
en
tifi

er
b
v0
...b

vd−
1
stores

lin
k
s
to

n
eigh

-

b
orin

g
p
eers

w
h
o
se

id
en
tifi

ers
sta

rt
w
ith

b
v0 b

v1
...b

vi−
1 b

vi
an

d
b
elon

g
to

grou
p

g
(v
)
+
1
m
o
d
m

fo
r
a
ll
i∈

{g
(v
),g

(v
)
+
m
,g
(v
)
+
2m

,g
(v
)
+
3m

,...}
.
F
u
rth

er-
m
o
re,

let
f
d
en

o
te

th
e
fi
rst

in
d
ex

i
w
h
ere

n
o
su
ch

p
eer

ex
ists.

A
s
fallb

ack
,
p
eer

v
stores

fu
rth

er
lin

k
s
to

p
eers

fro
m

a
rb
itra

ry
g
ro
u
p
s
w
h
ose

id
en
tifi

ers
start

w
ith

b
v0 b

v1
...b

vk−
1 b

vk
fo
r
a
ll
k
≥

f
−

m
+

1
.
T
h
e
fa
llb

a
ck

con
n
ection

s
allow

a
p
eer

to
revert

to
th
e
reg

u
la
r
ov
erlay

stru
ctu

re
for

th
e
lo
n
gest

sh
ared

p
refi

x
es

w
h
ere

on
ly

few
p
eers

ex
ist.

B
IB

L
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G
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A
s
an

ex
am

p
le,

a
scen

ario
w
ith

m
=

4
grou

p
s
is

con
sid

ered
.
A

p
eer

w
ith

id
en
tifi

er
00

...0
b
elo

n
gin

g
to

grou
p
G
2
h
as

to
m
a
in
tain

con
n
ection

s
to

p
eers

from
grou

p
G
3
th
at

sh
are

th
e
p
refi

x
es

00
1,

000000
1,

000000
00001,

etc.
In

an
overlay

w
ith

100
p
eers,

th
e
p
eer

is
u
n
likely

to
fi
n
d
a
n
eigh

b
or

for
a
p
refi

x
len

gth
larger

th
an

log
(100),

su
ch

as
p
refi

x
00000

000001.
In
stead

,
h
e
fu
rth

er
m
ain

tain
s

fallb
ack

con
n
ection

s
to

p
eers

from
arb

itrary
grou

p
s
h
av
in
g
id
en
tifi

ers
startin

g
w
ith

th
e
p
refi

x
es

0000
0001,

000
000001,

00
0000001,

etc.
(if

su
ch

p
eers

ex
ist).

R
e
m
a
rk

s:

•
B
y
ap

p
ly
in
g
th
e
p
resen

ted
grou

p
in
g
m
ech

an
ism

,
th
e
tota

l
n
u
m
b
er

of
n
eigh

-
b
ors

is
red

u
ced

to
2
lo
g
n

m
+
c
w
ith

con
stan

t
c
for

fallb
ack

con
n
ection

s.
(N

ote
th
at

p
eers

h
ave

b
oth

ou
tg
oin

g
n
eigh

b
ors

to
th
e
n
ex
t
grou

p
an

d
in
com

in
g

n
eigh

b
ors

from
th
e
p
rev

io
u
s
grou

p
,
d
ou

b
lin

g
th
e
n
u
m
b
er

of
n
eigh

b
ors.)

•
S
ettin

g
th
e
n
u
m
b
er

of
gro

u
p
s
m

=
log

n
gives

a
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